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PREFACE 


Infc design of this Treatise is to explain all that is 
commonly included m a First Part of Algebra In the 
arrangement of the Chapters I have followed the advice 
of experienced Teachers I have carefully abstained from 
making extracts from books in common use The only 
woik to which I am indebted for any material assistance 
is the Algebra of the late Dean Peacock, which I took as 
the model for the commencement of my Treatise The 
Examples, progressive and easy, have been selected from 
Unnersitj and College Examination Papers and from 
old English, French, and German v orks Much care has 
been taken to secure accuracy m the Answers, but m a 
collection of more tlinn 2300 Exapiples it is to bo feared 
that some errors ha\c yet to bo detected. I shall bo 
grateful for having my attention called to them 

I have published a book of Miscellaneous Exercises 
adapted to this work and arranged in a progressive order 
so as to supply constant practice for the student 

I 1m c to express my thanks for the encouragement 
and advice received by me fiom many correspondents, 
and a special acknowledgment is due from me to Mr E 
J Gross of Gonvillc and Caius College, to whom I am 
indebted for assistance in many parts of this work. 

The Treatise on Algebra by Mr E J. Gross is a 
continuation of this work, and is in some important 
points supplementary to it 

J HAMBLIN SMITH. 


Camhiudge, 1871 



CONTENTS. 


C,,AI PAGE 

I Addition and Subtraction . . i 

II Multiplication , 17 

III Iwoiltion . S g 

I\ Dt \ ision 33 

V Os the Resolution or Emissions into Factors 43 

VI On Simpie Equations S7 

VII Problems lpadinc. to Simpie Equations . 6x 

VIII On thi Method of finding the Highest Common 

Tactor 67 

IV Tractions 7 6 

X Tur Lowest Common Multiple 88 

M On Addition and Subtraction or Tractions 94 

MI On Tractionai Equations ” 103 

XIII Problfms in Tractional Equations 114 

XIV On MiscriiANrous Tractions 126 

XV Simultaneous Equations of the Hrst DEGRrr 143 

XVI Probifms rpsuitino in Simujtanfous Equations 154 

XVII On Squart Root 163 

XVIII, On Cubf Root 169 

XIX Quadratic Equations 174 

XX On Simultani ols Equations involving Quadratics 186 

XXI On Problems hi sulting in Quadratic Equations 192 

XXII IlIDrTl RMINATP EQUATIONS 196 

XXI I I Tiil Titrouy or Indicfs 201 

XXIV On Slpds > 213 

XXV On Equations involving Surds 229 



\iii CONTENTS 

CHAP PAOF 

XXVI On the Roots op Equations . ' 5*34 

XXVII. On Ratio . . .243 

XXVIII. Os* Proportion 248 

XXIX On Variation . ... 058 

XXX. On Aritiimitical Progrpssion 264 

XXXI On Geometrical Progression . 273 

XXXII On Harmonicas Progression 282 

XXX'HI PrRMUTATIONS * 287 

* XXXIV Combinations . 291 

XXXV. The Binomial Tiitorlm Posithe Intfcrm. 

Indtn . . . 295 

XXXVI. Tim Binomial Tihortm Traction al and 

NrGATISF INDICIS . 307 

XXXVII. Scai ns or Notation 316 

XXXVIII. On IjOgapithms ... . 328 

Appendix . . . 344 

Answers , .315 



ELEMENTARY ALGEBRA. 


I. ADDITION AND SUBTRACTION. 




1 Alpebra i- tlie science V. lncli teaches the use of rtm- 
iioia to d< note number- and the operations to winch numbers 
inn In ‘■ubiertid 

2 The s\mhol« employed in Algebra to denote numbers 
in, in addition to tho«e of Amhinetic, the letters of some 
alphabet 

Tim i f. I>, c ~ .1 z o, p, y n’,l’,c' read 
n dn h r b va'h, r tfa’h n„ h lt e, rend a one, 

b one, c one are u«rd a 1 s\ mbols to denote numbers' 


3 Tin. jimnbtr on', or unify. i- taken ns the foundation or 
all minihf r , and all other number- nre dtnved from it bj the 
ptwt-s of udtltUnn 

Tim- (iro i- di fund to be the number that results fiom 
adding onr to one , 

litre' i' defined to be the munbex that results from 
adding one to tiro; 

four i' di fined to be the number that results fiom 
adding one to (hr>e , 

m.d so on 


4 The > \ mbnl -r rc id pint, ip u«ed to denote the op ela- 
tion of Addition. 

Thu> 1 + 1 ruuboli/es that ninth n> denoted bj 2, 

2 + 1 3, 

and <i+t stand- fm the r< -ult obtained bj adding b to a. 

r i The symbol - stands foi the woids “is equal to,” or 
“ the r t -ult i- ’ 

b‘] 


A 



Apnmox .txn srnrn.tnjox 


Tim* |}io thfimtimi*. <>h on in .Ait 3 in n in pm mb il in mi 
nl^< I't-iii il lorm tins- 

1 + 1 «- 2 , 

2- » 1 - 3, 

3- 4 1 I 

0 Sineo 

2 lil, v. h* r.* unit. i*> viitt* n (t ‘/r, 

3*- 24 1 - 1 *» 1 •» 1, nil. i» iifnt\ i* writt* ii tlrf timo-t, 

I 34|. 1-lUU. . , ,,/in r tiliU-, 

it follow* tint 

n*- 14 1 • 1 , , 1 ■* 1 vitli vrnu \.nlt«»n time-, 

hr I » l r 1 .... till v.ith miitj vtitUn 

7. Tin J>m* of t'Mitn-n in Atitlnmtir nn 1-* pit -Mitcil 
hi n 'Kt'ttsr f.i«n l»v tin n - of th* *i *n i , 'Jim- if vi Imo 
t<* n«M IS, 17, i *ul 23 to.ttl’tt v> nil l>’pu o.l tin }>*v>*< * 

tli» i ; 

1 1 < 17 - 23 *- ’» J 

fv Win ii 1 1 r tl iiiiiiil't 1 1 .if» a l*!t •! t»„* tin I, it i- iinlitn'- 

r- *il m v 1> it or«li r tin* niiH’lo r ir> tili’n 'lln ii J I 17, nml 

23 l** .uMiil t**’/* tin r, tli it * mu will 1-. tin t ‘in m vlnt*\<r 
i nli r tin t In* * * t ilown in tin r*>t.iTii’ n nfitliti’otK il |*w«4: 


It 

IS 

17 

17 

23 

2 1 

17 

21 

IS 

23 

IS 

17 

21 

17 

il * 

•* f 

is 

17 

1 S 

:*t 

M 

M 

M 

M 

:*s 


Nt 1*1 ft in Mu, l*t. win it wi\ iuiihIh r * l v ; t b U « r* r*M> (1 
t'yillnr, tin r> nh v ill In tin* mm m vlut* \< r otJtr tin* 
*• \ liilnil*’ »=mc < < *1 i nliotliT 'Min* il w* Inn* tn mltl tivitlur 
ilu mimlivu {■\iul*»li,’<l l*v o ii’nl /*, tln> r* -nit i- r* j*i* wit«0 
1*\ a 4 /*, ninl tin- ii-ult i- thv mm tiuinl* r a- tloit mIikJi if 
lxpn* < lit* *1 In 

Sunil ul\ tin j* lilt ol*tim*«l l>} millin'.; ti*£*l1»r « f /*. t 
jni”lit lit* oxpii’ -td fil^ilii.ii* ilh l*i 

n4-f'4 c, or « 4-04 h } oi b * (I j r, OI l-i-c t «, O’ r Hi 1 b, 
oi r i (> i n 

') Wlifii n muiilni iK’imti <1 In n i- a*Wnl to it-Jf tin* 
result ii' n*prc«i iitwl nly«.l>r,mnll\ In o } «. Tim to alt i* for 


jnaiite: 
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ADDITION AND SUBTRACTION. 


Terms which are preceded by the symbol + are called posi- 
lue terms Terms which aTe preceded by the symbol - are 
called ncgatne term* When no symbol precedes a term the 
symbol + is understood 

Thus m the expression a-b + c-d-i-e-f 

a , c, c are called positive terms, 

b, d, f . . .negative 

The symbols of operation + and — arc usually called posi- 
tive and negative Sigxs „ > 

13 If the number 6 be added to the number 13, and if G 
be taken from the result, the final result will plainly be 13. 

So also if a number b be added to a number a, and if b be 
taken from the result, the final result will be a . that is, 
a+b — b—a. 

Since the operations of addition and subtraction when pei- 
formed by the same number neutralize each other, we conclude 
that w e may obliterate the same symbol when it presents itself 
as a positive term and also as a negative term in the same ex- 
pression. 

Tims a -a=0, 

and a— a+6=6 

14 If we have to add the numbers 54, 17, and 23, n e may 
first add 17 and 23, and add their sum 40 to the number 54, 
thus obtaining the final result 94. This process maybe repre- 
sented algebraically by enclosing 17 and 23 in a Brack! t 
( )> thus 

54 + (17 + 23) = 54 + 40 =94 

13. If u c have to subtract from 54 the sum of 17 and 2 1, 
the process may be represented algebraically thus 
54 — (17 + 23) = 34 — 40=14 

1G If we have to add to 3i the difference between 23 and 
17, the process may be represented algebraically thus 
54 + (2.3— 17)=34- t 6=60. 

17. If no liaie to subtract from 54 the difference between 
23 and 17 the process may he represented algebraically Hut® . 
54 — (23 — 17W34 — G=4S. 
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18 The use of brackets is so frequent m Algebra, that 
the rules foi then- removal and introduction must be carefully 
considered 

"We shall first treat of the removal of brackets m cases 
u here symbols supply the places of numbers corresponding to 
the arithmetical examples considered in Arts. 14, 15, 16, 17 

Case L To add to a the sum of b and c 
This is expressed thus a + (b+c) 

First add b to a, the result will be 
ct + 6 

This result is too small, for we have to add to a a number 
r)i eater than b, and greater by c Hence our final result mil 
be obtained by adding c to a + 6, "and it will be 

a+b+c 

Case II. To take from a the sum of b and e 
This is expressed thus a—(b+c) 

First take b from a, the result will be 
a—b 

This result is too large, for i\e have to take fiom a a number 
greater than b, and greater by c Hence oiu final result will 
be obtained by taking c from a-b, and it will be 

a — b — c 

"Case III. To add to a the difference between b and c 
Tins is expressed thus a + (b—c) 

First add b to a, the result mil be 
a+b 

This result is too large, for we have to add to a a number 
less than b, and les3 by c Hence our final result will be ob- 
tained by taking c from a + b, and it will be 

a+b—c 

Case IV. To take from a the difference between b and c 
Tins is expressed thus « - (6 — c) 

First take b from a, the result will be 
a—b 

This result is too small, for we have to take from a a num- 
ber less than b, and less by c Henee oui final result mil be 
obtained by adding c to a—b, and it mil be 

a—b + c 
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ADDITION AND SUBTRACTION . 


Note Wc assume that a, b, c represent such numbers that 
m Cask II. a is not less than the sum of b and c,in Case III. 
b is not les3 than e, and m Case IV. b is not less than c, and a 
is not less than l 

19 Collecting the results obtained in Art 18, v, e have 

ti+(&-rc)=a+6-<-c, 

a-(l+c)=a~b~c, 
n + {6— c)=a + 6— e, 
a-(fi~c)=a—b+c 

From which wc obtain the following rules for the removal of 
a bracket 

Rule I. When a bracket is preceded by the sign + , 
runove the bracket and leave the signs of the terms in it 
unchanged. 

Rule II. When a bracket is preceded by the sign 
renioi e the bracket and change the sign of each term in it. 

These rules apply to cases m vrhich nny number of terms 
are included in the bracket 


Thus 

and 


a-J-l»+(c-d J -f-/)=a+b+c-d+6— /, 
a~b-(c-d+c-f)=a+b-c+d-c+f. 


20. The rules given m the preceding Article for the re- 
hmal of brackets furnish corresponding rules for the intro- 
duction of brackets. 


Thus if we enclose two ot more terms of an expression in a 
bracket, 

I. Tiie sign of each term remains the same if + pre- 
cedes the bracket . 

II. The sign of each term is changed if - precedes the 
bracket 


*• ^ 


« - b T c — d -f c — / =s « - & + (c - d) + (fi -/ ), 

a-b^c-d~-c~f~a-(b—t)—(d-e- 1 II. -f). 


Ex. 
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21 We may now proceed to give rules for the Addition 
and Subtraction of algebraical expressions 

Suppose we have to add to tbe expression a+b-c tbe ex- 
pression d~c+f 

The Sum =a+b-c+(d-e+f) 

=a+b-c+d-e+f (b y Art 19, Rule I) 

Also if we have to subtract from the expression a+b-c the 
expiession d-e+f 

The Difference =a + h-c— {d-e+f) 

=a + &-c-£Z+e-/(by Art 19, Rule II) 

We might arrange the expressions in each case under each 
other as in Arithmetic thus 

Toa + 6— c Froma+6 — c 

Add d-c+f Take d-e+f 

Sum a+b-c+d-e+f Difference a+b-c-d+e-f 

and then the rules may be thus stated 

I In Addition attach the lower line to the upper with the 
signs of both lines unchanged 

II In Subtraction attach the lower line to tbe upper with 
the signs of the lower line changed, the signs of the upper line 
being unchanged 

The following are examples 

(1) Toa+b+9 
Add a—b—6 

Sum a+b+9+a— b — 0 

and this sum =n+a+6-6+ 9-6 
= 2n + 3 

For it has been shown, Art 9, that a+a=2a, 
and, Art 13, that 6 — 6 = 0 

(2) From a +6+ 9 
Taken— 6— 6 

Remainder n+6+9-n+6+6 
and this reriiamder =26 + 15 



s 


addition and subtraction 


22 We have w oikcd out the examples m Art 21 at full 
length, hut in practice they maj he abbreviated, by combining 
the symbols or digits by a mental process, thus 

Toe+d-10 From e-wi+lO 

Add c—d — 7 Take c—d—7 

Sum 2c —3 Remainder 2d +17 

23 We have said that 

instead of a +a we write 2a, 

. . • . a+a+a > >. . 3a, 

and so on 

The digit thus prefixed to a symbol is called the coefficient 
of the tem in which it appeals 

24 Since * 3« * a + a + a, 

and5a=a+a + a + a + a, 
3a+3a=rt+a+a+a+a-»-«+a-i-a 
=8a 

Terms -which have the same symbol, -whatever their coeffi- 
cients maj he, are called like terms those which have difle- 
lent symbols are called unlike terms 

Like terms, when positive, may he combined into one by 
adding their coefficients together and subjoining the common 
pimbol thus 

2jc + o/=7r, 

3y + 3y+8y=16y. 

2'i. If a term appears without a coefficient, unify is to bo 
taken as its coefficient 

Thus x-r&< =dc 

20 Negative term-, when like, ma\ he combined into one 
term with a negative sign prefixed to it by adding the coeffi- 
cients and subjoining to tlie result the common symbol. 

Thus 2r— 3y- iy = 2x — 8y, 

for 2a:-3y-oy = 2x-(3yJ-3y) 

=2x-8y. 

fc»?gun 3£-j/-4y-Gy=5&c-lly 
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27 If An expression contain two or more like terms, some 
being positn e and others negative, we must first collect all the 
positn e terms into one positive term, then all the negative 
terms into one negative term, and finally combine the two 
remaining terms into one by the following process Subtract 
the smaller coefficient from the greater, and set down the 
remainder with the sign of the greater piefixed and the com- 
mon symbol attached to it 

Ex. 8x—3x=5x, 

7x—4x+ox-3x=12x—7x=5x, 
a — 26 + 56— 46=a + 56 — 66=a-6 

28 The mips for the combination of any number of like 
terms into one single term enable us to extend the application 
ot the rules foi Addition and Subtraction in Algebra, and ne 
proceed to give some Examples 


ADDITION. 

(1) a— 26 + 3c (2) 5a + 75 — 3c-4d 

3a-45-5c 6a-7b+9c + 4d 


4a— 66 — 2c 11a +6c 

The terms containing b and dm Ev. (2) destroying one another 


(3) 7x — by + 4„ 
x+2y- 11s, 
3k— y+ os 
bx~3y— % 

16k -7 y- 3-4 


(4) 6m. — 13n + bp 
8m+- n-9p 
m— n — p 
m + 2n.+5 p 

16m.- lln 


SUBTRACTION. 


(1) 

5a -35+ 6c 

(2) 

3a+76— 8c 

2a + 55— 4c 


3a— 76+ 4c 


3a— 86 + 10c 


146- 12c 

(3) 

5a — 65+2c 

(4) 

x—y+z 


2a — 66 + 2c 


x—y—z 


3a 


2 z 

(3) 

3k+7i/ + 12s! 

(6) 

7x~l9y — l4z 

by - 2g 


6x - 24y + 9z 


3x + 2 y + 11. 


k+ by~2$z 



JO 


ADDITION AND SUBTRACTION 


20. IVe have placed the expressions m the example- gnen 
m the prceuLnq Article under each other, a- m Arithmetic, 
for the '■'ike of cle-mic— , hut the «ame operation^ might he ex- 
Jnhit»-d bx mean® of Mgn« and brackets, thus Examples (2) of 
each rule might have lieen xvorked thus m Addition, 

5a - 7 b -3c - 4d - (Co - 7b 9c + 4d) 
rson -r 7b— 3c — 4(?+ Gd — i b 0c -r 4d 
= llfl-r Ce , » 

* 

and, m Subtraction, ^ 

3o-»-7b— 8c-(3a-7i» J -4c) 

*=3a + 7/»— Sc— 30 + 7b— 4c 
= lib- 12c 

Examples.— i. 


Simplify the folloinng expressions, by combining like sym- 
bols in each 


t. 

3a 

- 5b J- r»c+ 2 a + 3b 

— 7c. 2 4o + jb+Gc— 3«— 2b— 4c. 


3 

G'i-3b-4e-4o 

t ob + 0 c 


4- 

Sii-5b~3e-7« 

-2b4-Gc~3<i + C)b-7c+10a 


5 

•"• l ‘ — 3o + b + 7-r 

2b-3r — 4a — 9 

V 1 

'6 

0 —b — C — b — C — 

d+d-a 


7* 

Tm - 10b — 3c -r 2b — 3a 2c - 2« — 4c 



Examples.— it. addition. 

Add i 

tether 


1 

n 

<■ s and a — r 

2 . a + 2c and a + 3r. 

3 

ft 

- 2 'and 2 <r— a* 

4 3j*- 7;/ and 5x - 2t/ 

5 

o 

3b- V and 3? - 

2b - 3c, 

6 

ft 

-2b-'k ind «-2b-3r 7 . 1+ x- y and 3 -k+j/ 

S 

Cl 

^ »x . • „ • , 

■— ' *— t., . 1 T 

- 2-, and \>r. + *))/ — Sr 

0 

Cl 

' t b — 3r. 3 1 - Jb - 

~s, a J-b — or, aiul4n — 7b J -6r 



Examples. 

—in. SE ETIIACTI ON 

I 

I 

1 'r'il " — b 

take « - h 



3*- v 

2s — 11 

5 


2i -tk- 

0 - 2^2 d 



- • : ,‘- = 

x-y-z 
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it 


5 Fromm-n+i takem-n-r 

6 a+ 6 +c a— 6 — c 

7 3a+46 + 5c 2ci + 76 + 6 c 

8 . 3k+5i/ — 4a 3K+2y— 5s 

30 We have given examples of the use of a bracket The 
methods of denoting a bracket are various , thus, besides the 
marks ( ), the marks [ ], or { {, are often employed Some- 
times a mark called “The Y inculu m ” is drawn over the symbols 
u Inch are to be connected, thus a—b+cvs used to represent the 
same expression as that represented by a-(b + c) 

Often the brackets are made to e nclos e one another, thus 
a-[b+{c~(d-e-f)\] 

In removing the brackets from an expression of this kind it 
is best to commence with the innermost, and to remove the 
brackets one by one, the outermost last of all 

Thus 

a-[ 6 +jc-(d-e-/)(] 

=a-[&+jc-(d-e+/)}] 

=«-[& + {c— d+e— /(] 

=ci~[b+c-d+e-f] 

=a~b-c+d—e+f 

Again 

5x - (3k - 7) - { 4 - 2/, - ( 6 a: - 3) \ 

= 5k— 3x + 7— )4-2 k — 6k+3( 

= 5k — 3k + 7 — 4 + 2x + 6 k — 3 
= 10k 


Examples.— iv. brackets 

Simplify the lollowing expressions, combining all like quan- 
tities in each 

1 a +6 + (3a — 2&) 

2 a+b-(a-3b) 

3 3a+56-6c-(2a + 46-2c) 

4 a + b—c—(a—b—c). 

5 14k-(5k— 9) — j4-3K — (2 k-3,| 

6 4k- j3K-(2K-K-a)j 
7 . 15k- |7k + (3k + «-k)( 
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8. a-[b-r }a-(6+a){] 

9 6a+[4a- {85 — (2a + 46) — 226} — 76] — J8a 

— (36 + 4a) + 86 } + 6a] 

10 6-[6~(«+6)- )6-(6-a-6)}] 

11 2r-(6a— 6)- {c— (oa + 25)-(a— 36)j. 

12 2 6 — j a — (2a — [3a — (4a — [oa — (6a — *)])]) |. 

13 25a- 196— [36— |4a— (06— 6c)}] 

31 “We have hitherto supposed the symbols m every ex- 
pression used for illustration to represent such numbers that 
the expressions symbolize results which would be arithmetic- 
ally possible 

Thus a -l symbolizes a possible result, so long as a is not 
less than 6 

If, for instance, a stands for 10 and 6 for 6, 
a — 6 will stand for 4 

But if a stands for 6 and 6 for 10, 

er-6 denotes no possible result, because we cannot 
take the number 10 from the number 6 

But though there can be no such a thing as a negatnc 
number, we can conceive the real existence of a' negatnc 
quantity 

To explain this we must consider 

I. "What w e mean by Quantity 
II How Quantities are measured 

32 A Quantity is anything which may be regarded as 
being made up of paits like the whole. 

Thus a distance is a quantity, because we may regard it as 
made up of parts each of themselves a distance 

Again a sum of monej is a quantity, because we may regard 
it as made up of parts like the whole 

33 To measure any quantity we fix upon some known 
quantity of the same kind for onr standard, or unit, and then 
any quantity of that land is measured by saying how many 
tunes it contains tlus unit, and this number of tunes is called 
the mcau'r. of the quantity 
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For example, to measure any distance along a road ire fix 
upon a known distance, such as a mile, and express all distances 
hy saying how many times they contain this unit Thus 16 is 
the measure of a distance containing 16 miles 

Again, to measuie a man's income we take one pound as our 
unit, and thus if w e said (as we often do say) that a man’s in- 
come is 500 a year, we should mean 500 times the unit, that is, 
£300 Unless w e knew what the unit was, to say that a man’s 
income was 500 would convey no definite meaning all we 
should know would be that, whatever our unit was, a pound, a 
dollar, or a franc, the man’s income would be 500 tunes that 
unit, that is, £500, 500 dollars, or 500 francs 

N B Since the unit contains itself once, its measure is 
•unity, and hence its name 

34 Now we can conceive a quantity to be such that when 
put to another quantity of the same kind it will -entirely or in 
part neutralize its effect 

Thus, if I walk 4 miles towards a certain object and then 
return along the same road 2 miles, I may say that the latter 
distance is such a quantity that it neutralizes part of my first 
journey, so far as regards my poation with respect to the point 
from which I started 

Agam, if I gain £500 m trade and then lose £400, 1 may 
say that the latter sum is such a quantity that it neutralizes 
part of my first gam 

If I gam £500 and then lose £700, 1 may say that the latter 
sum is such a quantity that it neutralizes all my first gam, and 
not only that, but also a quantity of winch the absolute value 
is £200 remains m readiness to neutralize some future gam 
Regarding tins £200 by itself we call it a quantity winch will 
have a subtractive effect on subsequent profits 

Now, since -Algebra is intended to deal with such questions 
in a general way, and to teach us liow to put quantities, alike 
or opposite m tlieir effect, together, a convention is adopted, 
founded on the additive or subtractive effect of the quantities 
in question, and stated thus 

“To the quantities to be added prefix the sign +, and to 
the quantities to be subtracted prefix the sign — , and then 
write down all the quantities involved in such a question con- 
nected w ith these signs ” 
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Thu?, suppose a man to trade for 4 years, and to gam a 
pounds the fust year, to lose 6 pounds tlxe second year, to gam 
c pounds the third year, and to lose d pounds the fourth year 

The additive quantities are here a and c, which ire are to 
write + a and + c, 

The subtractive quantities aTe here 6 and d, which we are to 
write -l and — d, 

Result of trading = +a-b+c- d. 

35 Let us next take the case in wdnch the gam for the 
fust y ear is a pounds, and the loss for each of three subsequent 
years is a pounds 

Result of trading = + a-a—a-a 
= -2a 

Thus we arrive at an isolated quantity of a subtractive 
nature 

Arithmetically we interpret this result as a loss of £2 a. 

AlgebraicaRy we call the result a negative quantity ' 

"When once we have admitted the possibility of the inde- 
pendent existence of such quantities as this we may extend the 
application of the rules for Addition and Subtraction, for 

I A negative quantity may stand by itself, and we may 
then add it to or take it from some other quantity or expres- 
sion 

II A negative quantity may stand first m an expression 
which we may have to add to or subtract from any othei 
expression 

The Rules for Addition and Subtraction given m Art 21 
will be applicable to these expressions, as m the following 
Example* 

ADDITION. 

(1) o« — 7ft = — 2« 

(2) 4a— 3b — Get “&= -2a- L 4b 

(?>) To 4n To 5a — 3b 

Add -3a Add - 2a - 26 

Sum a Sum 3a— 3b 
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(4) Ga— 56 — 4c + C 

-5« + 76-12c-17 
- a-86 + 19e + 4 

— G5 + 3c- 7 


(5) 7x — 5 y + 9s 

-18x+9i/-5* 
3® 8?; + s 

— 14x-4y + 5z 


SUBTRACTION. 


(1) 

From x 

Take —y 

Remainder x+y 

we might represent the operation thus, 


x~(-y)=x+y*- 

(2) 

ft+6-(-ft+6)=fl+6+«~5=2ft 

(3) 

-a— 6-(«-5)= — B— 5-ft+6= -2«. 

(4) 

— 3ft+ 46- 7c +10 

5a— 96+ 8c+19 


— 8a + 136 — 15c— 9 

(5) 

x~y-[3x- 1 -5®-(-4y + 7®)}] 


=x—y—\3x—\ — 5x+4y— 7®|] 

—x-y~[3x + 5x—4y + 7x] 

~x—y~ 3x-5x+4y-7x 
= -14® + 3?/ 

(6) 7<i+ 56+ 9c- I2cl 

s —35 — 12c— 8^+^ 6e 

7ft + 86 + 21c— 4d — Gc 

In tins e\ample we have deviated from our preMOits prac- 
tice of placing hie terms under each other This arrange- 
ment is useful to facilitate the calculation, hut is not absolutely 
necessary, for the terms vhich are alike can be combined 
independently of it 

* Note — ■ The meaning of Subtraction is here extended so that 
the result in Art 18, Casl xv maj he true ulicn 6 is less than c 
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Examples.— v. 

(i ) ADDITION. 

Add together 

i. 6a +76, -2a -46, and 3a -56. 

2 -5a+66-7c, -2a + 136+9e, and 7a-295+4c. 

3 2x-3y+4e, -5x+4y-78, and -8x-9y-2z 

4. -a+b-c+d, a-26-3c+d, -56+4c, and — 5c+< 

5. a+6-c+7, -2a-36-4c + 9, and 3a+26+5c-16. 

6. 5x-3a-46, %-2a, 3a-2y, and 56-7x 

7. a+6-e, e-a+6, 26-c+3a, and 4a-3c. 

8. 7o-3b-5c+9d, 26-3e-5d, and -4d+15c. 

9. -12x-5y+4s, 3x+2»/-3z, and9x-3y+:s. 

(2) SUBTRACTION. 

r. From a+b take -0-6 
2 From a-b take -6+c. 

3. Froma-6+c take -a+6-c 

4. From 6x~8y+3 take -2x + 9y-2 

5 From 5a -126 + 17c take - 2a +46 -3c. 

6 From 2a +6- 3x take 46 -3a + 5x. 

7. Froma + 6-ctake3c-26+4a. - 

8 From a + 6+c-7 take 8-c-6+a 

9 From l2x-Sy-z take 4i/-5s+x. 

10 From 8a - 56 + 7c take 2c - 46 + 2a. 

11 From 9p-4q+3r take 5j-3p+r. 




II. MULTIPLICATION. 


36 The operation of finding the sum of a numbers each 
equal to b is called Multiplication. 

The number a is called the Multiplier 
. b . Multiplicand 

Tins Sum is called the Product of the multiplication of b 
by a 

This Pioduct is represented in Algebra by three distinct 
symbols 

I- By writing the symbols side by side, with no sign 
between them, thus, ab , 

II. By placing a small dot between the symbols, thus, a 6 , 

III. By placing the sign x between the symbols, thus, 
a x b , and all these are read thus, “ a into b,” or “ a times b ” 

In Arithmetic we chiefly use the third way of expressing a 
Product, for we cannot symbolize the product of 5 into 7 by 
57, which means the sum of fifty and seven, nor can we well 
represent it by 5 7, because it might be confounded with the 
notation used for decimal fractions, as 5 7 

37 In Arithmetic 

2x7 stands for the same as 7 + 7 
3x4 4+4+4 

In Algebra 

ab stands for the same as &+& + &+ . with b written 
a times 

(o + b) c stands for the same as c+c + c w ith c wnttcn 
a+b times 

[sa] B 


( 


is MULTIPLICATION 

38 To shew that 3 times 4=4 times 3 

3 times 4= 4+4 + 4 

- 1 + 1-rl+l ) 

+1+1+1+1 »L 

+1+1+1+1 ) 

4 times 3= 3 + 3+3+3 

=1+1+1 
+1+1+1 
+1+1+1 
+1+1+1 

Now the results obtained from I and II must be the same, 
for the horizontal columns of one are identical with the verti- 
cal columns of the other 

39. To proic that ah—ba 

ab means that the sum of a numbers each equal to b is to 
be taken 

• ab= * 6+6+ with 6 written a tunes 

- 6 
+6 
+ 

•••» • ••• 
to a lines 

= 1 + 1 + 1 + .. .to6terms 
j- 1 + l-»-l+ ....to 6 terms 

• ««* • M » « •••• •• 

to « lines 

Again, 

6«= a + a + with a written 6 times 

= a 
+ a 
+ 

• ■ •• • 
to 6 lines 

= 1 + 1 + 1 + .. . ton terms 
1 + 1 + 1 . .to a terms 

to 6 lines 
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Now the results obtained from I and II must be the same, 
for the horizontal columns of one are clearly the same as the 
vertical columns of the other 

40 Since the expressions ab and la are the same in mean- 
ing, we may regard either a or 6 as the multiplier in forming 
the product of a and b, and so we may read ab in two ways 

(1) a into b, 

(2) a multiplied by b 

41. The expressions ale, acb, bac, lea, cab, eba are all the 
same m meaning, denoting that the three numbers symbolized 
by a, b, and c are to be multiplied together It is, however, 
generally desirable that the alphabetical order of the letters 
representing a product should be observed 

' 42 Each of the numbers a, b, c is called a Factor of the 
product ale 

„ 43. When a number expressed m figures is one of the 

factors of a product it always stands first m the product 

Thus the product of the factors x, y, z and 9 is represented 
by 9zyz 

44 Any one or more of the factors that make up a product 
is called the Coefficient of the other factors 

Thus in the expression 2 ax, 2a is called the coefficient of x 

45 When a factor a is repeated twice the product would 
be represented, m accordance with Art 36, by aa , when three 
times, by aaa In such cases these products are, for the sake 
of brevity, expressed by writing the symbol with a number 
placed above it on the right, expressing the number of times the 
symbol is repeated , thus 

instead of aa we write a? 

aaa a? 

aaaa a 4 

These expressions a 4 , d\ a 4 . are called the second, third, 

fourth Powers of a 

The number placed over a symbol to express the powei of 
tlie symbol is called the Index or Exponent 

a 2 is generally called the squat e of a 
a 3 the cube of a 
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46 The product of a- and a 3 = a- x a 3 

=mx aaa — aaaaa = a 5 

Thus the index of the resulting power is the sum of the 
indices of the two factors. 

Similarly a 4 x a°= aaaa x aaaaaa 

= aaaaaaaam = a 10 = a M . 

If one of the factors he a symbol without an index, we may 
assume it to have an index 1 , that is 

a— a 1 . 

Examples in multiplying powers of the same symbol arc 

(1) axar~a w = a 3 . 

(2) 7 a 3 x 5a 7 = 7 x 5 x a 3 x a 7 = Soa 3 * 7 — 35a 1 ®. 

(3) a 3 x a® x a® = a 3 " 1 * 49 = a 18 . 

(4) x-yxxy-— x- y x i/®=s£ x y y-—z- +1 y^—aPy 3 . 

(3) a 3 b x aJP y a 5 6 7 =a 2+I+s 6 1+3 + 7 =a s b n 


Examples vi. 


Multiply 
l. * into Zy 
4. 3 abc into ac 
7 3 a-b into 4a 3 6®. 
10 7 a s c 7 by 4a 2 Jc 3 


2 3x into 4y. 

S a 3 into a 4 . 

S 7a 4 c mto oa?bc z 
1 1 a 8 by 3a 3 . 


13 IQ&yzhy ixifz-. 14. lTa^ by Zlc-y 
16. 3a6cby4«xy 17 a r 6 2 c by Ba'bPc 


3 3xi/ into 4xy 
6 a 7 into a 
g 15a¥c 3 by 12a%, 
12 4a 3 &x by 5ab-y 
15. Gxb/V by 8jptfip. 
18 Qmhiy by m 3 n”p- 


19 ni/b by bx-s 3 . 20 lla 3 bx by 3a 17 & 15 m 2 


47. The rules for the addition and subtraction of pow era 
are similar to those laid downm Chap I for simple quantities 
Thus the sum of the second and third powers of x is repre- 
sented by 

z 3 +i?, 

and tbe remainder after taking the fourth power of y from the 
" “th power of y is represented by 

t-y 1 , 

d these expressions cannot be abridged. 
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But iv hen we have to add or subtract the same powers of 
the same quantities the terms may be combined into one 
thus 

B 3 4E 3 = 2 7 ?, 

3!/ 3 +5y 3 + 7)/ 3 =15y 3 J 
8z i —5x l =3X i , 

9y s —3y s —2y s =4y B 

Again, whenever two or more terms are entirely the same 
with respect to the symbols they contain, their sum may be 
abridged 

Thus ad+ad—2ad, 

3a 2 b—2a 2 b*=a?b, 

5o 3 6 3 4 6a 3 l 3 — 9a 3 lr l =2a 3 b 3 , 
*lc?x—\0drx-\2<p£= -15 a 2 x 

48 From the multiplication of simple expressions we pass 
on to the case m which one of the quantities whose product is 
to be found is a compound expression 

To shexo that (a. + 5) c=«c 4 he 

(a + b) C—C + C + C+ .. with c written a + b times, 

— (c 4 c 4 c 4 with c written a times) 

4 (c 4 c 4 c with c written l times), 

=ac4&c. 

49. To shew that (a — b) c—ac- be. 

(a— h)c=c4c4c4 with c written a~b times, 

— (c 4 c 4 c 4 with c written a times) 

- (c 4 c 4 c with c written b times), 

=ac-6c 

Note We assume that n is greater than b 

50. Similarly it may be shewn that 

(a+b+c) d—ad+ld+cd, 

'( a-b-c ) d=ad-ld-cd, 

and hence we obtain the following general rule for finding the 
product oi ‘a single symbol and an expression consisting of two 
or more terms 

“Multiply each of the terms by the single symbol, and con- 
nect tlie terms of the result by the signs of the several terms 
ol the compound expression ” 
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Examples.—- vri. 

Multiply 

* i. a + 6 -ebya 7. 8wi 2 +9nrn + 10n 2 by mix 

2. n + Zb— 4c by 2a 8 9a 5 -}- 4a 4 6 — Zn 3 b- + ia-lp by 2ab 

, • 3 a 5 +3a 2 +4abya 9 k 3 1/ 3 - rc-i/- +zy—7 by x>j 

4. 3a 3 - 5(t ! - 6a + 7by 3a 2 . 10 m 3 - 3m 2 n + 3nin? — n 3 by n 

5 fl 2 — 2ab + b- by ab 11 12a 3 b — 6 arlr + 5ab 3 by 12« 2 6 3 

6 a 3 — Za-lr + V 3 by 3a 2 6 12 13k 3 — 17x 2 y+ 5xi/ 2 — y 3 by 8x1/ 

51. "We next proceed to tlie cage m ’which both multiplier 
! and multiplicand are compound expicsmns 

• hirst to multiply a + b into c + d 

1 

i Represent c + d by x 

Then («+6)(c +d) =(a+6)x 

=ax+6x, by Art 48, 

1 =a(c+d)+b(c+d) 

• —ac + ad + be + bd, by Art 48 

>! The same result is obtained by the following process . 

C-rd 

, a+b 

ac + ad 
+ 6c + bd 

nc + ad + 6c+6d 
which may be thus desenbed 

Write «t 6 considered as the multiplier under c + d con- 
sidered as the multiplicand , as 111 common Arithmetic. Then 
multiply each term of the multiplicand by a, and set down the 
result Is ext multiply each tern of the multiplicand by 6, and 
•-.t down the result under the result obtained before The 
sum of the t\\ o results will be the product required 

A'ofc The second result is shifted one place to the light. 
- ' Tnc object of tins will be seen m Ait 56 
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52 Next, to multiply a + b into c — d 

Represent c — d hy x 

Then (a + b)(c-d)—(a + b)x 
' =ax + bx 

= a(c-d) + l(c-d) 

= ac-ad+ be - Id, hy Art 49 

Trom a comparison of this result* with the factors from 
which it is produced it appears that if we regard the terms of 
the multiplicand c—d as independent quantities, and call them 
+cand —d, the effect of multiplying the positive terms +a 
and + b into the positive term + c is to produce t\\ 0 positive 
terms +ac and +lc, whereas the effect of multiplying the 
positive terms +a and +b into the negative term —d is to 
produce two negative terms —ad and —Id 

The same result is obtained hy the following process 
c—d 
a+b 
ac—ad 
+ bc—bd 

ac-ad+bc-bd 

This process may he described in a similar manner to that 
in Art 51, it being assumed that a positive term multiplied 
into a negative term gives a negative result 

Similarly we may shew that a-b into c + cl gives 
ac+'ad-bc-bd 

53 Next to multiply a-b into c—d 

Represent c-d hy x 

Then (a -b)(c-(T)=(a — b)x 
= ax-bx 

=a(c-d)-b(c-d) 

=(ac— ad) - (be — bd), hy Ait 49, 

= ac-ad-bc+bd. 

When we compare this result with the factors from which 
it is produced, v e see that 

The product of the positive term a into the positive 
term c is the positive ferm ac 
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The product of the positive term a into the negative 
term — d is the negative term -ad. 

The product of the negative term - b into the positive 
term c is the negative term —be. 

The product of the negative term —b into the negative 
term - d is the positive term bd 

The multiplication of c - d by a - b may he written thus : 
c—d 
a—b 

ac-ad 

-bc-rbd 

ac-ad-bc+bd 

54 The results obtained m the preceding Article enable us 
to state what is called the Bule or Sigxs in Multiplication, 
winch is 

“27 ie product of two positne terms or of tuo negative terms 
is* positive the product of two terms, one of which is positive and 
the other negative, vs negative ” 

55 The follow mg more concise proof may now be given of 
the Bulk of Sigxs. 

To shew that (a — b)(c - d)=ac—ad—bc+bd 
First, (« - b)'. If = -If t ilf M with M written ci-b tune3, 
— (M + ilf t M+ with ilf written a tunes) 

- (ilf + ilf -r ilf + . w ith ilf written b times), 
—aM—bM 

Xe\t, let il I=c-d 
Then a2I—a ( c-d) 

~(c-d) a Art 39. 

-ca-du Art 49. 

Similarly, 121 =cb-db 

(a -b)(c-d)= ( ca - da) - (cb - db) 

Now to subtract {cb - db) from (c a -da), if we take away cb 
we take away db too much, and we must therefore add db to 

the lC'iilt, 

we get ca - da -cb- 1 - db, 
which is the same a« ac-ad -bc-rbd. 


Art 39 
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So it appears that m multiplying (a -6) (c-d) we must 
multiply each, term in one factor hy eacli term in the other 
and prefix the sign according to this law — 

When the factors multiplied have hie signs prefix +, when 
unhle — to the product 

This is the Rule of Sigxb 


56 We shall now give some examples m illustration of the 
punciples laid down m the last five Articles. 


Examples m Multiplication woiled out. 


(1) Multiply x + 5 hy x + 7 

3 + 5 
3 + 7 

3 2 + 53 
4* 73 + 35 

a 2 + 12r + 35 


(2) Multiply x - 5 by x + 7 


x~ 5 
3 + 7 


x 2 ~5x 
+ 73-35 

k? + 2®-35 


"tThe reason for shifting the second result one place to the 
right is that it enables us generally to place hie terms undei 
each other 


(3) Multiply 3+5 hy 3—7. 

3 + 5 
3-7 

3 2 + 53 
-73-35 

3 2 — 23-35 


(4) Multiply 3-5 hy 3-7 

3 — 5 
3 - 7 

3 2 - 5 3 
- 73+35 

x l — 123 + 35 


(5) Multiply 3 2 + if byr 2 -if. (6) Multiply 3a^- 56?/ hy 7«3- 26?/. 


3 2 + 1/ 2 
3 2 — if 

x* + x-ifi 

-x-if-f 

x*—if 


Sax— 56 y 
lax- 2by 

21a 2 3 2 — Soabxy 

— JBahxy + lOb-ifi 

21 ah- — Alabxy + 106 hf 
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57. The process in the multiplication of factors, one or 
both of Ulrich contains more than two terms, is similar to the 
processes which we have heen describing, as may be seen from 
the following examples . 


Multiply 

(1) a?+xy+ i/byx-y. 

a?+xy+ifl 

x-y 

-xhi-xif-y 3 


(2) a 2 + 6a+9 by a 2 -Ga-» 9. 

a 2 +6a +9 
a 2 — 6a +9 

a 4 + 6a 3 +9a 2 
-6a 3 -36a 2 -54a tgk 
+9a 2 + 54a+‘8T® 

a 1 -18a 2 +81 


(3) Multiply 3x 2 + 4 xy - y- by 3x 2 - 4xy y\ 

3x2+ 4xy - y- 
3x?- 4xy + y- 

9^ + 12^- 3xV 

- \%n?y- 16x 2 y 2 +4xj/ 3 

+ 3x2y 2 + 4XJ/ 3 -i/ 4 
9x 4 -16x 2 i/ 2 + 8xy* -i/ 4 

(4) To find the continued product of a +3, x+4, and 
x + 6 

To effect this i\e must multiply x+3 by x + 4, and then 
Itiply the result by x ^ 6 
x+3 
x- 1 - 4 

x 1 -r 3t 
+ 4r + 12 

a s ~7x" + 12 
x- 1 - 6 

x2+ ~7s?+12e 
j- Cx 2 -*-42* -72 
x 3 - 13x-' 54r x 72 


\ofe The number* 13 and 54 are called the coefficients of 
and x m the e\pre«ion x 5 -! 13i- 2 ^-54’>'— 72. m accordance 
ih Ait 44. 
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(5) Find the continued product of x + a, x + b, and x + c. 
x+a 

x + b 1 

x*+ax 
+ bx+ab 

v? + ax+bx+ab 
x + e 

-c 3 + ax 1 + lx- + abx 
+ cx 2 +acx + bcx+abe 

^ a? + (a + b + c)x i + (ab + ac+lc)x + abc 

Note The coefficients of x 1 and x m the expression just 
obtained are a tb+c and ab+ac+bc respectively 

TVhen a coefficient is expressed in letters, as m this example, 
it is called a literal coefficient 

EXAMPLES.— Vin. 

Multiply 

1. sc+3 by a: + 9 2 x+lo by x-*l< 3 ss~12 by s + 10 

4 . x-&\iy x-7 s a — 3 by a — 5 6 y- 6byi/ + 13 

7 'i?— dbj^+O 8 u? — Gx + 9 by x 2 — 6 x + 5 

9 k 2 +5.«-3 by a 2 -5x-3 10 a 3 — 3a + 2 by a 3 -3a 2 + 2 

11 x 2 -x + l by tf+x-l 12 x 2 +xy+y 2 by x 2 -xy+y 2 

13 , <? J r' < y+y' i by x—y 14 a 2 — x 2 by a 4 + a 2 x 3 +x 4 

15 a 3 -3x 2 + 3x-l by x 3 + 3x + l 

16 '>? + Zx 2 y + 9xy 2 + 27y 2 hyx-'iy 

1 7 a 3 + 2a 2 6 + 4a& 2 + 8b 3 by a — 2b 

1 8 8a 3 + 4a 2 b + 2aV l + £r 3 by 2a — b 

19 a 3 — 2a 2 6 + 3a6 2 + 4 TP by a 2 —2ab — 3 b 2 . 

20 a 3 + 3 a 2 b - 2ab 2 + 36 3 by a 2 + 2a& - 3& 2 

21 a 2 — 2ax + 4x 2 by a 2 + 2ax + 4x 2 

22 9a 2 + 3ax + x 2 by 9 a 2 - 3 ax + a? 

23 a 4 — 2ax 2 + 4a 2 by a 4 + 2 ax? + 4a 2 
24. a 2 + b 2 + c 2 -ab-ac-behya + b + c 

25 x 2 + 4xy + by 2 by 3? —&i?y -2xy 2 + Zy t 

26 ab + cd + ac + bdhy ab + cd-ac-bcl 

Find the continued product of the following expression 
27 x-a, x+a, x 2 +a 2 , x 4 +a 4 28 x-a, x+b, a-c. 





2S MULTIPLICATION 


29 1 -a, 1 -rtf, 1 -fa 2 , 1 J-K* 

30 a-i/, a+ 1/, a?-tni+if } aP+zy+tj-. 

31 a— y, a-j-SB, or+ai 2 , a 1 +a < , tt s +ai*. 

Find the coefficient of a m the following expansions 

32 (a-5)(a-6)(a+7) 33 (a + 8) (a +3) (a -2) 

34. (a— 2) (a -3) (a +4) 35 (a-o)(a— h)(a-c) 

36 (a 2 -r 3a -2) (a 2 — 3a+2)(a*— 5) 

37: (a 2 -a + l)(a 2 + y-l) (y^-a 2 -*-].) 

38 {z-—mx- t -l)(x 2 -mz—I)(x , —mrx-l) 

58. Our proof of the Enle of Signs in Art 55 is founded 
on the supposition that a is greatei than 6 and c is greater 
than d 

To include cases in which the multiplier is an isolated nega- 
tive quantity we must extend our definition of Multiplication 
For the definition given in Art 36 does not cover this case, 
since ue cannot say that c shall he taken -d times. 

We give then the following definition “ The operation of 
Multiplication is such that the jnoduct of the factors a —h and 
c—d mil he equivalent to ac-ad-bc+bd, vhatcier may he the 
lalues of a, l>, c. d ” 

2sou since 

(a-b) (c-d)~ac-ad-bc + hl, 
make n=0 and d=0 

Then (6-h)(c-0) = Oxc-OxO-hc-hxO, 

or -5 xc= — be 

SimiJaily it may be shewn that 

-by -d— + bd 

Examples.— ix. 

Multiply 

1 rt 2 bv - b. 2. n 2 In - a 3 . 3 a-b by - air 

4. -4n 2 6hy -3nlr 5 Svtyby — Cry 2 6. a 2 - ab-^lr 1>y -a 
7 3(1**- -l" 2 — oa by -2a- 8 —a?— a-— a by —a — 1. 

9 3 sly — 5 ry- - 4ij' by — 2a — 3 y 

10 — 5 to- — O ran 7 n- by — m -f tx 

11 13r 2 - 17r— 45 by — r-3 

12 7^ — 8r 2 2 — 9; 2 bv — a— *. 

^ 13 — j-’ - 1 - xhj — 'Ay- by — y — r 

14* -if—nf-^ij-T? by —x—y 



III. INVOLUTION. 


59 To this part of Algebra belongs the process called 
Involution. Tills is the operation of multiplying a quan- 
tity hj itself any number of times 

The power to which the quantity is raised is expiessed by 
the number ot times the quantity has been employed as a 
factor in the operation 

Thus, as has been already stated m Art 45, 
a- is called the second power of a, 

«■> is called the third pou er of a. 

60 When we have to raise negative quantities to certam 
powers we symbolize the operation by putting the quantity in 
a bracket with the number denoting the index (Art 45) placed 
over the bracket on the nglit hand 

Thus (- a ) 3 denotes the third power of —a, 

(—2x) 4 denotes the fourth power of —2x 

61 The signs of all even powers of a negative quantify y/ 
will be positive, and the signs of the odd pow'ers will be 
negative 

Thus (-a) 2 =(-a)x(-a)=o 2 , 

(-a) 3 =(-a) (-a) (-a) = a 2 (-a)= -« 3 

62 -To raise a simple quantity to any power we multiply u 
the mde\ of the quantity by the numbei denoting the power 

to which it is to be raised, and prefix the proper sign. 

Thus the square of a 2 is a 0 , 
the cube of a 3 is 
the cube of ~x 3 yz 3 \ s -atyV 
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63 We form tlie second, tlmd and fourth powers of a +6 
m the following manner • 

o + 6 
a+b 

a-+ab 
+ab +b 3 

(a + 6) 2 = a 2 + 2a b + IP 
a -rb ' 

a z +2a-b+abr 
+ a-b + 2al- + V 

(i a + b) 3 = a 3 + 3a 2 6 + 3a& 2 + V s 
a + 6 

a 4 + Za z b + Zalb- 4- dip 
+ a 3 6 - Za-%- + ZalP + & 4 

(a + 6) 4 = a 4 + 4a 3 6 + Ga°b 2 +4alj 3 +¥. 

V Here observe the following laws • 

I. The indices of a decrease by unity m each term 
II The indices of b tnci ease by unity m each teim 
III The numerical coefficient of the second term is always 
the same as the index of the power to which th( 
binomial is raised 

64 We form the second, third and fourth powers of a— 2 
in the following manner 

o-6 

a-6 

o s -o6 

- o6 4 6- 

(o - b)°—a 2 - 2db + 6 2 
a -6 

a 3 ~2a-b+ab " 

- a 2 6 + 2a& 2 -6 3 

(o - b)' —a?- Za-b + 3a6 2 - V s 
a -6 

a 4 - 3 a “6 + Za-b 2 - a 6" 

- a 3 6 + 3a 2 6 2 - ZalP + 6 1 
(a - 6) 4 = a 4 -la-b J- Ca 2 6= - 4aJP~¥. 
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Now observe that the powers of a - b do not differ from the v / 
powers of a +b except that the terms, m which the odd powers 
of b, as b\ l 3 , occur have the sign - prefixed 

Hence if any power of a+b be given we can write the 
corresponding power of a - b thus 
since (a + bf = a 5 + 5a 4 5 + 10ix 3 Z>- + lOaW + ba¥ + b\ 

(a - bf=cfi - 5a‘Z> + 10a 3 6 2 - lOa 2 ^ + 5a& 4 - 5 s 

65 Since (a + b) 2 =a~ + l- + 2ab and (a - 1)- = a 2 + b- - 2ab, 
it appears that the square of a binomial is formed by the 
following process 

“To the sum of the squares of each term add twice the \/ 
product of the terms.” 

Thus (z+yY=x- + if + 2xy, 

- (a:+3) 2 — x 2 +9 + 6x, 

(x-5) 2 =x 2 +25-10x, 

(2s - 7y) i =4a?+ 49i/ 2 - 28xy 

66.' To form the square of a trinomial • 
a + b + c 
a + b+c 

a? + ab + ac 
+ ab+b 2 +bc 
+ac + bc+c 2 

a 2 + 2ab + b 2 + 2ac+2lc + cr 

Arranging this result thus a 2 + b 2 + c 2 + 2 ah + 2 ac + 2 be, we see 
that it is-composed of two sets of quantities 

- I The squares of the quantities a, b, c 

IT. The double products of a, b, c taken two and two 

Now, if we form the square of a - b - c, we get 
a-b-c 
a-b-c 
efi-ab-ac 
-ab+b 2 +be 

-ac+bc + c 2 

a 2 - 2ab + 6 2 - 2ac + 2bc + <? 

The law of foimation is the same as before, for we have -*>•: 
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I The squares of the quantities 

II The double products of a, - 6, - c talcen two by tivo 
the sign of each result being 01 - , according as 
the signs of the algebraical quantities composing it 
are like or unlike 

G 7 . The same law holds good for expressions containing 
more than three terms, thus 

(a + 6 + c + d) 2 = a 2 + 6 s + c 2 + d 2 

+ 2 ab+ 2 ac + 2 ad + 26 c 4 - 2 bd + 2 cd, 

(a — b + c — d)~ = ffi 2 + b~ 4 - c- + d? 

— 2n6 -f 2ac - 2nd - 26 c+ 26 d — 2 cd 

And generally, the square of an expression containing 2 , 3 , 
4 or more terms Mill be formed by the following process 

“To the sum of the squares of each term add twice the 
product of each term into each of the terms that follow it " 

EXAMPLES.— X. 

Form the square of each of the following expressions 
1 a+a 2 x — a 3 e+ 2 4. a; — 3 5 x-+y- 

6 x--y- 7. a 3 * +6 3 . S a 3 -! 3 9 x+y+z 10. x-y+z. 

11 n + n-p-i. 12 a; 5 + 2 a ;-3 13 t?— 6 x +7 

14. 2 .c 2 - 7 .e +9 15 x-+y--z\ 16 -rf~ 4 x l y-+y i 

17 a 3 +6 3 +c 3 18 aP-yS-z*. 19 x+ 2 y- 3 & 

20 x--2y- + 5 z\ 

Expand the folio-wing expressions 
21 (-c + «)" 22 (k-«) 3 23 (®+l) 3 24 (sc- 1) 3 - 

25 (v + 2) 3 26 (a 2 -6 s ) 3 27 (a+6+c)' 28 (a~6~c) 3 

29 (m -r u) 2 .(m - 71) 2 30. (jn+7i) 2 (m 3 — n") 

03 An algebraical product is said to be of 2, 3 dimen- 
sions, when the stun of the indices of the quantities composing 
the product is 2 , 3 . . 

Thus al 1* an expression or 2 dimensions, 

(i-b-c is an expression of 5 dimension*. 
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69 An algebraical expression is called homogeneous when 
each of its terms is of the same dimensions 

Thus % 2 +xy+if is homogeneous, for each term is of 2 dimen- 
sions 

Also 23?+4x 2 y+by 3 is homogeneous, for each term is of 3 
dimensions, the numerical coefficients not affecting the dimen- 
sions of each term. 

70 An expression is said to be arranged accoidmg to 
pow era of some letter, when the indices of that letter occur m 
the order of their magnitudes, either increasing or decreasing 

Thus the expression a? + arx+az > + a? is arranged according 
to descending powers of a, and ascending powers of x 

71 One expression is said to be of a higher order than 
another when the former contains a higher power of some dis- 
tinguishing letter than the other. 

Thus a 3 +a 2 x+ ax- + v? is said to be of a higher order than 
a 3 +a®+sc 2 , with reference to the index of a. 


IV. DIVISION. 

72. Division is the process by which, when a pioduct js 
given and we know one of the factors, the other factor is deter- 
mined 

The product is, with reference to this process, called the 
Dividend 

The given factor is called the Divisor 

The factor which has to be found is called the Quotient 

73. The operation of Division is denoted by the sign — 
Tims ab~ a signifies that al is to be divided by a 

The same operation is denoted by writing the dmdend 

oi er the divisor with a line drawn betw een them, thus— 

(t 

In this chapter we shall treat only of cases m which the 
dividend contains the divisor an exact number of times 
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Case I. 

74 'When the dmdend and dnisor are each included in 
a single term, v, e can nsuallj tell by inspection the factors of 
which each is composed The quotient will m this case he 
represented by the* factors which remain m the dmdend, when 
those factors which are common to the dividend and the di- 
visor have been removed from the dividend. 


Thus 


ai 

T~ a> 

3a-_3aa 

ci ci ’ 


a a aaaaa 


a * 


ctaa 


-—aa=a-. 


Thus when one power of a number is divided by a smaller 
pou ci of the same number, the quotient is that power of the 
number whose index is the difference bctuccn the indices of th'c 
dividend and (he divisor 


Thus 




=a 1= - 5 ~a 7 , 


loa 3 ! 2 . „ 

tst - 00 ’ 5 


75 The quotient is unity w hen' the dmdend and the 
umsor are equal. 


Thus 






and this will hold true when the dividend and the divisor are 
compound quantities 


Thus 


. s-~r _, 

tt-rb ’ 5 Cr—y 1 


Examples.— xi. 

Dnidc 

l a® by o?. 2 a; 10 by z- 3 zhj- by zy 

4 x’lfv? by xy-z 5 24aJrc by 4ab. 6 72a 2 b-c i X>yQa-b-c 

7. 23GaW by 1G alx?. 8 133l7n lp a n p 12 by llmV/A 

g GCkVir by 5xy 10. 9G a A h-c? bv 12k. 
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Case II. 


76 If the divisor he a single term, while the dividend 
contains two or more terms, the quotient will be found by 
dividing each term of the dividend separately by the divisor 
and connecting the results with their proper signs. 


Thus 


ax+bx 

x 

a 3 s? + ah? + ax 
ax 


=a+b, 

ssaV+aaH-l, 




Examples.— xii. 

Divide 

1 x 3 +2x 2 +x by x. 4. mpx* + nfijih? + m 3 p 3 by nip 

2 if-lf+if—y 2 by ir S 1 (ja?xy - 28a 2 * 2 + 4a 2 * 3 by 4a 2 * 

3 8a 3 +16a 2 b+24ab 2 by 8a 6. 72* 5 i/° — 36aA/ 3 — 18s 2 ?/ 2 by 9zhj. 

7. 81m 8 n 7 - 54m s n° + 27m 3 n 2 p by 3m¥. 

8 12* 5 i 1 2 - 8**y 3 - 4* 3 y 4 by 4a 3 

9 169a 4 J - ll7a 3 J 2 + 91a 2 6 by 13a 2 
10. 36l6 5 c 3 +228Mc‘-133J 8 e s by 19& 2 c. 

77. Admitting the possibility of the independent existence 
of a term affected with the sign - , we can extend the Exam- 
ples in Arts 74 — 70, by taking the first tern of the dividend 
or the divisor, or both, negative. In such cases we apply the 
Rule of Signs in Multiplication to form a Rule of Signs in 
Division 

Thus since -a *&= - ah, we conclude that — ~ = -a, 

. ax -b— — ah , ..... 

. . —ax -b—ab, 

and hence the rules 

I When the dividend and the divisor have the same 
sign the quotient is positive 

II. When the dividend and the divisor have diffeient 
signs the quotient is negative 
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78. The following Examples illustrate the conclusions just 
obtained . 


( 1 ) 

( 2 ) 



—ah r 


4abz- 


— — 3 alri?. 


(3) 

(4) 


— 27ar’i/ 3 _ „ 
ax— lx 


—x 


~—a + b. 


( 3 ) 

( 6 ) 


ab' — g-ll+a^lr—a'b 

— ab ~\ 

-12z 3 y t J-I6r s j/ 3 -8xy 2 
-4xy~ 


-P+al^-a-h+a\ 

=3x i n--4xij+2 


Divide 


Examples.— xiii. 


I 72a&by-9 ab. 

2. — GO# 8 by — 4a 5 . 

3 - 842 s ;/ 0 bv 42 s )/ 3 . 

4. — 18m. 3 )t- by 3m n 

5. — 128n 3 B°c by — 81c. 


6. — era 3 — a°x 2 — aa by — ax 

7 — 34a 3 +51a 2 — I7<ra ! by I7tr 

8 — 8a 3 ir— 24a s l 3 + 32a“ 1’’ by - 4a 3 Zr. 

9 - 144c 5 4- lO&s 2 )/ — 9 6xy- by 12x. 

10 B*A s -8We*-Pyy by -6% 2 


Case III. 

79. The third case of the operation of Division is that in 
winch the divisor and the dividend contain more terms than 
one. The operation is conducted m the following way 

Arrange the divisor and dividend according to the 
powers of some one symbol, and place them in the 
same line as in the piocess of Long Division in 
Arithmetic. 

Dn ide the first term of the dividend hy the first term 
of the divisor. 

Set down, the result as the first term of the quotient. 

Multiply all the terms of the divisor hy the first term 
of the quotient 

Subtract tlie resulting product from the di\ idend If 
there be a remainder, consider it as a new dividend, 
and proceed as before. 
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The process will best be understood by a careful study of 
tbe following Examples 

(1) Divide a- + 2 ab + b 2 bya + b. (2) Dr vide a? — 2ab + b 2 by a — 6 
a+b)a 2 +2ab + W (a + b a— b)a 2 — 2ab+l?[p— b 

a?+ab - a?—ab 


ab+b 2 - ab + b 2 

ab+lfi — ab + b 2 

(3) Divide afi ~ y° by x 2 — y z 

a? — y 2 ) xP—y°(x l + spy 2 + y 4 
xP—afly 2 

, xhy'-y 2 
vPy 1 — xhf 


xY-y 6 

xY-if 

(4) Divide - 4a%‘ + 4aV - a 0 by x 2 - a 2 , 
a? - a 2 ) x 0 - 4aV + 4a 4 » z - a° (xp — 3ah? + a 4 
aP - aPx 1 


- 3ahP + AahP - a 0 
-3o 2 a^+3a 4 a z 

« 4 x z - a® 
a 4 s z - a° 


(3) Divide Sxy+a^+y 3 -! by y + K- 1 
Arranging the divisor and dividend by descending powers 
of x, 

x+y-l)x?+3xy+y 2 -l{x 2 —xy+x+y 2 +y+l 

xP+xhj-x 2 

-x 2 y+x 2 + 3xy+y 2 -l 
-x 2 y-xy 2 +xy 

x 2 + xy 2 + 2xy + y 3 - 1 
x 2 +xy~x 

xy 2 +xy+x+if-l 

X y2 + y3_y2 

xy+x+y 2 -l 

xy+y 2 -y 


x+y-1 

x+y-l 


rtc t ,m \ 
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80 "We must now direct the attention of the student to 
two points of great importance in Division 

I The dividend and divisor must he arranged accord- 
ing to the order of the powers of one of the sjmbols 
involved m them Tins order may he ascending or 
descending In the Examples given above we haie 
taken the descending order, and in the Examples 
worked out in the next Article we shall take an 
ascending order of arrangement 
II. In each remainder the terms must be arranged in 
the same order, ascending or descending, as' that in 
which the dividend is arranged at first 

81. To divide ( 1 ) 1-a? by a? 4- x 2 4- a; 4-1, 
arrange the dividend and divisor by ascending powers of x, 
thus . 

l+»+ , c 2 +sc 3 ^l-a^( k l -x 
l+x+x-+a? 

- X - 3? - 3? - X 1 
— x-x 2 — a?-a? 

(2) 48a; 2 + 6 - 35a? + 58a? - 70a? - 23® by 6 x 2 - 5x4- 2 -7a?, 
arrange the dividend and divisor by ascending powers of x } 
thus • 

2-5x4- 6 x 2 - 7a?j 6 - 23x4- 48a? - 70a? + 58a: 1 -3 ox 5 (.3-4x4- 5a? 
0-15x4- 18a? — 21a? 

-8x4- 30a? -49a? 4- 58x 4 
- Sx 4- 20a? - 24a? -f 28a? 

10x 2 - 25a? 4- 30a? - 35a? 

10a?-25a?4- 30a? - 35a? 

Examples.— xiv. 

Divide 

i. x 2 4-13x-»-50by *4-10. 5 a?4-13a?4-54x4-72 bj**4-G 

2 a?- 17x4- 70 by x- 7. 6 a?4-a?-x-l by z+1. 

3 a?4-x-12 by x-3 7 a? 4- 2x 2 4- 2x4-1 by x 4-1. 

4 . a? 4- 13x4- 12 by a: 4-1 8 . a? - 5a? -»- 7x 2 4 - Cx 4 -lbyx 2 4 - 3x4-1. 

9 a? - 4a? -»- 2a? 4- 4x4-1 by a?-2x-l. 
lo a? - 4a? 4- 6 x 2 - 4x4-1 by a?- 2 x 4 -l. 
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II a 4 — a 2 +2a-l by a 2 +a-l 12. a 4 -4a 2 +8a+16bya+2 
13 a 3 + 4a 2 ;/ + 3xy 2 + 12i/ 3 by a + 4y 
14. a 4 +4a 3 6 + 6a 2 6 2 + 4a6 3 + 6 4 by a4-6 

15 a 5 - 5a 4 & + 10a 3 6 2 - 10a 2 6 3 + 5a& 4 - 6 s by a - 6 

16 a 4 — 12a 3 -)- 50a 2 -84a +45 by a 2 — 6a + 9 

17 a 6 -4a 4 6+4a 3 6 2 +4a 2 & 3 - I7a& 4 -126 6 by a 2 - 2«6 - 3& 2 

1 8 4a 2 a 4 - 12a 3 a 3 + 13a 4 a 2 - Ga B x 4- a° by 2aa 2 - 3a 2 a + a 3 

19 a*-a 2 +2a-l by a 2 + a-l 

20 a 4 +a% 2 -2o 4 by a 2 +2a 2 . 23 a° - 1/° by a - 3/ 

21 a 2 -13ay-30i/ 2 bj r a-15i/ 24 a 3 -6 2 +26c-c 2 bya-6 + c 

22 a’+j/® by a+y 25. 6 - 3& 2 + 36 3 - 6 4 by 6-1 

26 a 2 -V ! -c- + d 2 -2(ad-lc) by a+6-c-cZ 
27 a?+y 3 +z 3 -3xyz by x+y+z 28 a 15 +i/ 10 by a 3 -^!/ 2 

29 i) 2 +p 2 + 2p - 2<2 2 + 7s J' - 3r 2 by p - q + 3r. 

30 a 8 + a c 6 2 + a 4 6 4 + a 2 6 G + 6 8 by a 4 + a 3 b + a 2 6 2 + ab 3 + 6 4 . 

31. a?+a B i/ 2 +a 4 i/ 4 +a 2 3/°+y s by a 4 -a?y+aV-ai/ 3 +3/ 4 . 

,32 4a®-?a 3 +4aby 2a 2 +3a+2 33 o 6 - 243 by 0 - 3 

34. Z, 10 - Jc by 7^-1 35 a 2 -5a 2 -46a-40 by a+4. 

36 48a 3 - 70aa 2 - 64®^ + 105a 3 by 2a - 3a 

37 18a* - 45a 3 + 82a 2 - 67a + 40 by 3a 2 - 4a + 5 

38 16a 4 - 72a 2 a 2 + 81a 4 by 2a - 3a 

39 81a 4 - 236a 4 by 3a + 4a 41 a 3 + 2aa 2 -cfce- 2 a 3 by a 2 - a 2 

40 2a 3 +3a 2 6-2a& 2 -36 3 bya 8 -6 2 42 a 4 -a 2 6 2 ~126 4 bya 2 +36 2 

43 a‘-9a 2 -6ay-3/ 2 by a 2 + 3a+y 
44. a 4 - 6a 3 !/ + 9a 2 i/ 2 - 4y* by a 2 - 3 ay + 2y 2 

45 a 4 - 81jf* by a - 3y 4 7 81a 4 -166 4 by 3a+26 

46 a 4 -166 4 by a -26 48 Ift^-Sly 4 by 2x+3y 

49 3a 2 + 8a6 + 45 2 + lOac + 85o + 3c 2 by a + 26 + 3c 

50 a 4 + 4a 2 a 2 + 16a 4 by a 2 + 2aa + 4a 2 . 

51 a 4 +a 2 y 2 +i/ 4 by a 2 -oy+y 2 

52 256a 4 + 16a 2 y 2 +y 4 by 16a?+4ay+y 2 

53 a 5 +a 4 ?/-a 3 J/ 2 + a 3 -2ai/ 2 +i/ 3 by a^+a-y 
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54 ar 3 +3'i 2 j?-2a 3 x-2a*by x-a 55 a 2 -® 2 by«+n. 
56. 2 i?+xy— 2 y-~‘lyz-zz—z 2 by 2 x+ 3 i/ 4-~. 

57 9x+3x' + 14x 3 + 2 by l-}-5x+x 2 

58 12 -38.x— 82X 2 - 112X 3 + 106x‘ - 70x« by 7x 2 - 5x + 3 

59 *^+!/®by x^-xfy+x^-xif’+T/ 4 . 

60 (a 2 x 2 + ^i/ 2 ) - (a 2 ! 2 + x 2 !/ 2 ) by (tx+hy+ab+ xy. 

61 al» (x 2 + 1/ 2 ) +xi/(a 2 +Zi 2 ) by ax +&y. 

62 x 1 + (22r - a 2 )^ 2 -r l l bj r x 2 + «x+ Zr. 

82 Tbe process may m some cases be shortened by the nse 
of brackets, as in the folloivmg Example 
x+b)x 3 -i-(a+b+c)x-+(ab+ac+bc) x+abc{z-+(a+c) x+ac 
x’+Zix 2 

(a-»-c) x 2 +(aZi+ae+5e) x 
(a+c) x 2 +(aZi + lc) x 

acx+abc 

aex+dbo 

x- 1 ) c^-mx^+n 3 ?-nx 2 +mx-l 1) x 3 

a^-x 1 - (m - 71 - 1) x 2 - (m- 1) x+ 1. 

-(m-l)x s + 7 ix 3 
-(m-1) x* + (to- 1) x 3 

— (771 —72 — I) a?-m? 

-(771-71-1) X 3 + (TO - 77 - 1) X 2 

- (to - 1 ) x 2 +?nx 

-(to- 1) x 2 +(to- 1) X 
__ 

X- 1 


Examples.— xv. 

Divide 

z. x t -(a 1 -b-c)x l -(b-c)ax+be by 3?-ax+c. 

2 Jf 3 - (l + in — 71 ) !) !j -(Iibt In + toii) y - Imn by y -n. 

3 x 5 -(7n-c)x 4 +(7i-CTO+ri)a?+ 

(r + cn - dm) a? +(cr dn) x+dr by x 3 -tox 2j -ti x+r. 

4. x' + (o + «) x 3 - (4 - 5a - 1 - Z/) x 2 - (4a + 56) x+4li by x 2 +5x-4. 

5. x' -‘(a + Zi+c+d) r > +(db+ac- l -ad+lc+ld~cd) x 2 

-( abc+abd+acd+bcd ) x+alic<Z by x 2 -(a+c)x+ac 
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83 The following Examples in Division are of great 
importance 


Divisor 

Dividend 

Quotient. 

x+y 

x 2 -if 

x-y 

x-y 

x?-y 2 

x+y 

x+y 

x?+y 3 

x^-xy+y 2 

x-y 

x?-y z 

a ■p+icy+y 2 


84 Again, if we arrange two senes of binomials consisting 
respectively ot the snm and the difference of ascending powers 
of x and y, thus 

x+y, x 2 +y-, x?+y 3 , xfl+y*, x? + y\ xfi+if, and bo on, 
x-y, x- -y 2 ,x?- y 2 , xt-y*, a 5 -?/ 5 , xP-y°, and so on, 

x+y will divide the odd terms in the upper line, 
and the even in the low er 

x-y will divide all the terms in the lower, 
but none . . in the upper. 

Or we may put it thus 

If n stand for any whole number, 

xf'+y" is divisible by x+y when n is odd, 
by x-y never , 

a? - y n is divisible by x+y when n is even, 
by x-y alwajs 

Also, it is to be observed that when the divisor is x- y all 
the terms of the quotient are positive, and when the divisor is 
x+y, the terms of the quotient are alternately positive and 
negative 

Thus ~r~— a ^+x 2 y+xy 2 +y i , 

??-^£=irf > -xPy+xi , y 2 -x?i/+x 2 y t -xy 5 +y 0 , 

x+y 

—^-=x?-xfy+x?y t -x‘y 3 +xy i -y s 
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85 These properties may he easily remembered by taking 
the four simplest cases, thus, x+y, x-y, x- + y~, m 2 — y 2 j of 
nlncli 

the first is divisible by % +y, 
second . x ~y, 
third . . . neither, 

fourth . . . . both. 


Again, since these properties aTe true for all values of x ahd 
y, suppose y—l, then -ne shall have 


Also 


a 3 —! 
a+1 ' 
®*+l 


=*-1, 


a+1 

z+1 
a^-l 
33 — 1 


=a: 5 -a+l, 


x--l 

— = 25 + 1 , 

SB — 1 ' 

a 3 -! 


®- 1 


=ar+a+l. 


=a 1 -a 3 +a 2 -a+l, 

=® 5 + K ! + ^+® ! t®t1. 


EXAMPLES.—XVi. 

"Without going through the process of Division mite down 
the quotients m the following cases 

i. When the divisor is m+n, and the dividends are 
respecln elv 

m 2 - n-, m 3 + « 3 , m 5 + ji 5 , m° - u°, m° + n°. 

2 When the divisor is m-n, and the dividends are 
respectively 

m- - n 2 , m 3 - n 3 , m 4 - n 4 , m® - n®, vv - w 

3 Wlien the divisor is a + 1, and the dividends are 
respectively 

a 2 - 1, « 3 +l, a 3 -rl, a 7 + l, — 1. 

4 Wlien the dmsor is j/-l, and the dividends are 
iv=pecth elv 

if-hif-hir-htf-hy 0 -*- 



V. ON THE RESOLUTION OF EXPRES- 
SIONS INTO FACTORS. 


86 We shall discuss in this Chapter an operation which 
is the opposite of that which we call Multiplication In Mul- 
tiplication we determine the product of two given factors m 
the operation of u Inch we have now to treat the product is 
given and the factors have to le found 

87 For the resolution, as it is called, of a product into its 
component factors no rule can he given which shall be applic- 
able to all cases, but it is not difficult to explain the process 
m certain simple cases We shall take these cases separately 

88 Case I. The simplest case for resolution is that m 
which all the terms of an expression have one common factor 
This factor can be seen by inspection in most cases, and there- 
fore the other factor may be at once determined. 

Thus a 2 +al=a (a +6), 

2a 3 + 4a 2 + 8a = 2a (a 2 + 2a + 4), 

9x?y - 18xV + bixy = 9xy (a 2 - 2xy + 6). 


Examples.— xvn. 


Resolve into factors 

1 5a 2 — 15a 

2 3a 3 + 18a 2 -6a, 

3 49y- - 14y + 7 

4 4a 3 ?/ - 12a 2 !/ 2 + 8a y 3 


5 a i -aa 3 +6a 2 +ca 

6 3a 5 ?/ 3 - 21a 4 ?/ 2 + 27a 3 !/ 4 . 

7 54a 3 5° + 108a°6 s - 243 a 8 6® 

8 45aY° - 90a 5 ?/ 7 - 360a 4 !/ 8 . 
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89. Case II. The nest case in point of simplicity is that 
in which four terms can he so arranged, that the first tw o hate 
a common factor and the last two have a common- factor. 

Thus 

7 ? + ax + bx + ab = (ar + ax) + (6as + ab) 

—x (x+aj + b (x+a) 

=(x+6) (x+a). 

Again 

ac-ad-bc+bil=(ac~ad)-(J)c-bd) 

=a (c~d)-b (c-d) 

— (a- V) ( c-d) 


Examples.— xviii. 


Resolve into factors : 
x x 2 -nx-bx+ab 
2 ab+ax-bx-s?. 

3. hc+hg-ctj-u 2 . 

4. bm+mn+ab+an. 


5. abx 2 - axy + hxy - y". 

6 abx - aby + cdx - cdy 

7 cdx 2 + dirmj - cnzij - mny 2 . 
8. abcx-lrdx-acdy+bd 2 y 


90. Before reading the Articles that follow the student is 
advised to turn hack to Art 56, and to observe the manner m 
■which the operation of multiplying a binomial by a binomial 
produces a trinomial in the Examples there given He will 
then he prepared to expect that m certain cases a trinomial 
can be resolved, into two binomial factors, examples of which wc 

shall now give. 

\ 

91. Case III. To find the factois ot 

ar + 7x-f 12 

Our object is to find two numbers whose pioduct is 12, 

and whose sum is 7 

These will evidently be 4 and 3, 

x s J -7x + 12=(x+4)(x+3) 

Again, to find the factors of 

x 2 +5bx+6b 2 

Onr object is to find two numbers whose product is 6b 2 , 

and whose sum 13 56 

These will clearly be 3b and 2b, 

x 2 + 3bx T Gb 2 =(x + 3b) (x+ 2b). 


KJiSVJLUTIUff I-VJ O FACTORS 


Examples. 

Resolve into factors 

i — XIX. 

i 

8 2 + 118+30 

9 

i/ 2 +19ni/+48n 2 

2 

8 2 +178+60 

io 

2 2 + 29p?+100p 2 . 

3 

y 2 +131/ +12 

ir 

8 4 + 58 2 +6 

4 

i/ 2 +21i/ + 110 

12 

8 6 + 48 3 + 3 

5 

m 2 + 35m + 300 

13 

8 2 i/ 2 + 18ai/+32. 

6 

m 2 +23m+102 

14 

a 8 !/ 4 + 7a 4 ?/ 2 + 12. 

7 

a 2 +9ah+8& 2 . 

IS 

m ,0 +10m 6 +lC 

S 

8 2 +13m8+36m 2 

16 

n 2 +27ng+140g 2 . 


93 Case IV. To find tlic factors of 
a 2 -9a+20 

Our object is to find two negative terms whose product is 20, 

and whose sum is -9. 

These will clearly he -5 and -4, 

a 2 -9a+20= (»-5) (8- 4). 


Examples.— xx. 


Resolve into factors 

1 8 2 -7a+10 

2 8 2 — 298+190 

3 V“- 23y+132. 
4- i/-30y+200 
5 n- — 43n + 460 


6 n 2 -57n+56 

7 8 c -7a 3 + 12 

8 orb 2 - 27 ab +26. 
g & 4 c°- llZ> 2 c 3 +30 

io 8 2 j/V- - 1381/2 + 22 


92. Case V. To find the factors of 
a 2 + 58-84 

Our object is to find two terms, one positive and one negative, 
w hose product is — 84, and \\ hose sura is 5. 

These are clearly 12 and -7, 

cc 2 + 58 -84= (8 + 12) ( 8 - 7) 
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EXAMPLES.— XXl. 


Resolve into factors : 
I. x 2 +7x-G0. 

2 x 2 +12z-45 

3 <i 2 +lla-12. 

4 a 2 +13ci- 140 

5 b 2 +13&-300. 


6 Zr 4- 23b- 150. 

7. a^+3r , -4. 

8 3?if+Zxy - 134 

9 m 10 4- 15m 6 - 100. 
10. n 2 4-l7»-390. 


94. Case VI. To find tlie factors of 
y?-Zx-28 

Our object is to find tw 0 terms, one positive and one negative, 
whose product is - 28, and whose sum is - 3 

These will clearly be 4 and - 7, 

.. x 2 -3z~28=(a:4-4)(x-7) 


Examples.— xxii. 


Resolve into factors 
l. sc?-5z-GG. 

2 x 2 -7x-18. 

3 m 2 - 9m - 36 

4 n 2 ~ll«-60 

5 y- - I3y - 14 


6 c 2 - 15-’- 100 
7. z 10 -9x s -10. 

8 c 2 (P — 24cd - 180. 

9 m°n- - mPn - 2 

1 o - 5p 4 2 2 - 84 


93 The results of the Tout preceding articles may be thus 
stated m general terms a trinomial of one of the forms 

aP+ctx+b, tf-ax+b, i£+ax-b,a?-cix-b, 

maybe resolved into two simple factor®, when b can be re- 
solved into two Factors, such that their sum, in the first two 
forms, or their difference, 111 the last two forms, is equal to a. 

9G TTc shall now give a set of Miscellaneous Examples on 
the resolution into factors of expressions which come under 
one or other of the cases already explained 
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Examples.— xxnl. 

Resolve into factors . 


I 

x 2 - lox +36 

8 

f j? + mx + nx + mn 

2. 

x 2 +4x-45 

9 

2/ s -4y 3 +3 

3 

a 2 b 2 -lGab-3G 

lo 

x 2 y - abx -cxy + abc 

4- 

a 8 - 3 mafi - 10m 2 

II 

'c 2 +(a-l)x-ab 

5 

if+if-SO 

12 

x 2 — (e — d) x— ul 

6 

ar , -a 2 — 110 

13 

aW-bd+cd-alc. 

7 

z?+3ax 2 +4a 2 x 

14 

4x 2 - 28xy 4- 48y 2 


97. "We have said, Art, 45, that v\ hen a number is multi- 
plied by itself the result is called the Square of the number, 
and that the figure 2 placed over a number on the right hand 
indicates that the number is multiplied by itself. 

Thus a 2 is called the square of a, 

(x - i/) 2 is called the square of x - y 

The Square Root of a given number is that number 
whose Equare is equal to the given number 

Thus the square root of 4D is 7, because the square of 7 
is 49 

So also the square root of a 2 is a, because the square of a is 
a 2 and the square root of (x - y) 2 is x-y, because the squaie 
of x-y is (x-y) 2 

The symbol */ placed before a number denotes that the 
square root of that number is to be taken thus a/ 2 j is read 
“ (he square root of 25.” 

J. Note The squaie root of a positive quantity may be either 
positive or negative For 

since a, multiplied by a gives as a result « 2 , 
and - a multiplied by - a gives as a result a 2 , 
it follows, from our definition of a Square Root, that eithei a 
or -a may be regarded as the square root of a 2 

But throughout this chapter vie shall take only the positive 
lalne of the square root. 
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9S We may now take the case of Trinomials which are 
perfect squares, which are really included m the cases dis- 
aissed m Ari« 91, 92, but winch, from > the importance they 
a«sume in a later part of our subject, demand a separate con- 
sideration. 

99 Case VII. To find the factors of 
z-+ 1235+36. 

Seeking for the factors according to the hints given in Art 
91, we find them to be a: +6 and »+ 6. 

That is z- + 1 2z + 36 = (x + G) 2 . 


EXAMPLES.— XXiv. 


Besolvc into factors 
j 2-+ 18z+Sl 

2. o? + 2G-e+lG9. 

3. £ 2 + 34z+2S9 

4. y" t-2i/+l. 

S ^+200; + 10000. 


6 ar* + 14a£+49. 

7. x-+l0xy+2oy-. 

8. m 4 + lGm 2 ii 2 +G4n 4 . 

9. a^+24a^+144. 

10 a Py 2 +162 xy + G 361. 


100. Case VIII. To find the factors of 
a; 2 - 12/C+3G 

Seeking for the factors according to the hints given in Art 
92, v c find them to bo z - G and x - G 

That is, X s — 12s + 3G = (x - G) 2 . 


EXAMPLES.— XXV. 

Eesolve into factors . 

j y^-SrJ-lG 2 a: 2 - 2Sz + 1% 3 K 2 ~3Ga;+324 

4. 1,5-401/ -400. 5 c 2 - 100- + 2500 6 r‘ - 22a; 2 + 121 

7 x- — 30art/ + 223?/ 2 . S m* - 32m-’n 2 23G« 4 . 

9 a?— 3S/? + 3Gl. 
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101. Case IX. TTe now proceed to the most important 
case of Resolution into Factors, namely, that in i\ hich the ex- 
pression to be resolved can be put m the form of two squares 
with a negative sign between them. 

Since m?-n 2 =(m+n)(m-n), 

we can express the difference between the squares of two 
quantities by the product of two factors, determined by the 
following method . 

Take the square root of the first quantity, and the square 
root of the second quantity 
The Bum of the results will form the first factor 
The difference of the results will form the second factor 

For example, let a 2 - 6 2 be the given expression. 

The square root of a 2 is a 
The square root of b 2 is b 
The sum of the results is a + b 
The difference of the results is a - b 

The factors mil therefore be a+b and a - b, 
that is, a 2 - b 2 =(a + V) (a—b) 

\j 102 The same method holds good with respect to com- 
pound quantities 

Thus, let a 2 - (6 - c) 2 be the given expression 
The square root of the first term is a 
The square root of the second term is b - c 
The sum of the results is a + 6 - c 
The difference of the results is a—b + c 

a 2 -(b-c) 2 =(a + b-c)(a-b + c ) 

J Again, let (a - 1) 2 - (c - d) 2 be the given expression. 

The square root of the first term is a - & 

The square root of the second term is c-d. 

The sum of the results is a-b+c-d 
The difference of the results via-b-c+d 
. (a,-b) 2 -(c-d) 2 =(a-b+c-d) ( a-b-c + d) 

[sa] 
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•/ 103 The terms of an expression may often he arranged 
po ns to form two squares with the negative sign between 
than, and then the expression can he resolved into factors. 

Thus a-+l--c--(l 2 ->-2ab+2cd 

—a-+2ab+lr-c-+2cd-dr 
—(a - +2 ab+lF)- (c 2 - 2ed+ d 2 ) 

=(a + &) s -(e-d ) 2 

, . =(a + &+c-d)(«+l>-c+d). 

t 

EXAMPLES.— XXVi. 

Eesolve into two or more factors • 
l, a?-y-. ' 2 x 2 — 9. 3. 4x*~23. 

4. 5. as 2 -!. 6 zP-l. 

7 a? -I 8. w 4 — 16. 9 36y 2 -49 2 . 

10. 81* 2 y 5 -121« 2 ^. n. (a-bfz-c?. 12 ^-(m-n) 2 

13 (a + b)--(c+d)-. 24. 2xy~x 2 -y 3 4-l. 

14. (x+y) 2 -(x-i/) 2 23. sc 2 — 2ip —y- — c 2 . 

• 15. x--2xy4-y-~z 2 . 26 a--4l£-Q<?+l2bc 

16. (a-l>) 2 -(m+«) 2 . 27. a 4 - 1C5 2 . 

17. « 2 - 2ac +c--lr~ 2bd - d 2 . 28 1-49C 2 . 

j8. 2bc-lr-c-+a- 29 a 2 + ir - c 2 ~ d 2 - 2a6 ~ 2cd. 

19 2sy+a?+y 2 -£. 30 n 2 -& 2 +c 2 -d 2 -2ac+2M. 

20 2mn-m a -n 2 +a 2 +& 2 -2a&. 31 Za z x?-2lax 

21. (ax 4- by) 2 - 1. 32. 

22. (ax + by)- -(ax -by)-. 33 (5x-2) 2 -(x~4) 2 

• 23 l-a 2 -l» 2 +2a&. 34. (7x + 4y) 2 - (2x + 3i/) 2 . 

35. (753) 2 - (247) 2 . 

104, Case X. Since 

l ==x 2 -ax-J-ffi 2 , and ^^-=x 2 +ax+a 2 (Art 83), 

cs+a ’ x-a x ' 

ire hnovv the following important facts : 

* 
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. (1) The sum of the cubes of two numbers is divisible by 
the sum of the numbers 

(2) The difference between the cubes of two numbers is 
divisible by the difference between the numbeis. 

Hence we may resolve into factors expressions in the form 
of the stun or difference of the cubes of tu 0 numbers 

Thus » 3 +27=a^+3 3 =(a + 3)(!B i -3a5+9) 

if - 64 = if - 4 3 = (y - 4) (iff + 4y + 1 6) 


Examples.— xxvn. 

Express in factors the following expressions 
X. a 3 +b 3 2 a?-W. 3 a 3 -8 4. ac 3 +343 

5 & 3 -125 6 k 3 +64i/ 3 ' 7 a 3 - 216 8 8z 3 + 27i/ 3 . 

, 9 64a 3 — 1000& 3 10 729^ + 512i / 3 

Express in four factors each of the following expiessions 
II afi- if 12 is 0 - 1 13 a® -64 14. 729-1/®. 


103 Before we proceed to describe other processes in 
Algebra, we shall give a series of examples in illustration of 
the principles already laid down 

The student will find it of adi antage to work every example 
m the following series, and to accustom himself to read and to 
explain with facility those examples, m which illustrations are 
given of what may be called the short-hand method of expressing 
Arithmetical calculations by the symbols of Algebra 

EXAMPLES.— XXVIU. 

1 Express the sum of a and b 

2 Interpret the expression a-b + c 

3 How do you express the double of x 1 

4. By how much is a greater than 5 ? 

5 If a: be a whole number, what is the number next 
above it 1 

6 "Write five numbers in order' of magnitude, so that x 
elialLbe'tlic third of the five 
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7. If a be multiplied into 7ero, what is tlie result ? 

8. If zero he divided by x, what is the result ? 

9. What is tlie sum of a + a 4- a . . written d timesl 

10 If the product he ac and the multiplier a, what is the 
multiplicand 1 

1 1. What number taken from x gives y as a remainder? 

12. A is x years old, and B is y 5 ears old ; how old uas A 
n lien B was horn 1 

13 A man works eier) day on week-days for a; weeks in 
the year, and during the remaining weeks m the year he doe3 
not work at all. During how many daj s does he rest ? 

14. There are x boats m a race. Five are bumped How 
man} row o\ er the course ? 

15 A merchant begins trading with a capital of x pounds. 
He gams « pounds each 3 ear. How much capital has he at 
the end of 5 } ears ? 

16. A and B at down to play at cards. A lias x shillings 
and B y shillings at first A wins 5 shillings. How much has 
each -when they cease to play ? 

17 There are 3 brothers in a family The age of the eldest 
i« x yea fs Each brother is 2 j ears j-ounger than the one next 
abor e linn in age How old is the youngest ? 

18 I travel x hours at the rate of y miles an hour How 
many miles do I tiai el ? 

19 From a rod 12 inches long I cut off x inches, and then 
I cut off y inches of the remainder How many inches are 
left? 

20 If n men can dig a piece of ground m q hours, how 
manj* hours w ill one man take to dig it ? 

21. By how much does 23 exceed x ? 

22. By how much does y exceed 23 ? 

23 If a product has 2m repeated 8 times as a factor, bow 
do 3 ou express the product ? 

24. By how much does a + 26 exceed a - 26 ? 

25. A girl is x j-oars of age, how old was she 5 years since ? 
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26 A boy is y 3 ears of age, bow old will he be 7 years 
hence 1 

27 Express the difference between the squares of two 
numbers 

28 Express the product arising from the multiplication of 
the sum of tn o numbers into the difference between the same 
numbers 

29 What value of x will make 8x equal to 16 1 

30 What value of x will make 28k equal to 56 ? 

31 What value of x will make ~ equal to 4 ? 

32 What value of x will make x+2 equal to 9 1 

33 What value of x will make x-7 equal to 16 1 

34. What value of x will make k 2 + 9 equal to 34 1 

35 What value of x will make 3 ? - 8 equal to 92 ? 


Examples.— xxix. 


Ex plain the operations symbolized in the following expres- 
sions . 

1 a+b 2 a~ - b- 3 4a 2 + 6 3 . 4 4{a? + ft 2 ) 

5 a 2 -26 + 3c 6 a+mxb-c^ 7 (a + m)(6-c) 8 

9 a /® 2 + if 10. a+2(3-c) 11 (a + 2)(3-c) 


a?+l>- Jy--y 2 */x*+y 

4ab 3 x-y 4 *Jx+y 


Examples.— xxx. 

If a stands for 6, 6 for 5, x for 4, and y for 3, find the value 
■ of the following expressions 

1 a+x-b-y 2 a+y-b-x 3 3a+4y-b-2x 

4. 3 (a + b)-2{x-y) 5 ( a+x)(b-y ) 6 2a+3(* hy) 

7^ 4- 7/ 

7 (2a,+3)(x+y) 8 2a+3 x+y 9 

10 abx 11. ab(x+y) 12 ay{b+x ) 2 . 
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13 ab(x-y) s . 14. K /ob. 15. Jy 2 . 

16 ( Jx)-. 17. (*/*+&) 2 . 18. K lbbz, 

19 N /2aa-j/. 20. ~p - t| 21. 3a + (2a; -i/) 2 . 

22 \a-Q)-y)\\a~{x-y)\. 24. 3(a+B-i/) 3 +'4(a+a;) 1 

23 ( a-b-y) 2 +(a-z+y)' \ 25 3(a-&) 2 +(4x-i/ :! ) 2 . 

Examples.— xxxi. 

I. Find the value of 

3aBc- a 3 + B 3 + e 3 , when a =3, b—2 } c= 1. 

2 Find the value of 

ar t +i/ 3 -s 3 +3x3/^ when k= 3, y=2, 2=0 

3. Subtract a 2 -he- from (a + c) 2 . 

4. Subtract (x - yf from a? 4- J/ 2 . 

5. Find the coefficient of x in the expression 

(a+l)-x- (a+bx)-. 

6 Fmd the continued product of 

23-771, 23+71, « + 2m, ®-2n 

7. Divide 

act 3 -L-(be-had)r-+(bd+ ae)r+ Ic by ar + 1 ; 
and test your result by putting 

a— 6=c=d=e=l, and r=10 

8 Obtain the product of the four factors 

(a + B+c), (B + c-n), (c+a-B), (a+B-c) 

IVliat docs this become when c is zero; when B+c=a; 
when a=B=e? 

9 Find the value of 

(a + B) (B tc)-(c + d) (d + a) - (a + c) (B - d), 
where B is equal to d. 

10 Find the value of 

3a + (2B - c 2 ) -r j e= - (2a + 3B) } + } 3c - (2« 3B) } 2 , 
when n=0, B=2, c=4 
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11 If a=l, 6=2, c— 3, d=4, shew that the numerical 
values are equal of 

jd-(c~b-f-a)} j(d+c)-(b+a)\, 
and of d 2 - (c 2 + ¥) + a ? + 2 (6c - ad). 

1 2 Bracket together the different powers of a; in the follow- 
ing expressions . 

(a) as?+b2?+cx+dx 
(/3) av?-h?-cz?~ dx 2 + 2os 2 . 

(y) As? -as 3 -3s: 2 -6a 2 -5a; -cx 
(3) (a-’rsof -(b-xf. 

( e ) (ms 2 + qx + 1) 2 - (nx?+qx+ 1) 2 . 

13 Multiply the three factors x-a, x-b, x~c together, 
and arrange the product according to descending powers of x. 

14. Find the continued product of (x+d) (b+5)(b+c) 

15 Find the cube of a+6+c, thence without further 
multiplication the cubes of a+b-c, b+c-a, c+a-b, and 
subtract the sum of these three cubes from the first. 

16 Find the product of (3a +26) (3a + 2c - 3b) and teBt the 
result by making a= 1, 6=c=3 

17 Find the continued product of 

a-x, a+x, a 8 +x s , a^a 4 , a 8 +o? 

1 8 Subtract (6 - a) (c - cl) from (a - 6) (c - d) 

What is the value of the result when a =26 and d—2c ? 

1 9. Add together (6 + y) (a + b), x - y, ax - 61/, and a(x+y) 

20 What value of x will make the difference between 
(.e+1) (b+2) and (b-1)(b-2) equal to 54? 

2 1 Add together ax -by,x~y,x(x- y), and (a - x) (6 - y) 

22 What value of x will make the difference between 
(2b + 4) (3b + 4) and (3b - 2) (2b - 8) equal to 96 1 

23 Add together 

2mx~Zmj, x+y, 4(m+n)(z-y), and mz+ny 

24 Prove that 

(b + y + ») 2 + b 2 + y 2 + s 2 = (x + yf + (y + s) 2 + (a + s ) 2 
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25 . Find the product of (2 a + 36) (2a + 3c - 26), and test the 
result by making a= 1, 6=4, c=2 

26 If a, 6, c, d, c . denote 9, 7, 5, 3, 1, find the values of 
fefe (6c-ad)(6d-cfl); fej, andi'-c*. 

27 Find the value of 

3a5c-a 3 4-6 3 +c 3 when a=0, 6=2, c=l. 

28 Find the value of 

„ „ , Slab- e 3 , . , , _ 

3a- -i = when a— 4 , 6=1, c=2. 

c 6 2 ’ ’ 

29 Find the value of 

(a-6-c) 2 +(6-a-e) 2 +(c-a-6) 2 when a=l, 6=2, c=3. 

30. Find the value of 

(a + 6-c) 2 +(a-6+e) 2 +(6+e-a) 2 when a=l, 6=2, c=4 

31. Find the value of 

(a+6) 2 +(6+e) 2 +(e+a) 2 when a= - 1, 6=2, e= -3 

32 Shew that if the sum of any two numbers divide the 
difference of their squares, the quotient is equal to the differ- 
ence of the tu o numbers 

33 Shew that the product of the sum and difference of any 

tu 0 numbers is equal to the difference of their squares j 

34. Shew that the square of the sum of any two consecu- 
tne integers is always greater by one than four times their 
product 

35. Shew that the square of the sum of any two consecutive 
even u hole numbers is four times the square of the odd number 
between them. 

36 If the number 2 be divided into any two. parts, the 
difference of their squares will nlways be equal to twice the 
difference of the parts 

37. If the number 60 be dn ided into any two parts, the 
difference of tlicir squares will always he equal to 50 times the 
difference of the parts. 

38 If a number n he di\ filed into any two parts, the 
difference of their squares will alwajs be equal to n times the 
difference of the parts. 
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39 If two numbers differ by a unit, their product, together 
•with the sum of their squares, is equal to the difference of the 
cubes of the numbers 

40 Shew that the sum of the cubes of any three consecu- 
tive whole numbers is divisible by three times the middle 
number 


VI. ON SIMPLE EQUATIONS. 

106 An Equation is a statement that two expressions 
are equal 

107. An Identical Equation is a statement that two ex- 
pressions are equal for all numerical values that can be given 
to the letters involved in them, provided that the same value 
be given to the same letter in every part of the equation 

Thus, (a:+a) z =a: 2 + 2 ax+a? 

18 an Identical Equation * 

108 An Equation op Condition is a statement that two 
expressions are equal for some particular numerical value or , 
values that can be given to the letters involved 

Thus, sc+l=G 

is am Equation of Condition, the only number which x can 
represent consistently with this equation being 5 

It is of such equations that we have to treat 

109 The Boot of an Equation is that number which, when 
put in the place of the unknown quantity, makes both sides ot 
the equation identical 

x 110 The Solution of an Equation is the process of find- 
ing what number an unknown letter must stand for that the 
equation may be true m other words, it is the method of 
finding the Boot 

The letters that stand for unknown numbers are usually 
x, y, z, but the student must observe that any letter may 
stand for an unknown number 

4 111 A Simple Equation is one which contains the 
first power only of an unknown quantity This is also called 
ah Equation of the First Degree. 
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112 The following Axioms form the groundwoik of the 
solution of all equations 

' Ax. I. If equal quantities be added to equal quantities, 
the sums will be equal. 

Thus, if a —b, 

a + c=b+c. 

Ax. II. If equal quantities be taken from equal quantities, 
the remainders will be equal. 

Thus, if £=i/, 

x-s=y-i. 

'Ax. III. If equal quantities be multiplied by equal quan- 
tities, the products will be equal. 

Thus, if a = J, 

ma=mb. 

Ax. I Y. If equal quantities be divided by equal quantities, 
the quotients will be equal 

Tlius, if ay- oz, 

y~a 


'113. On Axioms I and II is founded a process of great 
utility m the solution of equations, called The Transposition' 
or Terms from one side of the equation to the other, which 
may be thus stated . 

t “Any term of an equation may be transferred from one side 
of the equation to the other if its sign be changed.” 

For let x-a=b 


Then, by A\ I., if we add a to both sides, the sides remain 
equal. 

therefore je-a + a=6+n, 

that is, z=b+a 


Again, let 


z+c=d 


Then, by Ax 
remain equal 
thcicforc 
that i=, 


II , if wc subtract c from each side, the Eidcs 


l ! 


Z+C-C — d-C, 

X-d-c. 
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'114 We may change all the signs of each side of an equa- 
tion without altering the equality 
Thus, if a-x=b-c, 

x-a=c-b 

-1115 We may change the position of the two sides of the 
equation, leaving the signs unchanged 
Thus the equation a -b=z-c, may he written thus, 
x-c—a-b 

116 We may now proceed to our first rule for the solution 
of a Simple Equation 

J Rule I . Transpose the known terms to the right hand side 
of the equation and the unknown terms to the other, and com- 
bine all the terms on each side as far a3 possible 
Then divide both sides of the equation by the coefficient of 
the unknown quantity 

This rule we shall now illustrate by examples, in which x 
stands for the unknown quantity 
EX. 1. To solve the equation, 

5x-6—3x+2 

Transposing the terms, we get 

5®-3a:— 2 + 6 

Combining like terms, we get 
2x=8 

Dividing both sides of this equation by 2, we get 
x=4, 

and the value of x is determined 

Ex, 2. To solve the equation, 

7x+4.=25x-32 
Transposing the terms, we get 

7a-25z= -32-4 
Combining lilce terms, we get 

— 18x= -36 

Changing the signs on each side, we get 
18a; =36 

Dividing both sides by 18, we get 
55=2, 

and the value of x is determined 
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Ex. 3. To solic the equation, 

2x - 3x+ 120=4* - 6* + 132, 
tliat is, 2*-3x-4x + 6*=132- 120," 

or, - 8x-7*=]2, 

therefore, *=12 


Ex. 4. 

that is, 

or, 

or, 

therefore, 


To solve the equation, 

3x+5-8(13— x)=0, 
3* 4- 5 — 104 4- 8* = 0, 
3*+8*=104-5, 
11*=99, 


*=9 


Ex. 5. 

that is, 

or, 

or, 

01 , 

therefore, 


To sohe the equation, 

6x- 2 (4 - 3*)=7 - 3 (17 - x), 
Gx-8 + 6s=7-31+3*, 
6*4- 6* — 3*=7 — 51 + 8, 
12x-3x=15~51, 

9*= — 36, 
x= -4 


EXAMPLES. — XXXil.' 


I 7*4-3=5x4-11. 

а. 12x4-7=8x4-15 

3. 230x4-425=97*4-364 

4. 5x-7=3*+7. 

5 12x-9=8x-l 1 * * * 5 * 7 

б. 124x4-19=112x4-43 

7 18-2x=27-5x 


9, 2G-8x=80-14x. 

10 133-3*=*- 83. 

11 13-3x=5x-3 

12 127 + 9x= 12*+ 100. 

13 13-5*=6-4aT 
14. 3x-22=7*4-6 
15 8+4x=12x-lG 


8 125 — 7x=145-12r. 16 5x-(3x-7)=4x-(Gx-35) 

17. Gx - 2(9 - 4x) 4- 3 (3x - 7) = 10* - (4+ 16x) 4- 33 
18 9x-3(5x-G)-*-30=0 
19. 12x-5{9x-*-3)4-6(7 - 8x)4-783=0 
20 *-7(4x-ll)=14(x-5)-19($-x)-Gl 
21. (*4-7)(x — 3)=(x-5)(x-13) 
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22 (as — 8 )(a: -i- 12 ) = (sc + 1 ) (sc — 6 ) 

23 (a; - 2) (7 - x) + (x - 5) (k + 3) - 2 (a; - 1) + 1 2 = 0 
24. (2x - 7) (x + 5) = (9 -2 k) ( 4 -x) + 229. 

25 (7 - Gx)(3 -2x)=(4x- 3)(3x-2) 

26 14 - x - 5 (x - 3) (x + 2) + (5 - x) (4 - 5x) = 45a: - 76 

27 (a: + 5 ) 2 - (4 - x) 2 =21x 

28 5(x - 2 ) 2 + 7(as - 3) 2 = (3x -7) (4k- 19) + 42 

29 . (3x-17) 2 +(4x-25) 2 -(5x-29) 2 =l 

30. (x+5)(x-9)+(x+10)(x-8)=(2x+3)(k-7)-113 


\ 

VII. PROBLEMS LEADING TO SIMPLE 
EQUATIONS. 

117 When -we have a question to resolve by means of 
Algebra, ve represent the number sought by an unknown 
symbol, and then consider m what manner the conditions of 
the question enable us to assert that two expressions are equal 
Thus we obtain an equation, and by resolving it we determine 
the value of the number sought 

The whole difficulty connected with the solution of Alge- 
braical Problems lies m the determination from the conditions 
of the question of two different expressions having the same 
numerical value 

To explain this let us take the following Problem 

Find a number such that if 15 be added to it, twice the sum 
will be equal to 44 

Let x represent the number 

Then x+15 will represent the number increased by 15, 
and 2(x+ 15) will represent twice the sum. 

But 44 will represent twice the sum, 
therefore 2(x+15)=44. 

Hence 2 k +30=44, 

that is, 2 k =14, 

or, _ k=7, 

and therefore the number sought is 7 
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US, We shall now give a senes of Easy Problems, m 
which the conditions by which an equality between tno expres- 
sions can he asserted may he readily seen The student “hould 
he thoroughly familiar with the Examples in set strut, the use 
ol which he will now find. 

We shall insert some notes to explain the method of repre- 
senting quantities by algebraic symbols in cases where solne 
difficulty may ansc 

Examples.— xxxiii. 

i 

l. To the double of a certain , number I add 14 and obtain 
as a result 154. What is the number? 

2 To four times a certain number I add 16 and obtain as 
a result 1SS What is the number ? 

3. By adding 46 to a certain number I obtain as a result a 
number three times as large as the original number Find the 
original number. 

4 One number is three times as large as another If I 
take the smaller from 16 and the greater from 30, the remain- 
ders are equal What are the numbers ? « 

5. Dn ide the number 02 into four parts, such that the first 
is greater than the second by 10, greater than the third by IS, 
and greater than the fourth by 24 

6 The sum of two numbers is 20, and if tlnee tunes the 
Fmallor number be added to five times the greater, the sum is 
84 What are the numbers ? 

7. The joint ages of a father and his son are 80 years. If 
the age of the son were doubled he w ould be 10 years oldei 
than libs father What is the age of eacli * 

8 A man* has six sons, each 4 years older than the one 
next to him The eldest is tliree times as old as the vounge«t 
Wiiat is the age of each 1 

g Add £24 to a certain sum, and the amount will be as 
1mn.l1 above £80 as the sum is below £80 What is the sum ? 

10 Thirty j aids of cloth and forty jards of silk together 
cost £66, and the silk is twice as i aluable as the cloth Find 
the cost of a jard of each 
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1 r Find the number, the double of which being added to 
24 the result is as much above 80 ns the number itself is below 
100 

12 The sum of £j00 is divided between "A, B, 0 and 1) 
A and B hai e together £280, A and G £260, A and D £220 
Sow much does each receive ? 

13 In a company of 266 persons, composed of men, u omen, 
and children, there are twice as many men as there are women, 
and tv ice as many women as there are children. How many 
are there of each 1 

14. Divide £1520 between A, B and G, so that A has £100 
less than B, and B £270 less than G 

15. Find tv 0 numbers, differing by 8, such that four times 
the less may exceed twice the greater by 10 

16 A and B began to play with equal sums A won £5, 
and then three tunes A’s money was equal to eleven times B ' s 
money What had each at first 1 

17 A is 58 years older than B, and A’ a age is as much 
above 60 as Ba age is below 50 Find the age of each 

18 A is 34 years older than B, and A is as much above 50 
as B is below 40 Find the age of each. 

19 A man leaves his property, amounting to £7500, to be 
divided between Ins wife, lus two sons and his three daughters, 
as follows a son is to have twice as much as a daughter, and 
the wife £500 more than all the five children together. How 
much did each get ? 

20 A vessel containing some water was filled up by pour- 
ing in 42 gallons, and there was then m the vessel 7 times as 
much as at first How many gallons did the vessel hold 1 

21 Three persons, A, B, G x have £76 B has £10 more 
than A, and G has as much as A and B together How much 
has each'? 

22. What two numbers are those whose difference is 14, 
and their sum 48 1 

23 A and B play at cards A has £72 and B has £52 
when they begin When they cease playing, A has three times 
as much as B How much did A win 1 
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Note I If we have to express algebraically two parts into 
which a given number, suppose 50, is divided, and we repre- 
sent one of the parts by x, the other w ill be represented by 
50— a;. 

I 

Ex. Divide 50 into two such parts that the double of one 
part may be three times as great as the other part 

Let x represent one of tlie part® 

Then 50 - a; will represent the other part 

Now the double of the first part will be represented by 
2x, and three times the second part will be represented by 
3(50-®) 

Hence 2a: = 3 (50 - ®), 

or, „ 2®= 150-3®, 

or, 5a: =150; 

a; =30. 

Hence the parts are 30 and 20 

24- Divide 84 into two such parts that three times one part 
may be equal to four times the other 

25 Divide 90 into two such parts that four times one part 
may be equal to five times the other 

26 Divide 60 into two such parts that one part is greater 
than the other by 24 

27 Divide 84 into two such parts that one part is less than 
the other by 36 

28 Divide 20 into two such parts that if three times one 
part be added to five times the other part the sum may be 84. 

Note II "When we have to compare the ages of tv 0 per- 
sons at one time and also some years after or before, we must 
be careful to remember that both w ill be so many years older 
or younger. 

Thus if x be the age of A at the present tune, and 2x be 
the age of B at the present time, 

The age of A 5 years hence will be a; +5, 
and the age of B 5 years hence will be 2x + 5 


/ 
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Ex. A is 5 times as old as B, and 5 years hence A will 
only he three times as old as B What are the ages of A and 
B at the present time ? 

Let x represent the age of B 

Then 5x -will represent the age of A. 

Now sc +5 will represent B's age 5 years hence, -*• 

and 5«+ 5 will represent A’s age 5 years hence 

Hence 5x + 5 = 3 (a; +5), 

or 531 + 5 = 3^+15, - 

or 2s;=10, 

x—5 - 

Hence A is 25 and B is 5 years old. 

29 A is twice as old as B, and 22 years ago he was three 
times as old as B What is A’e age ? 

30 A father is 30 , his son is 6 years old In how many 
years will the age of the father he just twice that of the son 1 

31. A is twice as old as B, and 20 years since he was three 
times as old. What is B’s age ? 

32 A is three times as old as B, and 19 years hence he will 
he only twice as old as B What is the age of each 1 

33 A man has three nephews # His age is 50, and the 
joint ages of the nephews are 42 How long will it he before 
the joint ages of the nephews will he equal to the age of the 
uncle 1 

Note III In problems involving weights and measures, 
after assuming a symbol to represent one of the unknown 
quantities, we must he careful to express the other quantities 
m the same terms. Thus, if sj represent a number of pence, all 
the sums involved m the problem must he reduced to pence. 

Ex. A sum of money consists of fourpenny pieces and six- 
pences, and it amounts to £1 16s 8 d The number of coins 
is 78 How many are there of each soit 1 
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Let x be the number of fourpenny pieces 

Then 4x is their value in pence. 

Also 78 — x is the number of sixpences. 

And 6 (78—a-) is their value tn pence 

x *■ 

Also £1 16s. 8c? is equivalent to 440 pence 

Hence 4x4-6(78—3;) =440, 

or 4x+ 468 - 6x=440, 

from which we find x =14 - - * 

Hence there are 14 fouTpenny pieces, 
and 64 sixpences 

34. A bill of £100 was paid with guineas and half-crowns, 
and 48 more half-crowns than guineas were used How* many 
of each w ere paid ? 

35 A person paid a bill of £3 14s with shillings and 
half-crowns, and gave 41 pieces of money altogether. How 
many of each were paid 1 

36. A man has a sum of money amounting to £11 13s 4c? , 
consisting only of shillings and fourpenny pieces He has in 
all 300 pieces of money How many has he of each sort 1 

37 A bill of £50 is paid with sovereigns and moidores of 
27 shillings each, and 3 more sovereigns than moidores are 
given How many of each are used ? 

38 A sum of money amounting to £42 8s is made up of 
shillings and half-crowns, and there aTe six times as many 
half-crowns as there are shillings How many are there of 
each sort? 

39 I have £5 11s 3c? m sovereigns, shillings and pence 
I have twice as many shillings and three times as many pence 
as I have sovereigns How many have I of each sort? ( 



VIII. ON THE METHOD OF FINDING 
THE HIGHEST COMMON FACTOR. 


^119 An expression is said to be a Factor of another 
expression when the latter is divisible by the former 

Thus 3 a is a factor of 12a, 

5xi I °f 15xhj 2 

120 An expression is said to be a Common Factor of tivo 
oi more other expressions, when each of the latter is divisible 
by the former 

Thus 3a is a common factor of 12a and 15a, 

3 xy of 15»y and 21xhj\ 

4a of 8s, 12s 2 and 16s 3 

«/ 121 The Highest Common Factor of two or more expres- 
sions is the expression of highest dimensions by which each of 
the former is divisible. 

Thus 6a 2 is the Highest Common Factor of 12a 2 and 18a 3 , 
5f?y of 1 Oxhj, IbxhJ* 

and 25x i i/ 3 . 

Note That which we call the Highest Common Factor is 
named by others the Greatest Common Measure or the Highest 
Common Divisor Our reasons for rejecting these names will 
be given at the end of the" chapter 

122 The words Highest Common Factor are abbreviated 
thus, HCF 

123 To take a simple example m Arithmetic, it will 
readily be admitted that the highest number which will 
divide 12, 18, and 30 is 6 

Now, 12 =2 x 3 x 2, 

18=2x3x3, 

30=2x3x5 
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* Having tlius reduced the numbers to their simplest factors, 
it appears that we may determine the Highest Common Factor 
m the following way. 

Set down the factors of one of the numbers m any order. 

' Place beneath them the factors of the second number, m 
such order that factors like any of those of the first number shall 
stand under those factors. ' 

Do the same for the third number. 

Then the number of vertical columns in which the numbers 
are alike will be the number of factors m the hop, and if 
we multiply the figures at the head of those columns together 
the result n ill be the H.c F required. 

Thus m the example given above two vertical columns are 
alike, and therefore there ore two factors m the hop 

And the numbers 2 and 3 which stand at the heads of 
those columns being multiplied together will give the H.C.F. 
of 12, 18, and 30 

124. Ex. 1. To find the H c.F. of a z b n -x and arlPx-. 
a?b-x=aaa lb x, 
aWx-=aa lib xx, v 

* hop =aabbx 
=a 2 Kc. 

Ex. 2. To find the h c p. of 34a 2 6°c 4 and 51 cWc 2 . 

34a 2 6°c 4 =2 x 17- x aa , bbbbbb . cccc, 

51a 3 6 4 e 2 = 3 x 17 x aaa . bill . cc ; 

H.OP.=l7«a66&Jcc 

=17aW. 


EXAMPLES.— XXXIV. 

Find the Highest Common Factor of 

i a 4 6 and a-lfl 3, 14sc s y 2 and 24afy. 

N 2 a?ifs and oPifiz" . 4. 4bm u n z p and CO m 3 np 2 . 
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5 I8ab 2 c-d and 36 a 2 bcd 2 

6 a%~, aPb 3 and a 4 6 4 

7 4a6, 10ac and 30&c 


8 1 7iP2 2 j 3^g and 51p 3 cp 

9 ll7?yh? and 2Cteh/ 3 5: 2 
10 30kVj 90x 2 y 3 and 120x 3 2/ 4 


/125 The student must he urged to commit to memory the 
following Table of forms which can or cannot he resolved into 
factors Where a '■blank occurs after the sign = it signifies 
that the form on the left hand cannot he resolved into simpler 
factors 


a?-y 2 -(x+y)(x-y) 

x 2 +y 2 = 

a ? - y 3 - (x - y) (x 2 + xy + y 2 ) 
a? + y 3 = (x + y) (a 2 - xy + y 2 ) 
x l ~y i =(x 2 +y 2 )(3?-y 2 ) 

rf+y*— 

x 2 + 2xy + y 2 = (x + y) 2 
x 2 - 2xy + y 2 = (x - y) 2 
x 3 +3x 2 y+3zy 2 +y 3 =(x+y) 3 
a? — 3x 2 y + 3xy 2 —y 3 =(x —y) 3 


x 2 -l=(x+l)(x-l) 
x 2 + l = 

X?-1 = (X-1)(X 2 +X+1) 
a 3 + 1 = (a; + 1) (a? - X + 1 ) 
a^-l=(x 2 +l)(a?-l) 
7^+1 = 

x 2 + 2x+l=(x + l) 2 
x 2 — 2x + l=(x— l) 2 
x 3 + 3x 2 + 3x + 1 = (x + 1) 2 
a? — 3a? + 3x— 1 =(x— l) 3 


The left-hand side of the table gives the general forms, the 
right-hand side the particular cases in which y — 1 


126 EX. To find the hop, of x 2 -l, x 2 -2x+l, and 
x 2 +2x— 3. 

x 2 — l = (x— l)(x-f 1), 
x 2 — 2x + l = (x-l) (x-1), 
x 2 +2x-3=(x-l)(x+3), 

HC.F =X— 1 


Examples.— xxxv. 

1 a 2 -b 2 and a 3 -!/ 3 4. a 3 +x 3 and (a+x) 3 . 

2 a 2 —b 2 and a i — b i . 5. 9x 2 — 1 and (3x + l) 2 

3. a 2 - x 2 and (a - x) 2 . 6 1 - 25a 2 and (1 - 5a) 2 . 

7. x 2 —y 2 , (x+y) 2 and x 2 +3xy+2y 2 

8 x 2 — y 2 , a?— y 3 and x 2 — 7xy+6y 2 . 

9 x 2 — 1 , x 3 — 1 andx 2 + x— 2 
10 1 — a 2 , 1 + a 3 and a 2 +5a+4 


7o 


METHOD OF FINDING THE 


127. In large numbers the factors cannot often be deter- 
mined .by inspection, and if we have to find the H c f. of two 
such numbers we have recourse to the following Arithmetical 
Rule ** 

“ Divide the greater of the two numbers by the less, and the 
divisor by the remainder, repeating the process until no re- 
mainder is left . the last divisor is.the H c.F. required.” 

Thus, to find the h c.f. of 689 and 1573. 

689; 1573(2 

1378 

"l95; 689(3 
585 

10i; 195(1 
,104 

”ii;ro4(i 

91 

13 ; 91 (7 
91 

13 is the H.C.F of 689 and 1573. 

Examples.— xxxvi. 

Find the H c F of 

1 6906 and 10359 4 . 126025 and 40115. 

2 1908 and 2736. 5 . 1581227 and 16758766 

3 49608 and 169416 6 . 35175 and 236845. 

128 The Arithmetical Rule is founded on the following 

operation m Algebra, which is called the Proof of the Rule for 
finding the Highest Common Factor of two expressions. 

Let a and b be two expressions, arranged according to de- 
scending powers of some common letter, of which a is not of 
lower dimensions than b 

Let b divide a with p as quotient and remainder c, 
c b 2 * ..... . d, 

* d. ... c r . with no remainder 
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The foim of the operation may be shewn thus . 
h)a(p 
' pb 

c) l (q 
qc_ 

d)c(r 

rd 

Then we can shew 

I That d is a common factor of a ancl 6 

II That any_other commdn factor of a and b is a factor of 
d, and that therefore d is the Highest Common Factoi 
of a and b 

For (I ) to shew that d is a factor of a and b 
b—qc+d 
=qrd+d 

*=(qr+l)d, and d is a factor of b , 

and a =pb + c 

=p{qc + d) + c x 

—pqc+pd+c 

=pqrd+pd+rd 

= (pqr +p + r) d, and d is a factor of a 

And (H ) to shew that any common factor of a and b is a 
factor of d 

Let 8 he any common factor of a and b, such that 
a=m 8 and 6 =718 

Then* we can Bhew that 8 is a factor of d 

For d~b-qc 

=b-q(a-pb) 

—b—qa +pqb 
—n 8 -qmS+pqn 8 

- ’ = (» — qm +pqn) 8 , and 8 is a factor of d 

Now no expression higher than d can he a factor of d , 
d is the Highest Common Factor of a and b 
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129. Ex. To find the h.c f. of a?-f-2x+ 1 and 

a?+ 2a? T 2a;+l. 

a?+2aj+l/ii 3 +2a?+2a;-t-l 
a? + 2a? + ® 

®+l)a?+2x+l^e+l 

a?+* 

®+l 
. ®+l 

Hence ® + 1 being the last divisor is the H.C.F required 

130 In the algebraical process four devices are frequently 
useful. These we shall now state, and exemplify each in the 
next Article. 

% 

I. If the sign of the first term of a remainder he negative, 
we may change the signs of all the terms 

II. If a remainder contain a factor which 16 clearly not a 
common factor of the given expressions it may he 
removed 

III. We may multiply or divide either of the given expres- 

sions by any number which does not introduce or 
remove a common factor. 

IV. If the given expressions have a common factor which 

can be 6een by inspection, we may remove it from 
both, and find the Highest Common Factor of the 
parts which remain If we multiply this result by 
the ejected factor, we shall obtain the Highest Com- 
mon Factor of the given expressions 

131. Ex. I, To find the H c F. of 2a?-®-l and 

6x 2 — 4x— 2. 

2a?-»-l)6a?-4x~2(3 
6a?-3x— 3 

- ®+l 
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Change the signs of the remainder, and it becomes x— 1. 

x - 1) 2a 2 - x - 1 (2b + 1 
2b 2 — 2a; 

•y 

B — 1 
ffi-l 

The H.C.F. required is a-1. 

Ex. II. To find the h .0 f. of b 2 +3b+ 2 and b 2 +5b+6 

e 2 +3b+2^b 2 +5b + 6(1 
b 2 +3b + 2 

2b+4 

Divide the remainder by 2, and it becomes b+2 
b + 2)b 2 + 3b+2(b+1 
a?+2x 

e+2 

e+2 

TheH.c.F required is b+2. 

Ex. III. TofindtheHOF of 12 b 2 +b- 1 and 15 b 2 +8e+1 

Multiply 15 b 2 + 8b + 1 

by _4 

. 12b 2 +b-1;60b 2 + 32b + 4( i 5 
603^ + 5 b— 5 

27b + 9 

Divide the remainder by 9, and the result is 3 b + 1. 

' 3%+l) 12z 2 +x—l(4x—l 

12b 2 + 4b 
-3b- 1 
-3b- 1 

The H.0 F. is therefore 3 b + 1 

Ex. IV. To find the h o f. of X s - 5b 2 + 6b and 

x 3 — 10a?+2lB. 

’ Remove and reserve the factor x, which is common to both 
expressions 
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Then we have remaining z 2 — 5x + 6 and z-— lOx-f 21. 

The hop of these expressions is z— 3 

The h c.f. of the original expressions is therefore z 2 - 3 x. 

EXAMPLES.— XXXVii. 

Find the h.o'p. of the following expressions : 

1 z 2 +7z+12 and z 3 +9x + 20 

2 z 2 + 12x + 20 and z 2 + 14x'+ 40 

3. z 2 — l7z+70 and a?— 13z+42 

4. aP + 5x~ 84 and x 2 +21«+108 

5. a?+z-12 and z 2 — 2z — 3 

6 z 2 -j- 5xi/ + 6y- and z a + 6xy + 9 y 2 . 

7 z 2 -6xy + 8y 2 and a?— 8xy-i-16y 2 . 

8. z 2 -13xy-30y 2 anda£-18xy+45y 2 . 

9 a?— y z and z 2 — 2xy+y 2 . 

io . sP+y 3 and xP+Sx-ij+Zxif+ij 3 

1 1 os 4 — if 4 and z 2 - 2xy +y 2 . 

12 oc^+y 5 and y?+y 3 

1 3 z 1 — y 4 and z 2 + 2zy +y 2 

14 a 2 —lr+2bc—c- and a 2 + 2ab+& 2 — 2ac— 26c+c 2 

15 12x 2 +7zy+y 2 and 28x 2 +3 xy-y- 
16. 6x 2 +zy-y° and 39x 2 - 22xy + 3 if 
1 7 I5x"-Bxy+ y- and 40x 2 - 3xy - y 2 . 

’ 18. z 5 — 53?* + 5x 2 — 1 and z 4 +z 3 — 4x 2 +z+l. 

19 'c 4 +4z 2 + 16 and z 5 +z 4 — 2a?+17z 2 — lOx+20 

20 tf+x-y'+y* anda^-*-2as 3 y + 3x 2 y 2 +2xy 3 +y 4 
s \ 21 op— Cx 4 +9x 2 — 4 and aP+oc 3 — 2z , + 3x 2 -z— 2 
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22. 15a 4 + 10a 3 & + 4a 2 & 2 + Gab 3 — 36 4 and 6a 3 +19a 2 6 + 8a6 2 — 51? 
23 lSy 3 — 14a? 2/ + 24 ai/ 2 — 7a/ 3 and 27a 3 + 3 3a 2 if — 20 xy 2 + 2i/ 3 

24. 21a 2 - 83ai/ - 27a + 22i/ J + 99 y and 12s 2 — 35ay - 6a 

— 33w 2 + 22i/ 

25 3a 3 — 12a 2 — a 2 5 + 10ab — 21 s and 6a 3 — 17a 2 6 + 8a6 2 — Z?. 

26 18a 3 — 18a 2 z + 6aa 2 - 6a 3 and 60 a 2 — 75az + 15a?. 

27. 21a 3 — 26a 2 + 8a and 6a 2 — a — 2 

28 6a 4 +29a 2 a 2 +9a 4 and 3a 3 — 15aa 2 + a 2 a— 5a 3 

29 rf+afiif+xhj+y* and a 4 -!/ 4 

30 2a? + 10a? + 14a + 6 and a? + z 2 + 7a+39 

31 45a 3 s + Sdh ? — 9aa? + 6a? and 18a 2 a-8a?. 

132 It is sometimes easier to find the h c F. by reversing 
the order m which the expressions are given. 

Thus to find the hof of 21a 2 + 38a + 5 and 129a? + 221a + 10 
the easier course is to reverse the expressions, so that they 
stand thus, 5 + 38s + 21a 2 and 10 + 221a + 129a 2 , and then to 
proceed by the ordinary process TheHCFis3a+5 Other 
examples are 

(1) 187a?— 84a? + 31a— 6 and 253a? - 14a 2 + 29a -12, 

(2) 37li/ 3 + 26j/ 2 — 50y + 3 and 469j? + 75 if — 103 y - 21, 
of which the h c F are respectively 11a -3 and 7jf + 3. 

133 If the Highest Common Factor of three expressions 
a, 6, c be required, find first the h c r of a and h If d be the 
h c f. of a and 6, then the hof of d and c will be the h c r 
of a, h, c 

134 Ex. To find the hcf of 

a? + 7a 2 -a-7, a 3 + 5a 2 -a-5, anda 2 -2a+l 

The hcf of a? + 7a 2 -a-7 and a?+5a 2 -a-5 will be found 
' to be a 2 — 1 * 

The h.cf. of a 2 -l and a 2 -2a + l will be found to be 
a-1 

Hence a - 1 is the h c r of the three expressions 
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Examples.— xxxviii. 

Find the Highest Common. Factor of 

1. a?+5x+6, a?+7a;+10, and a?+12®+20. 

2. a?+4x 2 --5, fl?-3x+2, anda? + 4o? — 8*+3 

3 2a?+a;--l, ® 2 + 5x+4, and a?+l 

4* y*-y‘ l -y+l > 2y 2 -2y-l,&-n(Ly s -y*+y-l. 

5. a?— 4a?+9x-10, a?+2x 2 -3x+20, and 

a?+5a?— 93+35. 

6. a?— 7a? + 16s ~ 12, 3a?-14a? + 16x, and 

5a? — 10a? + 7s — 14 

7. if-byt+lly-lK, y s ~y z +Zy+5, and 

2j/ 3 — 7i/ 2 + 1 61/ - 15. 

Note. We use the name Highest Common Factor instead 
of Greatest Common Measure or Highest Common Divisor for the 
following reasons . 

(1) We have used the word " Measure ” in Art. 33 in a 
different sense, that is, to denote the number of tames any 
quantity contains the unit of measurement. _ 

(2) Divisor does not necessarily imply a quantity which 
is contained m another an exact number of times Thus in 
performmg the operation of dividing 333 by 13, we call 13 
divisor, but we do not mean that 333 contams 13 an exact 
number of times. 


IX, FRACTIONS. 

135. A quantity a is called an Exact Divisok of a quan- 
tity h, when b contains a an exact number of times 

A quantity a is called a Multiple of a quantity b, when a 
contains b an exact number of times 
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136 Hitherto we have treated of quantities which contain 
the unit of measurement m each case an exact numhei of 
times 

We have now to treat of quantities which contain some exact 
divisor of a primary unit an exact number of tunes 

137 We must first explain what we mean by a primary 
unit 

We said m Art 33 that to measure any quantity we take a 
known standard or unit of the same kind Our choice as to 
the quantity to be taken as the unit is at first unrestricted, but 
when once made we must adhere to it, or at least we must 
give distinct notice of any change which we make with respect 
to it. To such a unit we give the name of Pbijiahy Unit. 

138 Next, to explam what we mean by an exact divisor of 
a primary unit 

Keeping our Primary Unit as our main standard of mea- 
surement, we may conceive it to be divided into a number of 
parts of equal magnitude, any one of which we may take as a 
Subordinate Unit 

Thus we may take a pound as the unit by which we mea- 
sure sums of money, and retaining this steadily as th a primary 
unit, ire may still conceive it to be subdivided into 20 equal 
parts We call each of the subordinate units m this case a 
shilling, and we say that one of these equal subordinate units is 
ane-twenfoeth part of the primary unit, that is, of a pound. 

These subordinate units, then, are exact divisors of the 
pi imary unit. 

139 Keeping the primary unit still clearly in view, we 
represent one of the subordinate units by the following nota- 
tion. 

We agree to represent the words one-third, one-fifth, and 
one-twentieth by the symbols g, —j, and we say that if 

the Primary Unit be divided into three equal parts, g will 
represent one of these parts 
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If we have to represent two of these subordinate units, we 
2 3 

do so by the symbol g ; if three, by the symbol ^ , if four, by 
4 

the symbol g, and so on And, generally, if the Primary Unit 
be divided into b equal parts, we represent a of those parts by 
the symbol - 

140. The symbol | we call the Fraction Symbol, or, more 

briefly, a Fraction. The number below the line is called the 
Denominator, because it denominates the number of equal 
parts into which the Primary Unit is divided The number 
above the line is called the Numerator, because it enumerates 
how many of these equal parts, or Subordinate Units, aie 
taken 

141 The term number may be correctly applied to Frac- 
tions, since they are measured by units, but we must be 
careful to observe the following distinction • 

An Integer or Whole Number is a multiple of the Primary 
Unit 

A Fractional Number is a multiple of the Subordinate 
Unit. 

142 The Denominator of a Fraction shews what multiple 
the PnmaTy Unit is of the Subordinate Unit 

The Numerator of a Fraction shews what multiple the 
Fraction is of the Subordinate Unit 

143 The Numerator and Denominator of a fraction are 
called the Terms of the Fraction 

144 Having thus explained the nature of Fractions, we 
next proceed to treat of the operations to which they are sub- 
jected m Algebra 

145 Dee. If the quantity x be divided into b equal parts, 
and a of those parts be taken, the result is said to' be the 

fraction ^ of x 

If x be the unit, this is called the fraction 

o 
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146 If the unit he divided into 6 equal parts, 
g will represent one of the parts. 


b ~ 

3 

b ’ 

And generally, 


two 

three 


-g will represent a of the parts 

147 Next let us suppose that each of the b parts is sub- 
divided into c equal parts then the unit has been divided 
into be equal parts, and 

~ will represent one of the subdivisions 


. two 


be 
2 
be 

And generally, 
a 
be 


148 To shew that 


Let the unit he divided into 6 equal parts 
Then g will represent a of these parts 


( 1 ) 


Next let each of the 6 parts be subdivided into c equal 
parts 

Then the primary unit has been divided into be equal parts, 
and will represent ac of these subdivisions (2) 

Now one of the parts m (1) is equal to c of the subdivisions 

m (2), 


a parts are equal to ac subdivisions , 


So 


FRACTIONS. 


Con, We draw from this proof two inferences : 

I. If the numerator and denominator of a fraction he 
multiplied by the same-number, the value of the frac- 
tion is not altered. 

II. If the numerator and denominator of a fraction be 
divided by the same number, the value of the fraction 
is not altered. 

149. To make the important Theorem established in the 
preceding Article more clear, we shall give the following proof 
4 16 

that 5=20’ taking a straight line as the unit of length. 


1 

1 I 1 

i i 1 

till! 

I 1 i 

t I 

A 

E 

D 

F 

B 

C 


Let the line AG be divided into 6 equal parts 

Then, if B be the point of division nearest to C, 

AB is | of AG. (1). 

Next, let each of the parts be subdivided into 4 equal parts. 

Then AG contains 20 of these subdivisions, 

and AB .* . 16 . . ..... , . » 

. ABis^oiAG ( 2 ). 

■* 

Comparing (1) and (2), we conclude that 
4_16 
5 “20* 

150. From the Theorem established in Art 148 we derive 
the following rule for reducing a fraction to its lowest terms : 

Find the Highest Common Factor of the numerator and denomi- 
nator and divide both by it The resulting fraction mil be 
one equivalent to the original fi action expressed in the simplest 
terms 
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151 Wien tie numerator and denominator each consist of 
a single term the Her may be determined by inspection, or 
we may proceed as m the following Example * 


To reduce tie fraction 


lOaW 

12aW 


to its lowest terms, 


10a 3 b 2 c 1 _ 2 x 5 x aaabbcccc 
12a a 6 3 c 3_ 2 x 6 x aabhhcc ’ 

We may then remove factors common to the numerator and 
denominator, and we shall have remaining 


the required result will be 


5ac z 

6b' 


152 Two cases are especially to be noticed. 


(1) If every one of the factors of the numerator be lemoved, 
the .number 1 (being always a factor of every algebraical 
/ expression) will stdl remain to form a numerator 


Thus 


3 arc _ 3«ac 1 
12a 3 c 2 ~~3 x 4 x aaace~ ~4ac 


(2) If every one of the factors of the denominator be removed, 
the result will be a whole number 


Thus 


12a?c 2 _ 3 x 4 x aaacc 
3a 2 c — 3 x aac — ac 


This is, in fact, a case of exact division, such as wo have 
explained m Art. 74 


♦ i 

EXAMPLES.— XXX1X. 

Reduce to equivalent fractions in their simplest terms the 


following fractions 

4a 2 

1 12a 3 ' 

2 

8a 3 

36a 2 

3 

lOa 2 ^ 

24a J 6 2 

^ 45x?y J / 1 

5 

7 a s b T cP 

21 a J b-c £l 

6 

4 uxy 
3abe 

51ay-z 

7 34aV 

8 

15ab«c 3 

12aW 

9 

8 x?ifz 3 


fSA] 


P 
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to. 


13 

16 

19 


20 . 


2t. 


22 


23 


210m s n-p 

it. 

a 2 

12 

14m 2 ® 

42m-n^p 2 ' 

a^+aS 

2lm 3 p - 7mx 

xy 

14. 

4UX+2X 2 

T f 

ay+y - 

2 zy-—ox-yz 

Sacc 3 — 2® 2 ‘ 

*3 

abe+bey 

4a 2 x+6a 2 y 

17- 

12a&=-6a6 

18 . 

- c 2 — 4o 2 

8® 2 -18 y 2 ‘ 

8b 2 c-2c • 

c 2 +4ac- 1 -4a 2 


3 7* + 2x-IJ* 

5®» + 5a ?if 

10x-10 y 
4x'-8nj+4y- 


7aVh? - ’7o& 3 i/ 2 
24 * 14a?ba*~\4a?bcif- 

oj?4-4ocb? 

25 i0a?~+90cda? 


ax^-lnj 

7a-x--7bY 


26 


10a 2 -r 20aS-s-106 2 

5a 3 + 5a 2 6 


6a6 4- 8 ccl 
27a s i 2 ® - 48c-d*x 

xy-zyz 

2 az- 2 az Y 


28 


4® 2 — 8xy+4y 2 
48 (®-y)* 
Zmx + htvj? 
2my+5nxy 


153 We «hall now give a set of Examples, some of which 
may he worked by Resolution into Factors In others the 
H c F of the numerator and denominator must he found by 
the usual process As an example of the latter sort let us 
take the following 

_ 4y -» _ 1 — ^ 

To reduce the fraction e^ZgjS — io lf<s ^ owesi ^ rms - 

Proceeding by the usual rule for finding the H c F. of the 
numerator and denominator we find it to be x- 7. 

Now if we divide a? - 4r ? - 19® - 14 by ®-7, the result is 
»” J -3z J -2, and if we divide Sx 3 — 9z 2 — 38x J -21 by ®— 7, the 
result is 2® 2 t ox — 3. 

• CC“ t 335 -4- 2 

Hence the fraction — = is equivalent to the proposed 

fraction and is m its lowest terms. 


a-*-7u+10 

ar 


Examples.*— xl. 


s?~9x^20 

® 2 -7®-rl2 


® 2 -2®-3 

ai 2 -10x->-21' 


2 


3* 
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6 

7 

8 

9 

10 

xr 

12 

13* 

21 

24 


25 


26 

27 

28 

29 
3° 

31 

32 


s 2 — 18si/+45i/ 2 
a 3 — 8*7/ — 105y 2 3 

s 3 -4s 2 +9s-10 

s 4 +s 2 +l , s° + 2 s 3 !/ 3 + 2/° 

s 2 + s + l s °-1/° 

m 3 + 3m 2 -4m 

s 3 +2s 3 — 3s+20 

“t- 

m 3 — 7m + 6 

a? — 5s 2 + 11s — 15 


a 3 + l 

o?-s 2 + 3s + 5 

4 5 

a 3 + 2a 3 +2a + l 

s 3 - 8s 2 + 21s -18 

x6 

3as 2 — 13as+14« 

3s 3 — 16s 3 + 21s 

7s 3 — 17s 2 + 6s 

a? - 7s 2 + 16s -12 

17 

14s 2 — 34s +12 

3s 3 — 14s 2 + 16s 

9 as 2 — 39as+42a 

S 4 +S 3 !/+S1/ 3 -1/ 4 

18 

10a- 24a 2 + 14a 3 


15 — 24a + 3a 2 + 6a 3 

a?-\ 4a 2 — 5 

19 

2a6 3 + a6 2 — 8ab + 5a 

a 3 — 3a+2 

76 3 -126 3 + 56 

V+4b 2 -5b 


a 3 — 3a 2 + 3a— 2 

it 3 — 66+5 


a 3 — 4a 2 +6a— 4 

3s 2 +2s— 1 

a 2 -a- 

20 _ *2-3s 2 +4s-2 

S 3 + S 2 — s-1 

a 3 +a- 

12 s 3 -s 3 -2s+2 


(x+ij+zy + Qs-yfffai-zy+fy-x ) 2 
a?+y 2 +z 2 


2s 4 — a? — 9s 2 + 1 3s — 5 
7s2-19s2 + 17s-5 
16s 4 — 53s 2 + 45* + 6 
8s 4 — 30s 3 + 31s 2 — 12 
4s 2 -12as+9a-‘ 

8s 3 -27a 3 
6s 3 - 23s 2 + lGs - 3 
6s 3 - 17s 2 + 11s -2 
s 3 -6s 2 + lls-6 
s 3 — 2s 2 - s + 2 
to 3 + to 2 +wv— 3 
m ? +3m 2 + 5m + 3 
sS + S* 4 — s 2 — 5s 
a^ + Ss 3 — s— 3 
a 2 -6 2 — 26c— c 2 
a 3 +2a6 + 6 3 — c 3 


33 

15a 2 + a6— 26 2 

9a 2 + 306-262 

34 

s 2 -7s + 10 
2 s 3 -s -6 

35 

a? + 3s 2 + 4s + 12 
a£ + 4s 2 + 4s+3 

36 

s 4 - s 2 - 2 s + 2 

2 * 2 -*-! 

s 3 - 2*2-15*+ 26 

37 

3s 3 -4s- 15 

3s 3 + a 2 - 5s + 21 

38 

6 s 3 + 29s 2 + 26s — 21 
s 4 — s 3 — 4s 2 — s +1 

39 

4s 3 — 3s 3 — 8 s— 1 

a 3 - 7a 2 + 16a -12 

40 

3a 3 - 14a 3 + 16a ’ 


8 4 
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154. The fraction | is said to be a proper fraction, when a 
is less than 6. 

The fraction ^ is said to be an improper fraction, when a is 
greater than b 

155 A whole number » may be mitten as a fractional 
number by writing 1 beneath it as a denominator, thus - 


156. To prove that | of 


Divide the unit into Id parts 


Thenfof^of^ 

(Art. 148) 

of be of these parts 

(Art 141) 

~~ of be of these parts 

(Art 148) 

= ac of these parts 

(Art 147) 


But ~bd~ ac t ^ iese P aTt3 » 

a , c__ac 
b d~U’ 


This is an important Theorem, for from it is derived the 
Rule for what is called Mui/otkcaiiox of Fractioxs IVe 


Or £ • 

extend the meaning of the sign ,x and define jXg (which 
according to our definition m Art 3G has no meaning) to mean 


(V c 

T of - 5 , and we conclude that 
6 d 


a c _ ac 
b*d~bd> 


which m 


words gives 


us this rule — “ Take the product of the numerators to form 
the numerator of the resulting fraction, and the product of the 
denominators to form the denominator ” 


The same rule holds good for the multiplication of three or - 
more fractions 


f 
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157 To shew that r— 7 = 7 ^. 

0 d be 

The quotient, x, of j divided by ^ is such a number that x 
multiplied by the divisor ^ will give as a result the dividend ^ 


xc _a 
d~b’ 


d . xc d .a 

- of ~r = ~ of r , 
C fl c 0 ’ 


xcd 
cd ' 


ad 
‘be 1 
ad 

X= Tc 


Hence we obtain a rule for what is called Division of 
Fractions 


Since 


a__c_ad 
b d~bc ’ 


a c _a d 
b~d~b x e 


Hence we reduce the process of division to that of multipli- 
cation by inverting the divisor 


158 The following are examples of the Multiplication and 
Division of Fractions 

2x „ 2x 3a G ax 2x 

1 3H** 3a= 3T’ X T = 3^ = ¥ 

3x „ _3x_3a_3x 1 _ 3a; x_ 

2 l - 2b ^ 3a - Gab - 2ab 

4a 2 3c _ 3 x 4 x n s c _ 2a 
^ 9p x 2a~ 2 k 9 xac 2 ~ 3c 

14* 2 7x_14x 2 9y 9 x 14 x x-ij 2x 
4 27y i ~9y~27y iX 7x~7 x 27 x xy 2 ~3y 

2 a 9b 5c 2flx9?fx5c 3 
3b X 10c X 4a~ 3b x 10c x 4a 4 


5 


36 


fractions 

a , +a 

7- ?X»TP »- + » i ’ hiSiOi^xife^! 

“S+®£+J> *■<•-»» 

EXAMF7- es ' X ^‘- 

StoplifrtoloUo^^-” 

3ft 20 


3X 7® 

4y 9y 


3a 2b 
2 4b x 3a 


4s? 3* 

Qy 2 2i/ 


2a 4b 

55 3c 6a 

. IQxy* 

7„854 20c 3 i 2 4 ac 
3x J oi/-z v 3?w 8. *2^*42^ 3 bd 

zJX x -?r; x 90 mi 2 


*¥ 03 „ 9;c Va 20a 3 bic 

5- 'io?B r c X !8xyV 
45?i/ 24ftfr 7a 5 b 4 

« 1 0wff O 


g K ~0- x — a — * S(Ch 2 
.35? 6xy 20X1/ ^ ^ 

qmV 5jr7 x ?i5^. 


OGtC * 

?52£*®5ul£' 


. .*» 1.2 if . r rr«T" 


a-b 

?+5S a-- ab 


5- 


iOW tow — — 

j+a-S 

e^±?>‘S 


;x-^r^r * „ 

J "' r6 « , 0.3 a 2_9a+20 a^_i2 

7* a 2— Ofl- 1 -^ ft ,o 

8 
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a 3 -^ gy-% 2 .. s 2 -zy 

o?~3zy + 2y" x 2 +xy (x - y) 3 ' 

T „ (a+6) 2 -c 2 c 2 -(a-b)- 
a 2 -(6-c) 2>< C 2 -(a + 6) 2 

(g-m) 2 -n g g 2 -(n-m) 3 
(g — n) 2 — m 2 g 2 - (m - «) 2 

(a-r6) 2 -(c+d) 2 (a-by--(d-cf 
12 (a+cy~(b-rdy x (a-cy~{d- 6) 2 ‘ 

a?-2xy+y‘ i -s 3 z+y-z 
*3 x*+2xy+y 3 -z 3 * z-y+z 


Examples.— aim.' 


Simplify the following expressions 
2a 36 „ 15i/ 5i/ 2 


z 5c 

— -3a6 
nx 


bx 


-2 8 


5 

1 


14s 

3p 


7s 


2p 


2p - 2 p-1 

1 


3 

6 


8as*y 2s? 
15a6 3 30aP- 


1- 


4a 

5x* 


a 2 - 3g + 2 g-1 


9 


g--17g + 30 g — 15 


158 "We are now able to justify the use of the Fraction 
Symbol as one of the Division Symbols m Art 73, that is, 

we can shew that 5 is a proper representation of the quotient 

resulting from the division of a by 6 

For let g he this quotient 

Then, by the definition of a quotient, Art. 72, 
lxx=a 

But, from the nature of fractions, 
bx^=a, 

* o- 
6 
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THE LOWEST COMMON MULTIPLE. 


159 Here we may state an important Theorem, ■which ire 
shall require in the nest chapter. 

If ad=lc, to shew that 4=4. 

o a, 

Since ad— be, 

ad_be 

bd~bd’’ 

. a__ c 

b~7V 


X. THE LOWEST COMMON MULTIPLE. 

160. As expression is a Coimos Multiple of two or 
more other expressions when the former is exactly divisible by 
each of the latter. 

Thns 24c 3 is a common multiple of 6, 8a? and 12a?. 

161. The Lowest Cosmos Multiple of two or more 
expressions is the expression of loicest dimensions which is 
exactly divisible by each of them. 

Thus 18a? is the Lowest Common Multiple of 6a?, 9a?, 
and 3x 

The words Lowest Common Multiple are abbreviated 
into L c M 

162 Two numbers are said to be pnme to each other 
which have no common factor but unity. 

Thus 2 and 3 are prime to each other 

163 If a and b be prime to each other the fraction ~ 
is in its lowest terms 

a c 

Hence if a and b be prime to each other, and and 
if m be the H c f of c and d, 

a—— and b=— 
m m 


THE LOWEST COMMON- MULTIPLE 


S 9 


164. In finding the Lowest Common Mnltiple of two or 
more expressions, each consisting of a single term, we may 
proceed as in Arithmetic, thus 

(1) To find the LC3I of 4a s ;c and ISax 3 , 


2 

4a 3 x, 18 ax? 

a 

2 a s x, Sax 3 

X 

2arx, 9x? 


2 a 1 , 9x? 


L C 3i.=2 xaxzx 2<i 2 x 9x 3 =36a 3 x 3 


(2) To find the i c of ab, ac, be, 


a 

ab, ac, be 

b 

b, c, be 

c 

1, e, e 


1, 1 , 1 


nc jr —axbxc~abc 


(3) To find the l c 31 of I 2 a\ 14 b<? and 36062, 


2 

12arc, 

146c 2 , 

36a 52 

6 

6a-c, 

76c 2 , 

18a6 2 

a 

a 2 c , 

76c 2 , 

3a62 

b 

ac y 

75c 2 , 

36 2 

c 

ac, 

7c 2 , 

36 


a, 

7c, 

36 


L.c 3r =2 xQxaxbxcxax 7 cx 35=252ci 2 6 2 c 2 


Examples.— xliv. 


Find the i, c 3i of 

1 4a 3 x and Qa-j? 

2 3 x 2 !/ and 12x!/ 2 

3 4o 3 6 and 8a 2 6 2 

4. ax, a-x and a-x- 
5 2ax, 4ax? and v? 


6 ab, a-c and b-<? 

7 a-x, ahj and x 2 y 2 

8 51n 2 x 2 , 34a® 3 and ax* 

9 5 f-q, lOq-r and 20p2i 
10 ISaz 2 , 72ay 2 and 12ry 
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165. The method of finding the l o m.,' given in. the pre- 
ceding article, may he extended to the case of compound 
expressions, when one or more of their factors can he readily 
determined. Thus we may take the following Examples 

(1) To find the lcm of a -a, a 2 — sc 2 , and ar+ax, 


a—x 

a—x, a-—x-, ar + ax 

a+x 

1, a+x, ar+ax 


1, 1, a 


i CM = (a — a) (a -f a) a = (a- — a?) ft = a 3 — ua 2 

(2) To find the L.0 M of a 2 -l, #—1, and 4a°— 4a 4 , 
a 2 -! | a 2 — 1, a 4 — !, 4a 8 -4a 4 
I T, a 2 +l, 4a 4 

LCM =(a 2 — l)(a 2 + l)4a 4 =(a 4 — l)4a 4 =4a 8 -4a 1 . 

166 The student -who is familiar -with the methods of 
resolving simple expressions into factors, especially those given 
in Art 125, may obtain the LCM of such expressions hy a 
process which may be best explained by the following Ex- 
amples . 


Ex. 1. To find the L.C m. of o s — a 2 and a 3 -a 3 . 
a 2 - a 2 = (a - a) (a + a), 
a 3 -a 3 =(a— a) (a 2 +aa-$-a 2 ) 

jtfow the lcm must contain in itself each of the factors in 
each of these products, and no others. 

L C.M is (a - a) (a + a) (a 2 + aa + a 2 ), 

the factor a— a occurring ones in each product, and therefore 
once only m the l c.m. 

Ex. 2. To find the l c M of 

a-—b-. ar—Zab+V 1 , and ar+2ab+Ir. 
a 2 -i 2 =(a+5)(a-&), 
a- - 2ab + hr = (a — b) (a - 5), 
a 2 +2a5 + Z> 2 =(a + b) (a+ Z>) , 

LC.M is (a+6)(a-6)(a-6)(a + 6), 
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tlie factor a — l occurring twice m one of the products, and a + b 
occurring twice m another of the products, and therefore each 
of thcse-factors must occur twice in the iom, 


Examples.— xlv. 


Find the n.c si of the following expressions 


1 and AKB+a; 2 

2 a?— 1 and® 2 -® 

3 a 2 — 5 2 anda 2 +a& 

4 2x-l and 4a: 2 — 1 

5 a+b and a 3 +6 s . 

6 x+1, &— 1 andir 2 — 1 

7 K+ljK 3 — landa 2 +a:+l 

8 a;+l, z 2 +l and a^+l 

9 05—1, os 2 — 1 andai 3 -! 


10 x 2 -l, x 2 +l anda^-l. 

11 z 2 — x, as 3 — 1 and a^+l 

12 x 2 -l, x 2 -x and a 3 -!. 

13 2a t-1, 4a 2 - 1 and 8a 3 + 1. 

14 x+y and 2x 2 +2xy 
1$ (a+ Vf and a 2 -b 2 

16 a+b, a— b and a, 2 — b 2 

17 4(l+a;),4(l-a;)and2(l--:c! ! ). 


18 x-l, w 2 +ac + l and a?-l. 

19 (a— 6)(a— c) and (4— c)(6— c) 

20 (x+l)(x+2), (x+2)(x+3) and (*+l)(® + 3) 

21 sc 2 -?/ 2 , (x+y) 2 and (x-y) 2 

22. (a+3)(a+l), (a + 3) (a — 1) and a 2 — 1. 

23 x 2 (x—y), x(x 2 - y 2 ) and x+y 

24 (®+l)(x+3), (a +2) (a; +3) (a; +4) and (a:+l)(a;+2) 

25 X s - y 2 , 3 (x - y) 2 and 12 (v ? + y 2 ) 

26 6 (oc 2 + x>j), 8 (xy - if) and 10 (x 2 - if) 


167 The chief use of the rule for finding the l c m is for 
the reduction of fractions to common denominators, and m the 
simple examples, winch we shall have to put before the student 
111 a subsequent chapter, the rules which we have already given 
t\ ill he found generally sufficient But as we may have to find 
the non of two or more expressions m which the elementary 
factors cannot he determined by inspection, we must now pro- 
ceed to discuss a Rule for finding the L.c M of tuo expressions 
which is applicable to every case 
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] 68, The rule for finding the i> c ir. of two expressions a 
and b is this. 

Tmd d the lughest common factor of a and b ' 

Then the L C.H. of a and b x b, 

b 

or, =^x a 

In words, the l c ir. of two expressions is found by the fol- 
lowing process • 

Divide one of the expressions by the h.c f and multiply the 
quotient by the other expression The result is the i c M " 

The proof of this rule we shall now give. 


169 To find the l c.ir of two algebraical expressions. 
Let a and b be the two algebraical expressions 
Let d he their h c f., 
x the required X. c ir 

How since re is a multiple of a and b, we may say that 
x=ma, x=nb , 
ma~nb , 

(Art. 159) 


How since x is the Lowest Common Multiple of a and b, 
m and n can have no common factor ; 

the fraction — must be in its lowest terms ; 
n 


■ m= d 


Hence, since 


a 


and (Art 163) 


x=ma, 


x= d xa 

x=nbj 

a J. 
x= 2 xb. 


Also, since 
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170 Ex. Find tlie l c M of a 2 - 13x + 42 and z 2 - 19.e + 84 
First we find the H.C F of the t\\ o expressions to he a — 7 

Then r.c\r — (” 2 -~- 13a!+42 ) >{ ( i ^- 19a!+84 ) 

x-7 

, Now each of the factors composing the numerator is divisible 
bya-7 

Divide a; 2 — 13k + 42 by a — 7, and the quotient is a— 6 
Hence L c si. = (a - G) (x 2 - 1 9x + 84) = x 3 - 25a 2 + 198a - 504 

Examples.— xlvi. 

Find the L o si. of the following expressions 

1 a 2 + 6a+6 and x 2 + 6a+8 

2 fl 2 -ft-20 and a 2 + a-12 

3 a 2 +3a+2 and x 2 + 4a+3. 

4 a 2 +lla + 30 and x 2 +12a+35 

5 a 2 -9a-22 and x 2 -13a+22 

6 2x 2 +3a+l andx 2 -a-2 

7 x 3 + x 2 i/+xy + i/ 2 and X 1 -?/ 4 

8 x 2 — 8a+15 anda 3 +2x-15 

g 21x?-26a+8 and 7a 3 -4x 2 - 21a + 12 
io s^+x 2 i/+a|/ 2 + i; 3 and a 3 -a 2 j/ + an/ 2 -T/ 3 
II. a 3 + 2a 2 6 - aW - 2 TP and a 3 - 2a 2 6 - ah 2 + 26 s 

171 To find the iicsr of three expressions, denoted bv 
a, h, c, we find m the L c si of a and h, and then find M the 
l c it of m and c M is the ton of a, b and c 

The proof of this rule may be thus stated 
Every common multiple of a and 6 is a multiple of m, 
and every multiple of m is a multiple of a and h, 
therefore every common multiple of m and e is a common 
multiple of a, h and c, 

and every common multiple of ct, h and c is a common 
multiple of m and c, 

and therefore the L c si. of m and c is the L c.si of a, b 
and c. 
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Examples.— xlvii. 

Find the l c ir of the following expressions 

1 :<? -3k +2, x- -4k +3 and x- -5k +4. 

2 k 2 +ok+4, k 2 +4k+3 and 2 ^+ 7 ®+ 12 

'3 «?-9k + 20, a?-12z+35 and k 2 - 1 la: + 28 

4 . 6x 2 -®-2, 21^-173: + 2 and 14x 2 + 5 k- 1. 

5 a?-l, k 2 +2k-3 and 6k 2 — k— 2 

6 3^-27, k 2 - 15k + 36 and a?-3K 2 -2K+6 


XI. ON ADDITION AND SUBTRACTION 
OF -FRACTIONS. 


172“ Having established the Rules for finding the Lowest 
Common Multiple of given expressions, -we may now proceed 
to treat of the method by which Fractions are combined bj r 
the processes of Addition and Subtraction. 

173 Two Fractions may be replaced by two equivalent 
fractions with a Common Denominator hy the following 
rule • 

Find the L.C 31. of the denominators of the given fractions. 

Divide the n c ji by the Denominator of each fraction. 

Multiply the first Numerator by the first Quotient 

Multiply the second Numerator by the second Quotient - 

The two Products will be the Numerators of the equivalent 
fractions whose common denominator is the l.cji. of the 
onguial denominators 

The same rule holds for three, four, or more fractions 


174. Ex. 1. Reduce to equivalent fractions with the. 
lou est common denominator, 

2k + 5 , 4z -7 - 
—7; — and — r— . 


x 


3 
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Denominators 3, 4 
Lowest Common Multiple 12 
Quotients 4, 3 

New Numerators 8a: +20, 12a; -21 
Equivalent Fractions 8x + 20 ; I2z ~— 1 

1a 1a 

Ex. 2. Reduce to equivalent fractions with the lowest 
common denominator, 

56+4c 6a -2c 3a- 56 
ab ’ ac ’ be 
Denominators a6, ac, 6c 
Lowest Common Multiple a6e 
Quotients c, 6, a 

New Numerators 56c + 4c 2 , 6a6 - 26c, 3a 2 - 6a6 

„ -, -p, 5&c+4c 2 6a6-26c 3a 2 -5a6 

Ef | ui valent Fractions — r — , — , — , r 

1 a6e ’ aba 1 abc 


Examples.— xlvm. 

Reduce to equivalent fractions with the lowest common 
denominator 


3a; . 

— and 
4 

4a; 

W 


6 

a-6 

. a 2 — a6 
and ab- 

3x-7 i 4x-9 
— = — and ---- . 

7 

3 

and~ 

b 


18 


1 +a; 

1-a: 

2x—4y 

and 

8x — 8y 

c 

2 

- and 2 

5x~ 

\0x 

O 

1-y 

* l+i/ 

4a + 56 

and 

CO 

& 

1 

o« 

g 

5 

and r — 

2a J 

5a 


1 — a; 

l-a; 2 

4a — 5c 
5ac 

and 

3a— 2c 

12a J c 

IO 

a , 6 

- and -77——. 
c c (0 + a;) 


1 ^ 1 
11 (a— 6) (6-c) (a— 6) (a-c) 


1 i * 

ab (a— 6) (a — c) an ac (a — c) (6— c) 


12 . 
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IT 5 To sliew that ~+^= ^- c . " 

& a 6a 

Suppose the runt to he divided into Id equal parts. 

t 

Then ^ will represent ad of these parts, 

&G — 

and will represent 6c of these parts. 

KottJ- =||,hyArt 148, 

, c 6c 

“ d a-H 

Hence will represent ad+bc ef the parts. 

But will represent ad+bc of tlie parts. 

. a c ad+bc 

Therefore ^ -r — gg — • 

By a similar process it may he shewn that 
a c ad— be 

' b~z sar* 


176. 


Since 


a , c ad+bc 
b + d 6d~ » 


our Buie for Addition of Fractions will run thus : 

“ Reduce the fractions to equivalent fractions having the 
Lowest Common Denominator Then add the Numerators of 
the eqimalent fractions and place the result as the Numerator 
of a fraction, whose Denominator is the Common Denominator 
of the equivalent fractions 


The fraction will he equal to the sum of the original frac- 
tions ” 


The beginner should, how ever, generally take two fractions 
at a time, and then combine a third with the resulting fraction, 
as will he shewn m subsequent Examples 

a c ad— be 

Also, since 

ilie Buie for Subtracting one fraction from another will be, 
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"Reduce the fractions to equivalent tractions having the 
Lou est Common Denominator Then subtract the Numerator 
of the second of the equivalent fractions from the Numerator 
of the first of the equivalent fractions, and place the result os 
the Numerator of a fraction, w hose Denominator is the Common 
Denominator of the equivalent fractions. This fraction will he 
equal to the difference of the original fractions " 

These rules we shall illustrate by examples of various degrees 
of difficulty 

1 Vote When a negative sign precedes a fraction, it is best 
to place the numerator of that fraction m a bracket, before 
combining it with the numerators of other fractions , 


177 Ex. 1. To simplify 

4x—3y 3z+'ly 5x—2y 9x+2y 
7 + 14 21 + 42 ' 

Lowest Common Multiplcrof denominators is 42 

Multiplying the numerators by 6, 3, 2, 1 respective!} , 

24k— 18?/ 9x + 21y I0z—4t/ 9x+ 2y 
42 + 42 42 ' + 42 

24k - 1 8y + 9 t + 21y - (10 k - 4y) + 9 k+ 2?/ 

~ 42 

24k - ISy + 9k + 21y - 10s + 4y + 9 k 2y 
42 

32-c + 9?/ 

~ 42 


Ex. 2. To simplify — — 


4 <• + 2 1 
5k + 7 


Lowest Common Multiple of denominators is 105k 
Multiplying the numerators by 35, 21, 15k, respectively, 
70k+35 84k + 42 t 15 k 
105k 105k ‘ 105k 

70k + 35 - (84k + 42) + 15k 
105k 

70c+35-84k-42 h!5k _ k-7 
105k 103k’ 

[sa] a 
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EXAMPLES.— XllX. 

4a,+7 3a: -4 3a— 46 2 a-6+c 13«-4c 

1 5 1 15~‘ 2 ‘ 7 “ + ~ IT - * 

4x-2y 3k+7i/ 5x-2y 9x+2y 
3 7 + 14 ” 21 + 42 ‘ 

3k— 2 y 5k-7w 8k + 2w 

4. — 3 -+ ■ ■» - +— 

ok 10k 2o 

. 4a?-1y 2 . 3k-8i/ , 5-2y 
3 3k 2 ~ + 6k 12 ' 

* 4a 2 +56 2 3a +26 , 7-2a 

26 2 + 06 + 9 * ' 

„ 4k - r 5 3 k— 7 _ 9 

7 “3 5k ^ 12k-" 1 

0 5a + 2& 4c-36 6ab — 76c 

8 3c 2a Mac * 

2a + 5c t -lac -3c 2 oac -2c 2 
^ a-c + «c- a 2 c 2 ’ ' 

3k>/-4 oij- + 1 6k 2 -11 

10 — V: — =r . 

K 2 !/- Kl/° S 3 !/ 

a-6 4a- 56 , 3a- 76 

11 + a-6c 6V 

178 ' Ex. To simplify 

a - 5 a+6 
a + 6 a -6' 

l c m. of denominators is a 2 - 6 2 

Multiplying the numerators by a - 6 and a + 6 respectively, 
ire get 

a 2 -2a6 + 5 2 , a 2 +2a6+6 2 
a 2 - 6 2 + a 2 -6 2 

a 2 — 2a5 + 6 s + a 2 + 2a6 + 6 2 
a 2 - 6- 
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Examples.— l. 


i 


1 

x-b 



_I 1__ 

x — 7 x-3 


3 



1 

1-x 


x+y x-y 
x-ij x + y 


5 


JL ' 2 

1 — k l-r* 


a (ad - 6c) g 
c c(c + dx) 


7 



K 

25 — 1/ 


8 


1 

x-y 


+ 


x 

l^y)-' 


2 2a 
® x + ft + ^c + ap 


io 


1 


2a (a + k) 2a (a— a)’ 


179 Ex. 1. To simplify 

3 t 5 6 

1+2/ 1-2/ l+2/ i- 


Taking the fir«t two fractions 

_3_ + _5_ 

1+2/ 1-2/ 

_ Z-3y 5+5y 
l -y' i + i-y s 
8 + 2 2/ 

“l-tf* ' 

we can now combine with this result the third of the original 
fractions, and we have 

3 5 G 

1+2/ 1-2/ l+»/* 

_ 8 + 2 y G 

1 — I/ 2 l+y J 

= 8 + 21 / + 8 y 2 + 21 / _ 6 - 6;/ 2 
' 1-2/* 1-2/* 

8 + 2p + 8y ! + 2 2 / 3 -C + 6y 2 

~ 1-2/ 4 

2i/ 5 +14i/*+2i/+2 

* 
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Ex. 2. To simplify 

2 . 2,2 

(a~b) (b—C}(a-b) (c-a) + (5~c) (c-a)’ 

t c sr. of first two denominators being (a - 6) (6 - c) (c - a) 

2c-2a , 2 b-2c ' , 2 

~(a~b ) (b — c) (c- «)(«■- 5) (6-c) (e-a) + (5-c) (c-«) 

_ 25— 2a 2 

~(a-5) (5-c) (c-a) + (5-c) (c-a) 

L c.m. of the two denominators being (a -5) (5-c) (c-a) 

_ 2b—2a+2a~2b 0 _ 

— (a-&)(5-c}(c-re)~(a~5) (6-c) (c-a)~~ 


EXAMPLES.— li. 


I. 



1 . 2a 

1-a i-a 2 " 


_1 1 2s 

2 ' l-a: l + + 


jb 'B 2 . a: 

3 * 1 — a: 1 — ^ + T+s? 


_1 1 25 4lr 

^ a-b a+b a-’+6 2 « 4 +5 4 , 

3 y 'c+y z-+zy ' 

, ft + 3 ib-4 k+5 

0 K + 4 + iE-3' f '!E+r 


7 s-i.g-2 -s-3 
7 * ^-2 a-3 + a;~4 

s 3 4a 5a- 
x-a + (x-a)-* (z-ay 


_1 1 3 

a-l -b+ 2 (as+1) (® + 2)‘ 


w (jb+1) (jb + 2) "(a:+l) (« + 2) (a + 3)' 
a? z z 
”• 1 + 3-l + «+ I‘ 

1 1 

(a+c)(a+d) (a+c) (a+c) 

g -5 5-c c-« 

(6+c) (c+n) + (c-*-n) (a+b) (a-*-5)(5+c) 


I x ~ a j x ~b (a - b ) 2 

I ^* x-b + x-a (x-a)(x-b) 

it x+ y 2x rfy-a? 

5 V ~x+y + y(??-y l ) 

¥< - a+6 , b+c , c + a 

(b-c)(c-a,y(c-a)(a-by(a-b)(b-c) 


7 x i +xy+y 2 ' r a?-y i 

18 2 2 2 >-&)2 + ( a - e )2 + ( c _ a) 2 

a - 6 o - c c— a (« — &)(& — c) (c - a) 

a + b 2a , a?b -a 3 

19 b a+b + a?b-b * 

1 1 1 

90 - ---- . . 

(u + l)(»+2) (n + 1) (» + 2 ) (n + 3) (n+l)(n+3) 

a?— be b 2 -ac c 2 -ab 

2I ' (a+b) (a+c) + (b+a) (b+c) + (c+b)(c+a) 


180 Since y~ a > and. -^= a, Art 77, 

ab _ - ab 
b~ -b 

From this -we learn that we may change the sign of the 
denominator of a fraction if we also change the sign of the 
numeratoi 

Hence if the numerator or denominator, or both, be expres- 
sions with more than one term, w e may change the sign of 
every term in the denominator if ue also change the sign of 
every term m the numerator 

a-b —( a-b ) 

For — j=— 7 — ■£ 

c-d - (c-o) 

-a+b 
~-c+d ’ 

or, writing the terms of the new fraction so that the positive 
tenns may stand first, 

b—a 

~d~c 
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181. Ex. To simplify - - ax ~- a ' . 

a — *5 -t:— a 

Changing the signs of the numerator and denommatoi of the 
second fraction, 

x(a+x) -5 ax -fa 3 
a—x a—x 

ga:4-a: 2 -(— Sflic+a; 2 ) g^+a^ + Sgai-fc? 6ax 
a—x ~ a—x ~a-x' 


182 Again, smce —ab= the product of -a and b, 

'and ab— the product of +a and b, 

the sign of a product mil he changed by changing the signs of 
one of the factors composing the product 

Hence (a— b) (b - c) mil give a set of terms, 

and (6 — a) (b- c) mil give the same set of tei ms inth dif- 
ferent signs 

This may he seen by actual multiplication 

( a-l)(J}-c)=ab-ac-U l +bc , 

(b-a) (6 - c) = -ab + ac + IP-bc 

Consequently if we have a fraction 

1- 

(a -b)(b- c)’ - 

and we change the factor a-b into b-a, we shall in effect 
change the sign of every term of the expression which would 
result from the multiplication of (a - b) into (6 - c) 

Now we may change the signs of the denominator if we also 
change the signs of the numerator (Art 180) , 

1 ~ -1 
(a-b)(b-c)~ (b-a) (b-c) 

If we change the signs of two factors in a denominator, the 
sign of the numerator mil remain unaltered, thus 
1 1 
(a-b)(b-c)~(b-a)(c~by 
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183 Ex. Simplify 

1 + l L_ 

(a-b){b-e) (b-a)(a-c) ( c-a)(c-6 ) 

First change tlie signs of the factor (6 -a) in the second 
fraction, changing also the sign of the mimerator , and change 
the signs of the factor (c - a) in the third fraction, changing 
also the sign ot the numerator, 

tlie result is ; — ; + 7 — it / tv — ? . 

( a -b)(b- c) (a -b) (a- c) (a - c) (c - b) 

Ne\t, change the signs of the factor (c-6) m the third, 
changing also the sign of the numerator, 

the result is — -L- — r + — sr-, 1 r - ~ — . 

(a -b) (b- c) (a -b) (a- c) (a-c)(6-c) 

LCM of the three denominators is (a -b)(b- c ) (a - c), 

a-c -5 + c a~b 

~ (a -b)(b- c) (a - c) + (a - 6) (a - c) (b-c)~ (a- 6) (a-c) (6 — c) 

_ a-c-5 + c- (a-6) 0 

~(a-b)(b-c)(a-c)~(a-b) ( b-e ) (a-c; - 


i — i x ~y 

X-1J 1J-X 


EXAMPLES.— lli. 

3 + 2a; 2 — 3x 16a; — os a 
2 2— a; 2 + x + x i — 4 

1 


1 + , 4 


61/ + 6 2i/~2 3~3i/ 


ic x o? 

^ ®+l I-5C K 2 ~l 

, 1 + * , + l 

5 (to— 2) (to-3; (to — 1) (3-m) (m— 1) (to— 2) 

, 1 1 a 2 + b 2 2q& 2 2a 2 6 

(a — &)(b + &; (6 — a) (k + o) ^ a 2 - a 3 — 6 3+ a 3 +6 3 

O _J 1 | 1 

0 4(1+55) 4 (a; — 1; 2 (1 + a;-')' 

,1 , 1 , 1 

9 ( x ~y) (y-z)^ (y~ x ) ( x ~ z ) <*— *) (»—■ «/)' 


io 


a(a-i)(a-c) + 6 (6-a)(6-c) ‘ e(c— a)(c— 
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184 Ex. To simplify 

1 1 


x 2 — 11x4-30 x 2 — 12x4-35' 

Here the denominators may be expressed in factors 3 and we 
hare 

1 + __JL__ 

(»— 5) (x—6)(x—5) (x— 7)’ 

The L.c.ii. of the denominators is (x-5)(x-6)(x~ 7), and 
we hare 

v— 7 x— 6 

(x~5) (x -G)(x-7)(x- 5) (x - b) (x— 7) 

2x— 13 

(»— 5) (z — 6) (x - 7}* 


EXAMPLES.— liii. 


i. 


jt ! 49 x - 1 -20 s? + 12x 4-35' 
1 1 


x 2 — 13x4-42 x 2 — 15x4-54* 

, 1 . 1 

J * x 2 4-7x— 44 x i -2x— 143* 


4 r 2 


2z 1 

* 


x 2 4-3x-f-2 x s 4-4c 4-3 x a 4-5x-f6' 

_ 2m 2mn. 

5 ‘ 7i m4-n (m4-7i) J 


14-x 


1 -x 


2 


14-X4-X 2 1-X4-X 2 l4-x 2 4-x 4 ‘ 

5 2 7x 7x 

7 ' 3(1— x)~l4-x + 3x i 4-3 3x a -3' 

■* 1 - + _JL_4 —1— 

i ‘ j /a .a ~ r * - - 


8(x— 1) 4(3— x) 8(x — 5) (1 -X) (x- 3) (x- 5) 
x* 


9. l-x+x 2 -?®-*- 


1 4-x' 
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185 We shall explain in this Chapter the method of 
solving, first, Equations m which fractional terms occur, and 
secondly, Problems leading to such Equations 

186 An Equation involving fractional terms may be 
leduced to an equivalent Equation without fractions by mui- 
tvplyvng every term of the equation by the Lowest Common 
Multiple of the denominators of the fractional terms 

This process is in accordance with the principle laid down 
m Ax in page 58 , for if both sides of an equation he multi- 
plied by the same expression, the resulting pioducts will, by 
that Axiom, he equal to each other 

187 The following examples will illustrate the process of 
clearing an Equatioh of Fractions 


EX. 1. |+|=8. 

The L c ai of the denominators is 6 


Multiplying both sides by 6, we get 


6k 6a; 
2 + 6 


=48, 


or, 3x + x=48, 

or, 4 k =48; 

x =]2 


EX. 2. |+2|I=x~? 

The lcm of the denominators is 14 


Multiplying both sides by 14, w’e get 



14x + 14 
7 


= 14x- 28, 


io6 
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01 , 7x+2z+ 2= 14't, - 28, 

or, 7a; -2a;- 14a; = -28-2, 

oi. -5a=-30. 

Changing the signs'of both sides, we get 
Gx=30 , 

• a;=6 

188 The process may be shortened from the following 
considerations If we have to multiply a fraction by a multiple 
of its denominator, we may first divide the multiplier by the 
denominator, and then multiply the numeiator by the quotient 
The result will be a whole number 

Thus, 12=a:x4=4a:, 

x 5 6 = (x - 1) x 8 = 8 k - 8. 


_ , (C X X 

Ex. 1. g + g +^=39 

The lcm of the denominators being 12, if we multiply the 
numerators of the fractions by 6, 4, and 3 respectively, and the 
other side of the equation by 12, we get 

Ca:+4x + 3a:=468, 
or, ^ 13x=4(/s , 

£=36 


' x 2k t 3x 12 


The lcm of the denominators is 12r Hence, if we mul- 
tiply the numerators by -12, 6, 4, and x respectively, w e get 

96-90 + 28 = 17-c, 
or, 34=1755, 

or, 17a: =34 ; 

1 - . 55=2 


or, 

or. 
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x a 
1 s =8 


EXAMPLES.— llV. 

2 ^=9 


V X n 

4 4 " 7 = 3 - 

7 f +‘-S+ 9 

5 I+12-T+ 6 

3k . K_ 5a; . 0 

9 T +5 6' +2 

7k .. 9k „ 

10 - 8 " 5 = T 0 -8 

.. ¥-*-«-S 

12 *- 4 - 84-1 

13 56-^=48- 

3k 180 -5k 
14- -4+ 6 

3 k .. *-8 

15 -4 -11=- T” 

, k a: * 13 

16 2 + 3 + 4~12 


4k - 
5. 36-s-=8 


X , X o 

3 iT5 =8 

, 2k 176 -4k 
6 T~ 5 


k+2 , k - 1 x-2 

17 -5- +-7 — T - 

18 2 + 3 =9 4 _ 4 

k+ 9 2r 3 k-6 , 

19 — r-+-s-=— " + * 


20 


4 ‘ 7 5 

17 - 3 k 29 — 11a? ^ 28 k +14 
3 


21 


'5 
2k -10 


21 


=0 


3K + 4.4K-31 =a 
iz — ijr— + 47 


5k 

¥ 

23 

5-3- 

X 

--1 

X 

=29 

24. 

12 + ® 


X 

0 a; 


2 5 ^+^+^f - 40 

26 2^+^= 3 !*- 43 5 


'3 3 1 325 

3 7 Vr* 100 

1 *1 Q m 1 1 3 — 2 k 2 

28 2 2 + __ 3^ =1 9 K+ 3 + 10 + 5 

79 . M-I - 12 - 1 ?- 68 

7a; +2 „ 3 k_3c+13_1^ 

3° “To U ~T~ 3 4 



io3 
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189 It must next be observed that in clearing an equation 
of fractions, whenever a fraction is preceded by a negative sign, 
ue must place the result obtained by multiplying that nume- 
rator tn a bracket, after the removal of the denominator 


For example, we ought to proceed thus : 


Ex. I. 


a;+2 a— 2 a— 1 


5 2 7 * 

Multiply by 70, the l c ir. of the denominators, and we get 
14s + 28 = 35* - 70 - (10* - 10), 
or 14a+28=35a— 70-10*+ 10, 
from which we shall find a=8 

Ex. 2. 

5* 3* 

Multiplying by 15*, the L c u of the denominators, we get 
51 — 6* - (20* + 10) = 15*, 
or 5 1 - 6* - 20* — 10 — 15*, 

from which we shall find *= 1 


Note It is from want of attention to this way of treating 
fractions preceded by a negative sign that beginners make so 
many mistakes in the solution of equations. 


Examples. — I v. 


-\ 


_ *+2 
I 5* x— =/l. 


2 a — 


2 
3— a 


v-8 


5-2a , 0 Ga-8 
3 -1— <-2-*-— 


5* 5a 9 3— a 
* T ~A 4 _ 2 • 

, o 5*-4 _ 7 1-2* 
5 - 2 * b -7 5 

a+2 14 3 + 5* 


9 


5*+3 3-4* , a 31 9-5* 


8 

3 

+ 2~ 2 

6 

• 


a+5 

a— 2 

a+9 

IO 

a 3 * +2 - 

* 

7 

5 ' 

' 11 

a 3 g - 

~3 

*+l 

a— 4_ 

a+4 

1 T 

*+5 a+2 

a— 2 

3 

7 

~ 5 

1 1 

7 4 

3 
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12 

X x-l n 

3 11 * 9 

15 

13 

1+2 x— 2 x-l 

16 

5 ~ 2 7 

14 

k +9 3 k -6 „ 2 k 

17 

4 5 6 1 


K+l 0 ,- 3 k+30 
2 ~ 3 13" 


=3x- 21 


2 k a.+3 
7 5 

2k+7 9k- 8 a- 11 
7 11 ~ 2 ’ 


18 

7k-31 

8 + 15k 7k- 8 


4 

26 ' 22 


19 

8k -15 

11k -1 7k+2 


3 

7 13 


Art 

7k+9 

3k+1 9k -13 

249 — 9k 

4U< 

8 

7 4 

14 ' 

2X 

H +10t 

xx x 10- 
l- 2 + 5 + 40~ 7 

— + 93? 
4 


190 Literal equations are those in which known quantities 
are represented by letters, usually the first in the alphabet 
The following are examples — 

Ex. 1. To sohe the equation 

ax+bc=bx+ac, 
that is, ax-bx=ac- be, 

or, ( a-b)x=(a-b)c , 

therefore, x—c. 

Ex. 2. To solve the equation 

a?x + bx - c = l-x+ cx - cl, 
that is, « 2 k+ bx-b 2 x-cx=c- d, 

or, (a 2 +b-V l -c)x—c—d, 

c—d 


therefore, 


x— 


a e +b~b s -c 


Examples.— lvi. 

x ax + bz—c 4 dm-5x=lc-ax 

2 2a— ex— 3c— 5bx 5 abe— a t v=ax— a~b 

3 bc+ax-(l=a 2 b-fx 6 2acx— Gbcd = 1 2cdx +abc 


no 
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7. l^+Sadse+Zl—lx-iSabk— V-ada 

8 ~a<?+ 6 2 c + alcx = dbc + cmx - ac”x + 6 2 c- me. 

9 (a+x+6)(a+6-a;)=(ffi+a;)(6— 

10. (a - x) (a + x) = 2a 2 + 2ax - x 2 . 

n (a 2 +«) 2 =s?+4a 2 +a 4 . 


ax-b x+ac 

13* — — +a=- 


14 ffiC- 


c c 

3a - bx 1- 
_______ 


„ 4ax - 26 

15. Ca g — =* 

, 6x+ 1 a(ar- 1) 

16. ax =-i 

x x 


x” 





17 

TOfp^+X 3 ) 

px 

-■mqx+ 

TOX 2 
2> * 

18 

X 

, c 
b=-j—x. 




a 

d 



19 

X 2 - 

-a a~x 

2x 

a 

bx b 

~ b 

x’ 


3_ 

ab-x? 4 X— ac 


20. 

c 

bx 

C.C 



21. 

22 

23- 

24 

25 


db+x b 2 ~x x-b db-% 
6 J ” a-b ~ a- ~ b- 
3ax-26 ax - a ax 2 
b 3 


36 


26 


1 . * _ 

am-b — j-h — =0 
6 TO 


2<i 2 6 3 


6^ 


3a 2 c 3ncx 6 s - 2ab 2 x 


(a+6) «(a+6) a + 6 6 (a+6) 


a*- , , ax n 

5 + a +— =0 

6-cx c 


a6 T , J . 1 

2 7 , =6c +d+-. 


.. a(fZ-+'t 2 ) ax „ , m(a-x) 

- 6 -Ti -“+¥• 28 c ”“ + -£?r- 


29 («+a:)(6+a:)-a{6+c)=^+K 2 . 

30 


«cc (a + 6)- x , 

__ — 1 i bx—ae-3bv 

d a 


191. In the examples already given the Loir of the 
denominators can generally he determined by inspection. 
When compound expiessions appear m the denominator*, it 
is sometimes desirable to collect the fractions into two, one 
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in 


on eacli side of the equation When this has been done, we 
can clear the equation of fractions by multiply mg the nu- 
merator on the left by the denominator on the right, and the 
numerator on the i vjht by the denominator on the left, and 
making the products equal. 

For. it “=■?, it is evident that ad=hc 
1 h tV i 


Ex- 


4x4-5 

13x-6 2x-3 

10 

7x4-4 "" 5 ’ 

4x4- 5 

2x-3 13x~6 

10 

5 " 7x4-4 ’ 

4x4-5 

- (4x - 6) 13x-G 


10 7x4-4 ’ 

11 13a:- 6 


10 7® + 4 * 

11 (7x4-4)= 10 (13x- 6) , 


whence -we find 



examples.— lvii. 


3k + 7 = 3k + B 
4x4-5 4 x4-3 
x+6 _ x 
2 2x4-5 — 2 x- 5 
2x 4- 7 _ 4x - 1 
X4-2 ’“2a- l 
5x — 1 _ 5x - 3 
^ 2z+3~2x-4 

, 1 , 2 o 


3x-2 4x-3 
ii i(x + 3)-i(ll-x)=|(')'-4) 


2 


7 

8 


l-5x 1 
1 


- 2x 


=0 




X-l X4-1 X--1 

4x4-3 8 x4-19 7x-29 


9 o~ 


9 18 

x x s - 5x 2 
3 - 3x- 7 ~3 


5c-12 


10 


3x4-2 2x-4_ r 
x— 1 + X4-2 


12 


13 


(x 4-1) (2x4-2) „ 

3 

(x — 3) (x4-6) 

I4- X4-1 

(2x4- 3)x 1 , 

2 

2x4-1 + 3 x _!B+1 

15 1-T 


X4-1 


+ 


x- 


43 


14-X 1-K- 



112 


ON FRACTIONAL LQVAT10NS 


t6 


3 


i jL„ 

2-8 22- 10 24 3$-24‘ 


2 


1/ 


a 4 - (4 c 2 — 20a 4- 24) 


a 2 — 2a + 4 


=2 2 t2$-4 


a-+3a-4 


19 

20 


1 


o-x 


(4- *)i*_?* 

\ 2 %) 2 4 


192 Equations into which Decimal Fractions enter do not 
piesent any senous difficulty, as may he seen, from the follow- 
ing Examples — 

Ex. 1. To solve ihe equation 

52= •03$+ 1*41. 


' Taming the decimals into the form of Vulgar Fractions, 
we get 

5a_ _ 3 a 141 
10 100*100 

Then multiplying both sides by 100, we get 
50$=3'*+ 141 ; 

therefore 472= 141 ; 

therefore 2=3 


EX. 2. 122--i^‘ 05 =-4s+8 9 
5 


First clear the fraction of decimals by multiplying its 
numerator and denominator by 100, and we get 


122 


182-3 

50 


42 + 89, 


therefore 

therefore 

therefore 

therefore 


12$ 182 - 5 42.89 
10 50 10*10’ 

602-182 + 5 =202 + 445; 
222=440; 
2=20 
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Examples.— lvm. 

ox— 2= 25x + 2 k — 1 
3 25x-5 1+x- 76 k= 3 9 + *5x 
125 k + 01k =13- 2k + *4 
3.x +1 305 k + 5k =22 95- 195k 
2k— 01x+ 005 k=11 7. - 

2 4k — -~ ~ =- — = 8x + 8 9. 


2 4k- 10 75= 25k 
405 


8 5k + 2- 75k= 4k- 11. 


9k 


+ 3 875 =4 025 


10 2 5 k-^Q- 2 )= 5 - 

8 5 2 ,1 1 — 'Ik 

T"k =4 4 


5k+3 


12 


13 

14 

15 

16 

17 


5k + 


45x— 75 1-2 3x— 6 


o — 


6 2 
3 5k 24 — 3k 


9 


= 375x. 


48k 3 -4k 


6 


2 


= 1993. 


2 — 3k 5k 2k-3 k-2 , „7 
15 + 125~ 9 “ 18 + "9 

Hi^+I 04 (k+ ’9) =241*2, 

SB SB 


15k + 


x— 2 8 

135k -*225 *36 09k- 18 

6 * 2 " 9 


193 To shew that a simple equation can only have one root 

Let x—a be the equation, a form to which all equations of 
the first degree may he reduced. 

2Tow suppose a and [3 to he two roots of the equation 
Then, by Ait. 109, 

a=a, 

and P~ a > 

therefore a=[3 , 

in other words, the two supposed roots arc identical 


XIII, PROBLEMS IN FRACTIONAL 
EQUATIONS. 


194 We shall now give a senes of Easy Problems resulting 
for the most part in Fuaciioxal Equations 

Take the following as an example of the form in which such 
Problems should be set out by a beginner ' 

“Find a number such that the sum of its third and fourth 
parts shall be equal to 7.” 

Suppose a, to represent the number 

T 

Then ^ will represent the thud part of the number, 

and -r will represent the fourth part of the number. 

■x ^ 

oc 

Hence -4--^ will represent the sum of the two parts. 

But 7 will represent the sum of the two parts 

Therefore ^+^=7. 

Hence 4x-h3x=84, 

that is, 7a; =84, 

that is, a: =12, 

and therefore the number sought is 12. 

Examples.— lix. 

1 "What is the number of which the half, the fourth, and 
the fifth parts added together give as a result 95 1 

2 What is the number of ehich the twelfth, twentieth, 
and fortieth parts added together give as a result 38 ? 

3 What is the number of which the fourth part exceeds 
the fifth part by 4 ? 
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4. What is the number of which the twenty-fifth part 
exceeds the thirty-fifth part hy 8 1 

5 Divide 60 into two such parts that a seventh part of one 
may he equal to an eighth part of the other 

6 Divide 50 into two such parts that one-fourth of one 

part being added to five-sixths of the other part the sum may 
he 40 ' 

7 Divide 100 into two such parts that if a third part of the 
one he subtracted from a fourth part of the other the remainder 
may he 11 

8 What is the number which is greater than the sum of its 
third, tenth, and twelfth parts hy 58 ? 

9 When I have taken away from 33 the fourth, fifth, and 
tenth parts of a certain number, the remainder is zero What 
is the number 1 

jo What is the number of which the fourth, fifth, and 
sixth parts added together exceed the half of the number 
hy 112 ? 

11 If to the sum of the half, the third, the fourth, and the 
twelfth parts of a certain numhei I add 30, the sum is twice as 
large as the original number Find the number. 

12 The difference between two numbers is 8, and the 
quotient resulting from the division of the greater by the less 
is 3 What are the numbers 1 

13 The seventh pait of a man’s property is equal to his 
whole property diminished by £1626 What is his property 1 

14. The difference between two numbers is 504, and the 
quotient resulting from the division of the greater by the less 
is 16 What are the numbers ? 

15 The sum of two numbers is 5760, and their difference 
is equal to one-third of the greater What are the numbers 1 

16 To a certain number I add its half, and the result is as 
much above 60 as the number itself i« below 65. Find the 
number 
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x 7 The difference between two numbers is 20, and one- 
seventh of the one is equal to one-third of the other What 
are the numbers ? 

iS The sum of two numbers is 31207. On dividing one 
by the other the quotient is found to be 15 and the remainder 
1335. What are the numbers ? 

19 The ages of two brothers amount to 27 years O 11 
dividing the age of the elder by that of the younger the quo- 
tient is 3* What is the age of each ? 

20 Divide 237 into two such parts that one is four-fifths of 
the other. 

21 . Divide .£1800 between A and B, so that B’s share may 
be two-sevenths of A’s share 

22 Divide 46 mto two such parts that the, sum of the 
quotients obtained by dividing one part by 7 and the other by 

3 may be equal to 10 

23 Divide the number a into two such parts that the sum 
of the quotients obtained by dividing one part by m and the 
other by n may be equal to 5 

- 24 . The sum of two numbers is a, and their difference is i 
Find the numbers 

25 On multiplying a certam number by 4 and dividing 
the product by 3, 1 obtain 24 What is the number 1 

5 

26 Divide £864 between A, B, and 0, so that A gets — 

of what B gets, and C’s share is equal to the sum of the shares 
ol A and B. 

27 . A man leaves the half of lus property to his wife, a 
sixth part to each of his two children, a twelfth part to his 
biother, and the rest, amounting to £600, to charitable uses 
What was the amount of his property 1 

28 Find two numbers, of which the sum is 70, such that 
the first divided by the second gives 2 as a quotient and 1 as 
a remainder 

29 - Find two numbers of which the difference is 25, such 
that the second divided by the first gives 4 as a quotient and 

4 as a remainder 
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30 Divide the number 208 into two parts such that the 
sum of the fourth of the greater and the third of the less is 
less by 4 than four times the difference between the two parts 

31 There aTe thirteen days between division of term and 
the end of the first two-thirds of the term. How many days 
are there m the term ? 

32 Out of a cask of wine of which a fifth part had leaked 
away 10 gallons were drawn, and then the cask was tw o-thirds 
full How much did it hold 1 

33 The sum of the ages of a father and son is half what it 
■will be m 25 yearn the difference is one-third what the sum 
will be in 20 years Find the respective ages 

34- A mother is 70 years old, her daughter is exactly half 
that age How many years have passed since the mother was 
3J times the age of the daughter ? 

35 A is 72, and B is two-thirds of that age How long is 
it since A -was 5 times as old as B\ 

v 

Note I If a man can do a piece of work m * hours, the 
part of the work which he can do m one hour will be repre- 
sented by - 
J x 

Thus if A can reap a field in 12 hours, he will reap in one 
hour i of the field 


Ex. A can do a piece of work m 5 days, and B can do it 
m 12 daj s How long will A and B working together take to 
do the woik 1 

Let x represent the number of days A and B will take 
Then - will represent the part of the work they do daily. 

Now g represents the part A does daily, 
and ~ represents the part B does daily 

1.4 
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Hence will represent the part A and B do daily. 

Consequently i+^=i. - 

Hence I2z+ 5x = 60, 

or. . 17x=60, ' 1 



g 

That is, they -will do the work in 3j^ days. 

36 A can do a piece of work m 2 days B can do it in 3 
days In what time will they do it if they work together ? 

37 A can do a piece of work in 50 days, B m 60 days, 
and G m 75 days. In what time will they do it all working 
together? 

38. A and B together finish a work in 12 days ; A and 0 
m 15 dajs , B and G in 20 days In what time will they 
finish it all working together? 

39. A and B can do a piece of work in 4 hours ; A and G 

3 1 

in 3g hours , B and G m 5? hours. In what time can A do 
it alone ? 

40 A can do a piece of work in 2^ days, B m 3g days, 
3 

and G in 3- dayE. In what time will they do it all working 
together ? 

O 

41. A does - of a piece of work in 10 days He then calls 
o 

m B, and they finish the work m 3 days How long would B 
take to do one-third of the work by himself ? 

Note II If a tap can fill a vessel in x hours, the part of 

the vessel filled by it in one hour will be represented by 

Ex. Three taps running separately will fill a vessel in 20, 
30, and 40 minutes respectively. In what time will they fill it 
v hen they all run at the same time ? 
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Let x represent tlie number of minutes they mil take 
Then - will represent the pare of the -vessel filled in 1 

' *5 

minute 

Now j~ represents the part filled by the first tap in 1 minute, 
. second 


30 

40 

Hence 


third 


JL+J.+ U1 

20 30 40 af 


or, multiplying both sides by 120z, 

6x + 4x+3x=l20, 
that is, 1335=120 , 

120 


«= 


13 


Hence they will take 9^ minutes to (ill the vessel 


42 A vessel can be filled by two pipes, running separately, 
in 3 hours and 4 hours respectively. In nhnt time will it be 
filled when both run at the same tune 1 


43 A vessel may be filled by three different pipes by the 
first in 1- hours, by the second m 3~ hours, and by the third 

u O 

m 5 hours In what time will the vessel he filled when all 
three pipes are opened at once 1 

44 . A hath is filled by a pipe m 40 minutes It is emptied 
by a waste-pipe m an hour In what tune will the bath he 
full if both pipes are opened at onccl 

45 If three pipes fill a vessel in a, b, c minutes running 
separately, m what time will the vessel be filled when all three 
are opened at once 1 
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46 A vessel containing 755 i gallons can be filled by three 

pipes The first lets in 12 gallons in 3^ minutes, the second 

lo| gallons m 2^ minutes, the third 17 gallons in 3 minutes 
<0 J* 

in iv hat fame will the vessel he filled by the three pipes all 
running together ? 

47. A vessel can be filled in 15 minutes by three pipes, 
one of which lets in 10 gallons more and the other 4 gallons 
less than the third each minute The cistern holds 2400 gallons. 
How much comes through each pipe in a minute ? 


Note III In questions involving distance travelled over m 
a certain tame at a certain rate, it is to be observed that 
Distance 


Date 


: =Tinie 


That is, if I travel 20 miles at the rate of 5 mile3 an hour, 

number of hours I take=^-. 

5 

Ex, A and B set out, one from Newmarket and the other 
from Cambridge, at the same time The distance between the 
towns is 13 miles A w alks 4 miles an hour, and B 3 miles an 
hour "Where w ill they meet 1 

Let x represent their distance from Cambridge when they 
meet 

Then 13 -a: will represent their distance from Newmarket. 

•C 

Then -=tame in hours that B has been walking, 


13 -sc 


. . A 


And since both have been walking the same fame, 
x 13 -a; 

3~ 4 ’ 

or 4x =39 -3:c, 
or 7a: =39 , 

39 


PROBLEMS IN FRACTIONAL EQUATIONS 121 


That is, they meet at a distance of 5- miles from Cam- 

7 

bridge 


48 A person starts from Ely to walk to Cambridge (which 

is distant 16 miles) at the rate of 4| miles an hour, at the 

same time that another person leaves Cambridge for Ely 
talking at the rate of a mile in 18 minutes Where will they 
meet 1 


49 A person walked to the top of a mountain at the rate 
of 2g miles an hour, and down the same way at the“ratc of 

3^ miles an hour, and was out 5 hours How far did he walk 
altogether 1 

50 A man walks a miles in b hours Writedown 

(1) The number of miles he will walk in c hours 

(2) The number of hours he will be walking d miles 

51 A steamer which started from a certain place is fol- 
lowed after 2 days by another steamer on the same line The 
first goes 244 miles a day, and the second 286 miles a day In 
how many days will the second overtake the first ? 

52 A messenger who goes 3li miles in 5 hours is followed 
after 8 hours by another who goes 22i miles m 3 hours When 

a 

will the second overtake the first 1 

53 Two men set out to walk, one from Cambridge to 
London, the other from London to Cambridge, a distance of 
60 miles The former walks at the rate of 4 miles, the latter 

3 

at the rate of 3- miles an hour. At what distance from Cam- 

4 

bndge will they meet ? 

54 A sets out and travels at the rate of 7 miles m 5 hours 
Eight hours afterwards B sets out from the same place, and 
travels along the same road at the rate of 5 miles m 3 hours 
After what time will B overtake A 1 
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Note IV. In problems relating to clocks the chief point to 
be noticed is that the minute-hand moves 12 tunes as fast as 
the hour-hand. ' 

The following examples should be carefully studied 

Find the time between 3 and 4 o’clock when the hands of a 
clock are 

(1) Opposite to each other. 

(2) At nght angles to each other 

(3) Coincident , 



(1) Let ON represent the position of the minute-hand m 
Fig I. 

OD represents the position of the hour-hand m Fig I. 

M marks the 12 o’clock point 

T .. . 3 o’clock . . 

The lines OM, OT represent the position* of the hands at 
3 o’clock. 

2\ow suppose the time to be t minutes past 3. 

Then the minute-hand has since 3 o’clock moi ed over the 
arc MDN 

And the hour-hand has since 3 o’clock moved over the 
arc TD 

Hence arc MDN= Uceke times arc TJ) 

If then we represent MDN by x, 
we shall represent TD by 

Also we shall represent MT by 15, 

and DN by 30. i 0 r 0 
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Now MDN—MT+TD +DN, 

that is, 3=15 + 2^+30, 

or 123=180+3+360, 
or 11a: =540, 

540 

*-i T 

Hence tlie tune is 49^- minutes past 3. 

(2) In Fig. II, the description given of the state of the 
clock in Fig I applies, except that DN mil he represented by 
15 instead of 30 ( (/f - (/•• / a * b"LX 

Now suppose the tune to he 3 minutes past 3 
Tlien since 

MDN-MT+ TD + T)N, 
a:=15 + ^ + 15 

from uhich we get 

360 

xm l P 

g 

that is, the time is 32jy minutes past 3 


(3) ' In Fig III the hands are both in the position ON. 
Now suppose the time to be x minutes past 3 
Then since 

MN=MT+TN, 


or 12a:=180+a:, 


or x= 


180 

11 ’ 


that is, the tune is 16jy minutes past 3 


55 At what time are the hands ol a natch opposite to 
each other, 

(1) Between 1 and 2, 

(2) Between 4 and 5, 
f31 Betu een 8 and 9 1 
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56 At what time are the hands of a watch at light angles 
to each other, 

(1) Between 2 and 3 

(2) Between 4 and 5, 

(3) Between 7 and 8 * 

57 At what time aie the hands of a watch together, 

(1) Between 3 and 4, 

(2) Between 6 and 7, 

(3) Betu een 9 and 10 * 

58 A person buys a certain number of apples at the rate 
of five for twopence He sells half of them at two a penny, 
and the remaining half at three a penny, and clears a penny 
by the transaction How many does he buy 1 


59 A man gives away half a sovereign more than half as 
many sovereigns as he has and again half a sovereign more 
than half the sovereigns then remaining to him, and now has 
nothing left How much had he at first 1 


60 


TVliat must be the value of n in older that 


2 a+n 
3n+69a 


may be equal to — when a is - i 


61 A body of troops retreating before the enemy, from 
which it is at a certain time 25 miles distant, marches 18 miles 
a day. The enemy pursues it at the rate of 23 miles a day, 

' but is first a day later m starting, then after 2 daj s is forced 
to halt for one day to repair a bridge, and this they have to do 
again after two days’ more marching After how many days 
from the beginning of the retreat u ill the retreating foice be 
overtaken 1 

62 A person, after paying an income-tax of sixpence in the 
pound, gave away one-thnteenth of his remaining income, and 
had ^540 left TVhat v ns his original income ? 

63 Fiona a sum of money I take away i?50 more than the 
half, then from the lemamder ^30 more than the fifth, then 
from the second remainder £20 more than the fourth part 
and at last only ^10 remains What was the original sum ? 
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64. I bought a certain number of eggs at 2 a penny, anil 
the same number at 3 a penny I sold them at 5 for tw opence, 
and lost a penny How many eggs did I buy ? 

65 A cistern, holding 1200 gallons, is filled by 3 pipes 
A, B, 0 m 24 minutes The pipe A requires 30 minutes moic 
than 0 to fill the cistern, and 10 gallons less run through G per 
minute than through A and B together What time would 
each pipe take to fill the cistern by itself? 

66 A, B, and G drink a barrel of beer in 24 davs A and 

4 

B drink ^rds of what G does, and B drinks twice as much as A 
In what time would each separately drmk the cask? 

67 A and B shoot by turns at a target A puts 7 bullets 
out of 12 into the centre, and B puts m 9 out of 12 Between 
them they put in 32 bullets How many shots did each fire? 

68 A farmer sold at market 100 head of stock, horses, 
oxen, and sheep, selling two oxen for every horse He obtained 

-on the sale £2, Ts a head If he sold the horses, oxen, and 
sheep at the respective price's £22, £12, 10s , and £1, 10s , lion 
many homes, oxen, and sheep respectively did he sell ? 

69 In a Euclid paper A gets 160 marks, and B just passes 
A gets full marks for book-work, and tv ice as many maiks 
for nders as B gets altogether Also B, sending answers 
to all the questions, gets no marks lor nders and half marks 

for book-work Supposing it necessary to get i of fulf marks 

m order to pass, find the number of marks which the paper 
carries 

70 It is between 2 and 3 o’clock, but a person looking at 
the clock and mistaking the hour-hand for the minute-hand, 
fancies that the time of day is 55 minutes earlier than the 
reality What is the true time ? 

71 An army in a defeat loses one-sixth of its number 111 
killed and wounded, and 4000 prisoners It is reinforced by 
3000 men, but retreats, losmg a fourth of its number in doing 
so. There remain 18000 men What was the original force? 

72 The national debt of a country w as increased by one 
fourth m a time of war During twenty years of peace which 
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fallowed .£25, 000,000 was paid off, and at the end of that time 
the mteiest was^ reduced from 4^ to 4 per cent It was then 
found that the interest was the same m amount as before the 
war. What w as the amount of the debt before the war 1 

73 An artesian well supplies a brewery The consump- 
tion of water goes on each week-day from 3am to 6 p si at 
double the rate at which the water flows into the well If 
the well contained 2250 gallons when the consumption began 
on Monday morning, and it was just emptied when the con- 
sumption ceased in the evening of the nest Thursday but one, 
what is the rate of the influx of, water into the well m gallons 
per hour? 


XIV. ON MISCELLANEOUS FRACTIONS. 

193 Is tins Chapter we shall treat of various matters con- 
nected w ltli Fractions, so as to exhibit the mode of applying 
the elementary rules to the simplification of expressions of a 
more complicated kind than those which have hitherto been 
discussed. 


196 The attention of the student must first be directed 

to a point m which the notation of Algebra differs from that of 

Arithmetic, namely when a ichole number and a fraction stand 

side by side with no sign between them. 

3 3 

Thus m Arithmetic 2^ stands for the sum of 2 and 


But in Algebra x- stands for the product of x and 

*5 3 

So in Algebra 3 -- — stands for the product of 3 and ■ ■ ; 

c c 

_(i+6 3tt+36 

that is, 3 . 

* c c 



Examples.— lx, 


Simplify the following fractions 


i a+x + 3- 


3 * + 2 c-y 


u'+cu g x ~ a 
k " x 


o + i „ n 2 —b 2 
a-h at+h* 


197 A fraction of which the Numerator oi Denominator 
is itself a fraction, is called a Complex Fraction. 

2 £ 

3* C „ 

Thus ^ and ~ are complex fractions 
6 n 

A Fraction whose terms are whole numbers is called a 

Simple Fraction. 

All Complex Fractions may he reduced to Simple Fractions 
by the processes already described. We may take the follow- 
ing Examples 


a 



a _ c 

. . 6 d .fa c\ /m p\ ad-bc mq-n p 
' ' m p~\b d ) \n q/~ bd nq 
n q 

ad— be nq __ n q(ad~b c) 

bd mq~np~ bd (rnq — np)~ 

1 . 

V 

_ , 1+x x x(l-t-x) 

= — . — x — - = — ; =x 

1 ifc + 1 1+5! 


( 3 ) 



expression 5 - 


-lxi- 



— l 
l'a 



1-5 

3 — I 

1 + 5 


b+ 


9 » 


* + B 



B-U 


B+1J 



XO 


J^+l'Z+T 

^ + B 


i 1 B^y _ 
B+U 


B'U 


ON MISCELLANEOUS FRACTIONS 


129 


12 


I + a;+a; 2 

144 


a+S 


13. 


cl + b 


1 1 
a + b 


14 


*5 


2m - 3 H — 
m 

2m - 1 
m 

i + _l + 2. 

«& ac be 

a*-(f+¥ ‘ 

db 


198 Any fraction may be split up into a number of frac- 
tions equal to the number of terms in its numerator Tims 

a^+a^ + cc + l a? a 2 x 1 
“x« + ? + a< + ^ 



Examples. — lxu. 


Split up into four fractions, each m its lowest terms, tbe 


following fractions 

a' 1 + 3a 3 + 2a 2 +5g 
f 2a 4 

(i-bc + aWd + ab<? + bed? 

2 abed 

. 1 ? - 2xhj + Zxif- - if 

3 ySyi 


9re 3 -12a 2 + 6a-3 
108 

18p- 4- 12<7 2 - 3Gr 2 + 72s 2 
3 pqis 

10a 3 - 25a 2 + 75a - 125 

1000 


- 199. The quotient obtained by dividing the unit by any 
fraction of that unit is called The Reciprocal of that fraction 

Thus i that is, is the Reciprocal of ^ 
b 


,200 We have shown m Art 158, that the fraction symbol 
2 is a proper represeutatn e of the Division of a by 6. I 11 

fs A 1 1 
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Chapter IV ue treated of cases of division m which the divisor 
is contained an exact number of times m the dividend. We 
now proceed to treat of cases in which the divisor is not con- 
tained exactly m the dividend, and to shew the proper method 
of representing the Quotient in such cases. 

Suppose we have to divide 1 by l-«. We may at once 

represent the result by the fraction — ^ -. Bat we may 

actually perform the- operation of division in the following 
way. 

1 -a) 1 (l + a+a 2 +a 3 +... 

-1-a 

a 

a -a 2 


a 2 

. a 2 — a 3 

' a? 
cP-a* 

y 

The Quotient in this case is interminable. We may carry 
on the operation to any extent, hut an exact and terminable 
Quotient we shall never find. It is clear, however, that the 
terms of the Quotient are formed by a certain law, and such 
a succession of terms is called a Series If, as m the case 
before ns, the series may be indefinitely extended, it is called 
_ an Iseixite Series 


If we wish to express in n concise form the result of the 
operation, we may stop at any term of the quotient and write 
the result in the following way. 


ri-= i +r 2-, 

1-a 1-a 

1 , a 3 

1-a 1-a’ 

I _ . o . « 3 

; — 1 +a +a- + : — — t 

1-a 1-a 7 


- — =l + a+a 2 +a 3 T-r , 

1-a 1-a 
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always being careful to attach to that term of the quotient, at 
which we intend to stop, the remamdei at that point of the 
division, placed as the numerator of a fraction of w Inch the 
divisor is the denominator 


Examples.— lxm. 


Cany on each of the following divisions to 5 terms m the 
quotient 

1 2 by 1 + a 7. 

2 mbym+2 8 

3. a-bbya+b 9 

4 a 2 + x- by a 2 -a 2 10 

5 axby a-x xi 

6 ^ftbya+a; 12 

13 If the divisor be a; -a, the quotient k 2 ~2 ax, and the 
remainder 4a 3 , what is the dividend ? 

14. If the divisor be m - 5, the quotient m 3 + 5m- + 15ro + 34, 
and the, remainder 76, what is the dividend 1 


I by 1 + 2x - 2x 2 
1+55 by 1-x+x 2 
1 + 6 by 1-26 
u?— 6 s by a:+6 
a 2 by x-b 
a 2 by (a+x)- 


201 If w r e are required to multiply such an expression as 
->’ 2 0 ; 1 , x 1 
¥ + 3 + 4 2~3’ 

we may multiply each term of the former by each term of the 
latter, and combine the results by the ordinary methods of 
addition and subtraction of fractions, tliU3 

2 ^ 3^4 
a: 1 
2~3 


a? x z x 

4 + 6 + 8 


X 2 X 

1 

G ~9~ 

12 

x? , X 

T 

4 + 72~ 

12 
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Or we may first reduce the multiplicand and the multiplier 
to single fractions and proceed in. the following w ay . 


/a? a: 1 \ lx 1 \ 
(2 *3 + 4/ V 2 — 3/ 


6a 2 + 4s + 3 ^ 3a; - 2 1 8s 3 + a - 6 


12 


6 

6 a? x 


72 

1 


_18a 3 x 

~ 72 + 72 - .72“ 4 + 72~12‘ 

This latter process will be found the simpler by a beginner. 


EXAMPLES.— lxiv. 


Multiply 

a? x 1 . x . 1 

1 3 + 2 + 5 by 3 + 4 

, by 5-1 

2 5 6 + 3 7 4 S' 

, . , 1 , 1 . 1 

3 _ by x--. 


4. a 2 - 1 +~ by a 2 +l +Jr. 

1 , 1.11 

5- 

, ■ 1 1,1, 1,1,1 

6 — by -+ r +- 
a 0 c a 0 c 

b . 6 2 


1+ 5 + F b 5 ,1 -s + ^- 


3 7 


1 1 


^ v , 0 f r " x x 

9 ' 5 vY 


10 


a 2 . 6 s 


+£r+2by£~^-2. 


202 . If we have to dm de such an expression as 

*>+ 3 .+?+! 

by sc+i, we may proceed as in the division of whole numbers, 

carefully observing that the order of descending powers of x 
is 

* 3^1 JLi . 

* > *> *» Jgj jjSJ jjS " * 
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Any isolated digits, as 1, 2, 3 ... will stand between x 

and - 
x 

Thus the expression 

4+a? + i+3sc 3 + -t + 5K+-, 

arranged according to descending powers of x, will stand thus, 

x? + 3x~ + 5x +4h — l — > + — i 
k it* r 

The reason for this arrangement will he given m the Chapter 
on the Theory of Indices 

Ex. x + - )x 3 +3x+~+—( x 2 + 2 + —, 
xJ x a? x x‘ 

T?+ X 

_ 3 

2a:+ » 

2x+- 

X 

1 1 

* x + a? 



Or we may proceed m the following way, which mil he 
found simpler hy the beginner 

(* +3x 4 + h)~( x+1 x) 

xP + 3x i + 3z 2 + 1 x 2 + 1 

~ CC 3 X 


yp + 3k 4 + 3x z + 1 % 


K 3 


z* + l 


1 2 + 2 + 

-5 s X“ X 1 XT 


1_ 

X s 
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Examples.— Ixv. 


Divide : 


, 1 . 1 
2. tf-pbya-l 

3 m 3 +jpbym+~ 


,-l, 1 

* <r '-3'- 1,y *-3- 

5 * + 2Ay? + X 

3 y- a? J y 1 a 

6 ^ + i + P by ^~^ + F 


a? y 3 
3k 5 


'x n y , x y 
7. - 5 ~3-3-+3‘- by — \ 

' f „<*? y ® y » 


4 -4x l +'^-3?-~x’ ! ~~x+2'J by^-8+3. 


a 3 h 3 , a , b 
6 s a 3 J b a 


1 1,1 3.111 

10 — ,+f5+-*--r- «3*-+r+-* 
a 3 lr c 3 a&c J a b c 


203. In dealing with expressions involving Decimal Frac- 
tions two methods may be adopted, as will be seen from the 
following example. 

Multiply 'lx-'2y by '03® + *4y 

We may proceed thus, applying the Rules for Multiplication, 
Addition, and Subtraction of Decimals 

lx~-2y 

Q3x+‘4y 

003® 2 - *006 xy 

+ ‘04 xy - 08 ?/ 2 

•003k 2 + 034®?/- 08t/ 2 " 

Or thus, 

x~ 2y Zx+iOy 
~ 10 x 100 
Zj?+Z4xy— 80i/ 2 
1000 

= 003b 2 + 034xy-’08y”. 

The lattei method will be found the simpler for a beginner. 
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Examples.— lxvi. 

Multiply 

i lx- 3 by 5x + 07, 2 05? -f- 7 by 2a; -3, 

3 3x- 2y by 4x+ 7y, 4. 43a+5 2i/by 0i«- Oby 

5 Find the value of 

a?-b 3 +c 3 +3abc nhen «= 03, b— 1, and c= 07. 

6 Find the value of 

, >?-3aa: 2 +3a 2 a:— a 3 n hen a:= , 7 and a= 03 


204. When any expression E is put in a form of v huh f is 
Uj 

a factor, then -j is the other factor 
Thus a + b-a(~^) 

-(»♦*) - 

„ , , , ab+ac+br 

So ab+ac+bc=abc — - ^ - 

=alc (i+J+i), 

and **+2 

=k 3 .( 1 + % + i/\ 

\ X >/ / 


EXAMPLES.— lXVll. 

1. Write in factors, one of nluch is %£, the senes 

+ a.oc 2 + cts-c 3 + a^ 1 + . . 

2. Write in factors, one of which is xys, the expiession 

xy-xa+yz 

3. Write in factors, one of which is x", the expression 

x s +xy+y‘ 

4 Wnte in factors, one of which is u+&, the expression 
(a+5) 3 - c (a+6 ) 2 — d (<*+ b) + c 
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205. We shall now give two examples ol a process bj 
which, when certain fractions are known to he equal, othei 
relations between the quantities involved m them raaj b« 
determined. 

This process will be found of great use in a later part oi 
the subject, and the student is advised to pay particulai 
attention to it 


(1) If shew’ that 


q + 5 _ c+d 
a—b~ c—it 


Then ^=X , 

. a— X6, 
and c—\d- 

■y. _ a + b XZ» + 6 5{X+1) X + 1 

JN0W a-b~WJb~bQC^ i)~x3T’ 

. c+d Xd+cZ d(X+l) .X+l 

aml 

Hence and bemg each equal to aie equal to 
one another. 

(2) If -^ T = T ^~ , shew that m-rn+r—0 
v a-b b-c c-a/ 


b-c ’ 


7fi — Xas — X5, 
n=X6-Xc, 
r=Xc — Xa; 

.. m+n+r=Xci-X&+Xl!<-Xc+Xc-Xa=0. 
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Examples.— ixvm. 

(C G r 

1 If prove the following relations 

Sct + h 8c + d 
4a+7b~ 4c+7d 

-l* ab 


(0 

a-b 
b m 

c — t? 
d 

(S) 

(2) 

a 

a + b~ 

c 

c+d 

(6) 


3a 

3c 

/.y\ 

\3J 

4a - 56 

4c -fid 

v7; 

(4) 

a 2 + 62 
a 2 -6 2 ' 

_c«+d* 

~ c- - dr 

(8) 


If 


TCI 


« 


l 

a-b b-c c-a 

ace 


c?-d L ~ cd 

II a + b I'ia + b 
llc+d ~l3c+d 

a 2 -ab + b' l _ c 2 -cd+d 2 
a J +ab+b‘ i ~~c i + cd + d 1 

■, then l+m+n~0 


Tr u- ^ o , a la+mc+ne 

If r d = f Iirovc that 

Ii prove that a~b—c 

II !l_& .limy tlal 

wj 63 2 yj *f 3uj + 40j 


6 If p Jr he m descending order of magnitude, shew 

that less than ^ and greater than J 

7 If shew that p±*&=p±§!! 

Vi Vs + 7a»s + 9ir 2 

o T » o c 1 .1 .o 2 +a6 a6~6 2 , 

8 Jr j~ — "i. shew that — ~ ~ 7 ** 5 — m / 

b d’ c i +cd cd-d? 

T c a c , , 7a+b 7c+d 

9 If j= 3 , shew that 3aT . r3lTrd 
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io If ^ be a p\opur fraction, shew that is greater 
than p c being a positive quantity. 


a^-c 


it If g- he an improper fraction, shew that is less 
than j, c being a positive quantity*. 

206 "We shall now give a senes of examples m the walking 
of which most of the processes connected with tractions u ill 
be introduced. 


Examples.— lxix. 


9 ah" r" 

I Fmd the value of 3a 2 + ts when 

c b- 

a- 4, c=l. 

0 2&+x 2 —8x + 5 . a? - 39 « + 70 

* -Simplify °«1 „i +4 -45 

3 -Simplify (i±£-^£)-(i±£ + ir31) 
u x J \a-p a+p / \a—p a+p/ 

4 . Add together 

Q O n n q a fj ft ft 

'<■/ v- . I- 'll" 2 “ %“ , Z- . X- . V 
4 ~ 6 + 8 ’ 4“ 6 + 8 ancI + r> 


4 0 8 ’ 


and subtract c 2 -k 2 +^ from the result 

Al 

» 

xi n i , ct- 2 -f U 3 —c 2 + 2ab , 

5 Fmd the value oi — — j-, — — =r- v hen 
a- -b — c-+26c 

o=4, 6 =g, c=l. 

. 6 Multiply |a£ + 3ax - -^a 2 by 2v* - ax - % . 

* cm ..I .. a 3 - 6 s 35 2 

7 , Shew that 7 ^ — ^ = a + 2b + 




a-l 
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•8 SaBpMyiZJ'+^L+g^ 

9 - Show tot ^ !^-g8+ 49 


5 x J + 9 z —2 

o 1 . f _5! 4 -9a 3 + 7a; 2 + 9a:-8 

10 Simplify x t^fa 3 ZgyrL'fc +8 

ir Simplify ~+ -I 


b + 2' 


1 -* — 


1 +K -r-^ 


1 2 Simplify a + ab + b 2 (a + ab + b 2 j-^-) 

13 Multiply together ^1 + 


14. Add together - 


ci + 1* 6+1’ c+ 1 
sum he equal to 1, then abc=a+b+c + 2 

, x 1 b b 2 6 l 2 , 

15 Divide --1 J + -+-? by x~a 

J a. a tr. sr* J 


, and shew that if their 


16 Simplify ^ 


ah c , 

r— c+-r-a+ — b 

0 c a 

w C Ct j 

— c+ r — a + — 0 
a 0 c 


■, and shew that it is equal 


i0 H*-*}±.^Mi d>tf2s=a + b + t 

be 

17 Shew that — + 1 


2 


4a 1 


1 1 1 . 1 a 4 -»* 

+ a — x ~a~x + a 2 — r/ 


0 c , , a+l , a-b 0 a 2 -l 2 
18 . Simplify 5^+5+5-Sp+Si 

n i/- b 0 + b , a 2 b 2 

19 Simplify j-pg- gjjT + 2cT(a^bj' 

„ , , a 2 -ab+b- a 2 -b 2 

20 Sunplify $ Z V *W+V 
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ON MISCELLANEOUS FRACTIONS. 


21 

22 

23 

24 

25 

26 
2 /. 
28 

29 

30 

3 1 

32 
33* 
34* 


Simplify ^_ 1 j, 2 z 1 - 4 x +2 l-% 2 ‘ ~ 

„ , . a s +i s 4 2ai— c 2 « + 6 + c 

(t! «5 

„ , , e (x-a\ 3 *c-2a+6 , a+6 

Find the value of ( — ) ST , when .r=— 

\x-o/ x+a-2b 2 

„ . r a--(b-cf V-(a-& fi-la-h? 

Simplify ^ + c ^ 2 _ 52 + ( a + 6) 2 -c-' + (6 + c) 2 - a 5 ’ 

Simplify 

o , r 1 , 1 1 1 , r-1 3 

Simplify g, - (^ +1 ^+ a » +1 ^>(ai> + ip 

_ . 7 a 3 a a a 3 s; a 

Divide — -i * by 

a 3 a x k 3 ^ a % 


„ . . f a + 6 a-b , 26 2 la~6 

Simplify | 2(a _ 6) 2 (a + 6) + a 2 — 6 2 j 26 

Simplify £); + a) ' ± W 

m7 1— ®-3a 2 P l+3^ ^ +2ic 3 
Take (3 - 2a: - Tic 2 ) 3 & (3 - 2x - Tic 2 ) 4 ' 

S.mpMyd^-^DKSf-Kf) 


35. Simplify 

a- -ah (fi+ah+b- / 2a 3 2a6 \ 

a j —lp y ' a+6 Va 3 +6 3 /V a**’+a6+6V 
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36 Simplify 
1 


2(®-l) 2 4(rs— 1) 4(a: + l) (a:-l) 4 (®+l) 

37 Prove that 

JL+ L + 1 1 

abx a(a-b)(x- a) b(b~a)(x— b) x{x-a){x- b)‘ 

38 If s—a+b+c+ ton terms, shew that 

s-a s-b , s-c , /111 \ 

a 0 c \a b e / 

39 Multiply ^ 


40 Simplify 


1 , •-« 1+ «!z?£ 

_£±f_l_£±£ 2 

a+x a 2 +x* 


41 Dmde z 3 + ^ - 3(i - »*) + 4('c + by x+k 

42 Ifs=a + 6+c+. to n terms, shew that 

£z£ + £z* + £z£+ =n -l 

S 8 S 

43 Divide (JL- __?/.) b y + -A,) 

™ \x~y x+y/ J \x-+y~ cc- - 1/-/ 


44. Simplify 


, /,!/\ 2 

~(x+y ) 3 f x \ 

1 + _?£2L Vi+2 7 
+ (s-2/) 2 ' a: 7 


45 




^ "7 

0 c « 


46 Simplify 

p 4 + 4 p 3 g -f 6 p-q - + 4 pif + 2 4 _ p 3 + 3p - g 4- 3 pq- v g 3 
+ 62)Y - 4p~2 s + g 4 p 3 - 3p s g + 3pg 2 - f 

X 2x X X 

47 . Eeduce ^^ g Tr) + _ ?Tr) +^- +T) . 
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48. Simplify — —iy 1 


** + i !f(*»*+*+*)* 

1 y 

y+- J 


49 Simplify 


_1 1 , « y_ 

g-g d-y (a— a;) 2 (a-y)- 


( a-y)(a-x f (a-y)- (a-cc) 

4 

_ 3 _ 

0 ... afic 3-a-6-c 

SO Simplify T-T-T — arr 

6c ca ah 


a + — - 

1+v 

51. Simplify ^ - (a 0 -IP) 

a 


1 - 


'XV. SIMULTANEOUS EQUATIONS OF 
THE FIRST DEGREE. 

207. To determine several unknown quantities we must 
have as many independent equations as there aTe unknown 
quantities 

Thus if we had tills equation given, 
x+y=6, 

we could determine no definite values of x and y, for 



or other values might he given to % and y, consistently with 
the equation. In fact we can find as many paiis of values of 
x and y as we please, which will satisfy the equation. 
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We must have a second equation independent of the first, 
and then we may find a pair of values of x and y uhich mil 
satisfy loth equations 

Thus, if besides the equation a+y=6, we had another 
equation x-y=2, it is evident that the values of x and y 
which will satisfy loth equations are 


since 4 + 2=6, and 4-2 = 2 

Also, of all the pairs of values of x and y which will satisfy 
one of the equations, there is but one pair which will satisfy 
the other equation 

We proceed to shew how this pair of values may be found 

208 Let the proposed equations be 
„ 2x+7i/=34 

5.e+9y=51 

Multiply the fust equation by 5 and the second equation by 
2, we then get 

10x+35i/=170 

I0x+18y=102 

The coefficients of x are thus made alike m both equations 

If we now subtract each member of the second equation 
from the corresponding member of the first equation, ue shall 
get (Ax. n page 58) 

35y — 18y=l70- 102, 
or 17y=68, 

Jf=4 

We have thus obtained the value of one of the unknown 
symbols. The value of the other may be found thus 

Take one of the original equations, thus 
2s+7y=34 

&ow, since i/=4, 7j/=28; 

2-6+28=34, 

cc=3 

Hence the pair of values of x and y which satisfy the 
equations is 3 and 4 
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Note The process of thus .obtaining from tiro or more 
equations an equation, from which one of the unknown quanti- 
ties has disappeared, is -called Elimination. 

209. "We worked out the steps fully m the example given 
in the last article. We shall now work an example in the form 
in which the process is usually given 

Ex. To solve the equations 

3x+7y— 67 
5x+4y — 58 

Multiplying the first equation by 5 and the second by 3, 
15x+35i/=335 
' 15 s+12j/=174. 

Subtracting, 23 y — 161, 

and therefore y =7. 

Now, since Zx+7y~ 67, 

3x+49 = 67, 

3x= 18, 

. -5=6. 

Hence -c— G and y— 7 are the values required. 

210 In the examples given in the two preceding articles 
we made the coefficients of x alike. Sometimes it is more con- 
venient to make the coefficients of y alike Thus if we have 
to solve the equations 

29x+2t/=64 
13s + y=29, 

we leave the first equation as it stands, and multiply the 
second equation by 2, thus 

29x+2?/=64 

26r+27/=58. 

Subtracting, 3x=6, 

and therefore x~2. 

Now, since Vix+y—29, 

26+y=29, 

. y-3 

Hence sc=2 and y= 3 are the values required. 
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Examples — ixx. 


i 23 + 7 i/=41 
33+4t/=42 

4 143+9i/= 15G 
73+2y=58 

7 63+ 4i/=236 
33+15y=573 


2 53+8i/=101 
93+2i/=95 

5 3+15i/=49 

33 + 7i/=71 

8 393+271/ =105 
523+29//= 133 


3 m+17j/=189 

23 + i /=21 

6 153+19i/=132 
353+17i/ =226. 

9 723+14i/= 330 
63«+ 7t/=273 


211 IV c sliall now give some examples in winch negative 
signs occur attached to the coefficient of y in one or both of 
the equations 


Ex. To solve the equations 

6x +35i/ =177 
83-21 y= 33 

Multiply the first equation by 4 anil the second by 3 

243+140y=708 
243- 63y= 99 

Subtracting, 203i/ = 609, 

and therefore y — 3 

The value of x may then be found 


EXAMPLES.— 1XXI. 

2. 73- 4i/=55 

153-13i/= 109 


j 23+7i/ = 52 
33-5 i/=16 

4 43+ 9i/=79 
73-17 i/=40 

7 ^7L-213j/=G42 
1143 — 326i/ =244 
[sa] 


5 3 + 19?/=97 

73 - 53y=121 

8 43x+ 2i/=266 
12r-17i/=4 


3+i/=9G 
55 - 1/= 2 

6 293- 14//= 175 
873-56y=497 

53+9// =188 
133-2i/=57 

K 


9 
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212 We Lave lutherto taken examples m which the 
coefficients of x are both positive - Let us now take the follow- 
ing equations . 

5s-7i/=6 
9)/ -2s =10 

Change all the signs of the second equation, so that we get 

5x— 7y=6 
' 2x—9y= - 10. 

Multiply ing by 2 and 5, 

10s- 14i/=12 
10s-45i/= -50, 

Subtracting, 

- 14y + 45y= 12 + 50, 
or, 31?/ =02, 
or, y=2 

The value of x may then be found 


EXAMPLES.— lxxii. 

I. 4x— 7i/=22 2 9 s — 5 j/ =52 3 l7»+3?/=57 

7y-3s=l 8y — 2x—8 16i/-3s=23 

4 . 7i/+3x=78 5 5s-3j/=4 6 3s J -2//=39 

19)/ -7s =136. 12j/-7s=ia 3i/-2x=13 

7 5y— 2x=21 8 9i/-7s=13 9 12x+ 7?/ =176 

13s-4?/=120 15 s— 7y=9 3y— 19s=3 

213 In the preceding examples the values of s and y have 
been positive We shall now give some equations m winch s 
or y or both have negative values 

Ex. To solve the equations 

2x— 9y=ll , 

3x-4(/=7. 

Multiplying the equations bj 3 and 2 respective!}, ve get 
6s-27j/=33 
6c- 8i/=14 


Subtracting, 

-19i/ =10, 
or, 19t/= —19, 
oi, y= - 1 

Now Binco 9 ij= -9, 

2x - 9y will be equivalent to 2x - ( - 9) oi , 2x + 9 

Hence, from the fust equation, 

2054-9 = 11, 

. a=l 


Examples.— I xxm 

I 2a + 3i/=8 2 5.*-2i/=51 3 3.c-5i/ = 5i 

3i/ + 7i/=7. 19x-3i/=180 2x + 7i/=3 

4 7i/-3x=139 5 4x+ 9y=106 6 2x-7i/=8 

2x+5i/=91 8x+172/=198 4i/-9x==19 

7 17x+12i/=59 8. 8x+3y=3 9. 69j/-17x=103 

19x- 4?/=153 12x+9?/=3. 14 b-13j/= -41 

214 We shall now take the case of Fractional Equations 
involving two unknown quantities 



Fust, clearing the equations of fractions, lie get 
lOx— i/ + 3=20 
9i/=27-x+2, 

fiom uhich we obtain, 

10x-jr=17 
® + 9i/=29, 

and hence we may find x=2, y—3. 
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Examples.— lxxiv. 


5 + 2-7 

2 + 3 

I+f- S 


2±» + 5-10 

2 ^ + 7 = 9 j. 

. 85+10 _ 

4 ,/ _ — =3. 


2 1085+1=210 3 p+'7j/=251 

V / 




|+“x=299 


s. 7x + f -413 6 S!ja-io-| 

39x— 14]f— 1609 


ix + 2 

lo — ^ — h Si/ — 31 


3 

y+5 


+ 10.1=192 


-4-8=- — 12 
4 2 

z+ jL-y~ 2 x -y±n 

5 ’ r 3"' 4 +l35 * 
3z—5y , 2a:+y 

_ - t- 3 = _ 

o «-2 j / as v 
8 g + 3 


II. ^l+3x=2j/-6 

2±®+S=i= 2x-S 

5 o 


12 


85-2 10—35 2/ — 10 

5 ” 3 4 

2j/+4 _ 4t+i/+ 1.3 
3 ~ 8 


13 ~^+3a:=4y-2 

585 + 61/ 385-2!/ 0 „ „ 
6 4 ' 


14. 


IS 


585-3 3a;-19 . 3 t/-85 

2 2 ~ 4 3 

2a:+2/ 985-7 3j/f9 4^ + 57/ 
2 " 8 _ 4 ~ 16 


= 85-7/ 


4.85 + 57/ 
40 
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215 We have now to explain the method of solving Literal 
Equations involving two unknown quantities 

Ex. To solve the equations, 

ax+by=c 

px+qy=i 

Multiplying the first equation hy p and the second hy a, ue 
get - 

apx+bpy=cp 

apx+aqy=ar 

Subtracting, bpy-aqy=cp-ai, 

or, (bp -aq)y=cp- ar , 

cp-ar 

,J= lf^Tq 

We might then find x hy substituting this value of y in one 
of the original equations, but usually the safest course is to 
begin afresh and make the coefficients of y alike m the original 
equations, multiplying the first by q and the second by b, 
u Inch gives 

aqx + bqy=cq 
bpx + bqy=br 

Subtracting, aqx-bpx~cq-b 1, 

or, (aq-bp)x=cq-b> , 

cq-br 
a:=-* — r - 
aq-bp 


Examples. — lxxv. 


1 mx+ny—e, 
p.c + qy=f 

4. cx =dy 
K + J/ = C 

7 ax+by=r 

dx+fy—c 1 2 


2 ax+by=c 
dx-ey=f 

5 mx-ny=r 
m'x+n't i=r. 

8 abx+cdy=2 

d-b 

ax-aj=- bT 


3 ux-by—m 
cx + e y=n 

6 x+y—a 
x-y=b 

a h 

b + y~?M+'s 

ax + 2by=d 


9 


* 5 ° 
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io bcx+2b-cy=0 


n. (6+c)(«-5-c-5)-»-n(;/ + a)=2a 2 


6 c c (6-c)® o s 


i2. sz+svJBzZ&a 

o~ — m- 


hem- 


lPx-^-^+(J)-r c +m)my=m?x+(h+2m)lm 


216. We now proceed to the solution of a particular class 
of Simultaneous Equations in which the unknown symbols 
appear as the denominators of fractions, of which the following 
are examples 


Ex. 1. To solve the equations, 


a h 
— 1 — —c 
x y 


in_n 
x y 


d. 


Multiplying the first by to and the second by «, we get 


am , bm 

h — =cm 

x y 

am an 

—ad 

x y 


Subtracting, 


bm . an , 

— H — =c m-ad 
V V 


or. 


bm-i-a n 
V 


—cm— ad, 


or, bm+an—{cm-ad)y, 

bm-fran 
cm -ad 


Then the value of « maybe found by substituting tlus value 
of y in one of the original equations, or by making the terms 
containing y alike, as in the example given m Art 215 
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Ex. 2. To solie the equations 
2 

~ 3j/ — 27 


x 


- 1 + 1=11 

4x y 72 


Multiplying tlie second equation by 8, we get 

2_£ = _4 
x 3i/ 27 
2 8_11 
x + y 9 


Subtracting, 


5 8 4 11 

3i/ y 27 9* 


5 8 11 4 

Changing signs, -+-= T -^, 

5 + 24 33-4 
3 3i/ 27 3 

whence we find 3/ =9, 


and then the value of x may be found by substituting 9 for y 
in one of the original equations. 


Examples.— lxxvi. 


i+-=10 

x y 


2 

1 , 2 
— 1 — =G& 

x y 

a , b 

3 x + y~° 

-+2=20 
x y 



3 X 4 , 
x y 

2+“=tf 
« y 

a h 
-+-=m 
x y 


S 

2+ 5 -=19 
x y 

, Ao-H* 
3x + 5y 

a h _ n 
x y~ 



8_3_ 7 
x y 

7 1 

64 : 10 i/ "• 

„ A 4. 

3 

K 

0 


^ aa; + 

by~ 

0 

0 

r — - 7/1 t 71 

M* 7IIIJ 

5 

2 

3 


n m „ „ 

— — =171 + 11 

55 y 

ax 
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217. There are two other methods of solving Simultaneous 
Equations of which we have hitherto made no mention, because 
they are not generally so convenient and simple as'the method 
u Inch we have explained They are 

I The method of Substitution. 

If we have to solve the equations 

x+%y= 7 
2a+4i/=12 

we may find the value of a; in terms of y from the first equa- 
tion, thus 

a;=7-3i/, 

and substitute this value for x in the second equation, thus 
2(7-3i/) + 4y=12, 

from which we find 

y=l 

We may then find the value of * from one of the original 
equations 

II. The method of Comparison 
If we have to solve the equations 
3k + 2i/=10 
7a-3i/= 3 

we may find the values of x in terms of y from each equation, 
thus 

s ' == ~~~3~”^ , f rom the first equation. 

3= 5 + 3^ jpOTfl the second equation 

Hence, equating these values of x, we get 
16-2t/ _ 5 + 3 y 
5 ~ 7 

an equation involving only one unknown symbol, from which 
w e obtain 

V= 3, 

and then the value of x may be found from one of the original 
equations 
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218 If there he thee unknown symbols, tlieir values may 
he found from three independent equations 
For from two of the equations a third, which involies only 
two of the unknown symbols, may be found 
And from the remaining equation and one of the othera 
a fourth, containing only the same two unknown symbols, may 
be found. 

So from these two equations, which involve only two un- 
known symbols, the ralue of these symbols may be found, and 
by substituting these i allies in one of the original equations 
the value of the third unknow n symbol may be found 
Ex. 5s - Gy + 4s =15 

7a, + 4y -32= 19 
2a: + y + Gs=46 

Multiplying the first by 7 and the second b} T 6, we got 
35x - 42 y + 28s = 105 
, 35 k + 20 y - 15s = 95 

Subtracting, 

-62y+43z— 10 (1) 

Again, multiplying the first of the original equations by 2 
and the third by 5, we get 

10k- 12y + 8s=30, 

10x + by + 30s = 230 

Subtracting, - 17y - 22s = - 200 (2) 

Thcn/from (1) and (2) we have 

G2i/-43s = -10 
17i/ + 22s=200, 

from which we can find y=4 and s=6 
Then substituting these values for y and s m the first equa- 
tion we find the value of x to be 3 


bx+7y- 
8x+Sy + 
x— 4y + 10s=23 
5a, + 3y — 6i=4 
3 k— y+ 2s=8 
x — 2y + 2s=2 


5a:-3y + 2s=21 
8 k— J/-3s= 3 
2k+3j/ + 2s= 39 
4^—5?/ + 2s= G 
2 k + 3j/- s=20 
7k— 4j/ + 3s=35 


Examples.— I xxvn. 

2s =13 
z=17 
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5 x+ y+ r= C 
5a:+ 4y+3?=22 

lox + 10y-b6z—53 

6 8c-h4y-3x=6 

x+3 y— 2=7 
4x~oy+4z*=8 

7 *-r y+ r=30 
8x + 4y+ 2. =50 

27«+9y+33=G4. 


S. 4x—3y+ 2= 9 
9x+ j/ -53=16 
ic-4y+33= 2 

9 12a:+5y-4s=29 

13a;- 2y+ 52=58 
17a;- y- '•=15. 

lo y—x-ha— - 5 
z-y~x— -25 
'c+a/+s=35 


XVI. PROBLEMS RESULTING IN SIMUL- 
TANEOUS EQUATIONS. 

219 Is; the Solution of Problems in which we represent 
hco of the numbers sought by unknow n symbols, usually a; and 
y, we must obtain two independent equations from the condi- 
tions of the question, and then we may obtain the values of 
the two unknown symbols by one of the processes described in 
Chapter XY. 

Ex. If one of two numbers be multiplied by 3 and fhe 
other by 4, the sum of the products is 43 , and if the former be 
multiplied by 7 and the latter by 3, the difference between the 
results is 14 Find the numbers. 

Let a: and y represent the numbers 

Then 3a; +4?/ =43, 

and 7®-3y=14 

From these equations we have 

21a;- t -28i/=301, 

- 21a; — 9i/=42 

Subtracting, 37y=259 

Therefore - y=7, 

and then the i alue of x may be found to be 5. 

Hence the numbers are 5 and 7. 
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Examples.— lxxvm. 

1 The sum of two numbers is 28, and their difference is 4 , 
find the numbers 

2 The sum of two numbers is 256, and their difference is 
10 , find the numbers 

3 . The sum of two numbers is 13 3, and their difference is 
1 , find the numbers 

4 Find two numbers such that the sum of 7 times the 
.greater and 5 times the less may be 332, and the product of 
their difference into 51 may be 408 

5 'Seven years ago the age of a father was four times that 
of his son, and seven years hence the age of the father will be 
double that ot the son- Find their ages 

6 . Find thre’e numbers such that the sum of the first and 
second shall be 70, of the first and third 80, and of the second 
and third 90 

7 Three persons A, B, and O make a joint contribution 
•which m the whole amounts to £400 Of this sum B contri- 
butes twee as much as A and £20 more , and G as much as A 
and B together What sum did each contribute! 

8 If A give 3 B ten shillings, B will have three times ns 
much money as A If B gives A ten slullings, A will have 
twice as much money as B. What has each ? 

g The sum of £760 is divided between A, B, G The 
shares of A and B together exceed the share of G by £240, 
and the shares of B and 0 together exceed the share of A by 
£360 What is the share of each ? 

10 The sum of two numbers divided by 2 , gives as a quo- 
tient 24, and the difference between them divided by 2, gives 
as a quotient 17 What are the numbers? 

11 Find two numbers such that when the greater is 
divided by the less the quotient is 4 and the remainder 3, and 
when the sum of the two numbers is increased by 38 and the 
result divided by the greater of the two numbers, the quotient 
is 2 and the remainder 2 

12 . Divide the number 144 into three 'such parts, that 
when the first is divided by the second the quotient is 3 and 
the remainder 2 , and when the third is divided by the sum 
of the other two parts, the quotient is 2 and the remainder 6 . 
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13. A anti B buy a horse for £120. A can pay for it if B 
will advance half the money he has in his pocket B can pay 
for it if A w ill adv ance two-thirds of the money he has in his 
pocket How* much has each? 

14. “How old are 3*011?” said a son to his father The 
father replied, “Tw elve years hence 3 ou will he as old as I was 
twelve years ago, and I shall he three times as old as 3011 were 
twelve 3 earn ago ” Find the ago of each 

i 

15. Required two numbers such that three times the 
greater exceeds tw*ice the less by 10, and twice the greater 
together with three times the Ie«s is 24 

16 The sum of the ages of a father and son is half wliat it 
will be m 23 years The difference is one-third what the sum 
will be in 20 vears Find their ages 

17 If I divide the smaller of two numbers by the greater, 
the quotient is 21 and the remainder 0157. If I divide the 
greater number by the smaller, the quotient is 4 and the 
remainder 742 Find the numbers. 

18 The cost of 6 barrels of beer and 10 of porter is £51 ; 
the cost of 3 barrels of bcei and 7 of porter i« £32, 2s llow* 
much beu* can be bought for £30 ? 

19 The cost of 7 lbs. of tea and 5 lbs of coftee is £1, 9 s 4t1 
the cost of 4 lbs of tea and 9 lbs of coffee is £1, 7s what is 
the co-t of 1 lb of each 1 

20 The cost of 12 hoises and 14 cows is £380 the cost of 
3 horses and 3 cows i« £130 what is the cost of a lioTse and a 
cow respectively? 

2i. The cost of 8 3ards of silk and 19 }ards of cloth is 
£18, 4s 2d the cost ot 20 3 awls of silk and 10 3ards of cloth, 
each of the same qualit3 as the former, is £23, 16* 8d How 
much does a 3 ard of each cost? 

22 Ten men and six women earn £18, 38s in 6 da}*?, and 
four men and eight w omen cam £0, 6* m 3 da\*s What are 
the eammg« of a man and a w om.vn daily ? 

23 A farmer bought 100 acres of land for £4220, pait at 
£37 an acre and part at £43 an acie How many acres had 
he of each kind ? 
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Note I A number consisting ot two digits maj be icpre- 
scnted algebraically by Hte+y, where x and y represent tbe 
significant digits 

For consul ei sucli a number as 76 Here the significant 
digits are 7 and 6, ot which the former has in consequence of 
its position a local value ten times as great as its natural 
■value, and the number represented by 76 is equivalent to ten 
limes 7, increased by 6 

So also a number of which x and y are the significant digits 
will be represented by ten times x, increased by y 

If the digits composing a number 10 x+y lx. inverted, the 
resulting number u ill be 1 Otj + x Thus it w e invert the digits 
composing the number 76, we get 67, that is, ten times 6, m- 
ci eased by 7 

If a number be represented by 10x+y, the sum of the 
digits will be represented by x+y 

A number consisting of thee digits may be represented 
algebraically by 

100a;+ 10y+« 

Ex. The sum of the digits composing a certain number is 
5, and if 9 be added to the number the digits w ill be inverted 
Find the number 

Let 10 x+y represent the number 
Then x+y will represent the sum of the digits, 
and 10i/ + x will represent the number with the digits inverted 
Then our equations will be 

x+y=5, 

10*+i/+9 = 10 y + x, 
from winch we may find x=2 and y= 3 , 

23 is the number required 

24 The sum of tw 0 digits composing a number is 8, and if 
36 be added to the number the digits will be inverted Find 
the number 

25 The sum ot the two digits composing a number is 10, 
and if 54 be added to the number the digits will be inverted 
What is the number ? 
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26 The sum of the digits of a number less than 100 is 9, 
and if 9 be added to the number the digits will be inverted 
What is the number ? 

27. The sum of the. In 0 digits composing a number is 6, 
and if the number be divided by the sum of the digits the 
quotient is 4 What is the number ? 

28 The sum of the two digits composing a number is 9, 
and if the number be divided by the sum of the digits the 
quotient is 5. What is the number ? 

29 If I divide a certain number by the sum of the two 
digits of which it is composed the quotient is 7. If I invert 
the order of the digits and then divide the resulting munbei 
.diminished by 12 by the difference of the digits of the original 
number the quotient is 9. What is the number ? 

30 If I divide a certain number by the sum of its two 
digits the quotient is 6 and the remainder 3 If I invert the 
digits and divide the resulting number by the sum of the digits 
the quotient is 4 and the remainder 9 Find the number 

31. If I divide a certain number by the sum of its two 
digits diminished by 2 the quotient is 5 and the remainder I 
If I invert the digits and divide the resulting number by tbe 
sum of the digits increased by 2 tlie quotient is 5 and tlie re- 
mainder 8 Find tlie number. 

32 Two digits which form a number change places on the 
addition of 9, and tlie sum of these two numbers is 33 Find 
the numbers. 

33. A number consisting of three digit*, the absolute value 
of each digit being the same, is 37 times the square of any 
digit Find the number. 

34, Of the three digits composing a number tlie second is 
double of tbe third : tlie sum of tbe first and tbiid is 9 • the 
sum of all the digits is 17. Find tlie number. 

35 A nuuibei is composed of three digits The sum ol the 
digits is 21 the sum of the hrst and second is greater than the 
tlmd by 3 , and if 19S be added to the nuinhci the digits w ill 
be inverted. Find the number. 
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Note II A fraction ot which tlie teims art unknown may 

•5 

be represented by ^ 

Ex. A certain fraction become' ^ when 7 is added to iK 

denominator, and 2 wlien 13 is added to its numerator Find 
the fraction. 


Let - repiesent the fraction 


Then 


x 1 
y +7 2’ 
a + 13 


V 


-= 2 . 


are the equations . From which we may find a;=0 and i/=ll. 


That is, the fraction is yy 


36 A certain fraction becomes 2 when 7 is added to its 
numerator, and 1 when 1 is subtracted irom its denominator 
IVliat is the fraction ? 


37 Find such a fraction that when 1 is added to its 
numerator its value becomes 5, and when 1 is added to the 

, O 

denominator the value ib ~ 


38 What fraction is that to the numerator ot which if 1 be 
added the value will be | but if 1 be added to the denominator, 

the value will be | ? 

39 The numerator of a fraction is made equal to its 
denominator by the addition of 1, and is half of the deno- 
minator increased by 1 Find the fraction 

l 

40 A ceilam fraction becomes when 3 is taken fiom the 
| numerator and the denominator, and it becomes | when 6 
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is added to the liiuneratoi and the denominator. What is the 
traction ? 

41 A certain fraction becomes g when the denominatoi is 

20 

increased bv 4, and l'hen the numerator is dnninislicd by 
" 3 41 

15 determine the fraction 

42 What fraction is that to the numerator of which if 1 be 
added it becomes and to the denominator of which it 17 be 

added it becomes ^ ? 

U 

Note III In questions relating to money put out at 

simple interest we aie to observe that 

T . „ . Principal x Eate x Time 
Interest ± — ^00 , 

where Eate means the number of pounds paid tor the use of 
£100 for one year, and Time means the number of j ears foi 
which the money is lent 

43 A man puts out £2000 in two investments For the fii «t 
he gets 5 per cent, for the second 4 per cent on the sum 
imested, and by the first investment he lias an income of 
£10 more than on the second Find how much he invests in 
each case 

44. A aim of money, put out at simple interest, amounted 
m 10 months to £5250, and m 18 months to £5450 Wliat 
was the sum and the rate of interest ? 

45 A sum of money, put out at sinipie interest, amounted 
in 0 years to £5200, and m 10 j ears to £6000 Find the sum 
and the rate of interest 

Note IY When tea, spirits, wine, beer, and such com- 
modities are mixed, it must be observed that 

quantity of ingredients = quantity of mixture, 
cost of ingredients = cost of mixture 

Ex I mix wine which cost 10 shillings a gallon with 
another sort which cost C shillings a gallon, to make 100 
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gallons, Vi Inch I may sell at 7 shillings a gallon without profit 
or loss How much of each do I take 1 

Let x represent the number of gallons at 10 s hilling s a gallon, 

and y ... 0 ........ . . 

Then x+y=l00, 

and 10a ; + 6y =700, 

are the two equations from which we may find the values of 
x and y to be 25 and 75 respectively 

46 -A wine-merchant has two kinds of wine, the one costs 
36 pence a quart, the other 20 pence How much of each must 
he put m a mi\ture of 50 quarts, so that the cost price of it 
may be 30 pence a quart ? 

47 A grocer mixes tea which cost him Is 2d per lb with 
tea that cost him Is 6 d per lb He has 30 lbs of the mixture, 
and by selling it at the rate of Is 8 d per lb lie gamed as 
much as 10 lbs of the cheaper tea cost him. How many lbs 
of each did he put m the mixture ? 

Note V If a man can row at the rate of x miles an hour 
m still water, and if he he rowing on a stream that runs at the 
rate of y miles an hour, then 

x+y will represent his rate down the stream, 
x—y . .up ... 

48 A crew which can pull at the rate of twelve miles an 
hour down the stream, finds that it takes twice as long to come 
up a river as to go down At what rate does the stream flow? 

49 A man sculls down a stream, which runs at the rate of 
4 nulcs an hour, for a certain distance m 1 hour and 40 minutes 
In returning it takes him 4 houra and 15 minutes to arrive at 
a point 3 miles short of his starting-place Find the distance 
he pulled down the stream, and the rate of his pulling 


50 A dog pursues a hare The hare gets a start of 50 of 
her own leaps The hare makes six leaps while the dog makes 
5, and 7 of the dog’s leaps aTC equal to 9 of the hare’s How 
many leaps will the hare take before she is caught ? 

TsaI 


h 


i6z 


PROBLEMS RESULTING IN 


51 A greyhound starts m pursuit of a hare, at the distance 
of 50 of his own leaps from her He makes 3 leaps while the 
hare makes 4, and he covers as much ground in two leaps as 
the hare does in three' How many leaps does each mak e 
before the hare is caught ? 

52 . I lay out half-a-crown m apples and pears, buying the 
apples at 4 a penny and the pears at 5 a penny. I then sell 
half the apples and a third of the pears for thirteen pence, 
which was the price at which I bought them. How many of 
each did I buy ? 

53 A company at a tavern found, when they came to pay 
their reckonmg, that if there had been 3 moic persons, each 
would have paid a shilling less, but had there been 2 less, 
each would have paid a shilling more -Find the number of 
the company, and each man’s share of the reckoning 

54 . At a contested election there are two members to be 
returned and three candidates, A, B, and 0 A obtains 1056 
votes, B, 987, G, 933 Xow 85 voted for B and G, 744 for ~ 
B only, 98 for 0 only How many voted for A and G, for 
A and B, and for A only ? 

55 A man walks a certain distance had his rate been 
half a mile an hour fastei, he -would hare been H hours less 
on the road, and had it been half a mile an hour slower, he - 
would have been 2 & hours more on the road. Fmd the distance 
and rate 

56 A certain crew pull 9 strokes to 8 of a certain other 
crew, but 79 of the latter are equal to 90 of the former. Which 
is the faster crew ? 

Also, if the faster crew start at a distance equivalent to 
four of their own strokes behind the other, how many strokes 
■will they take before they bump them t 

57 . A person, sculling in a thick fog, meets one baige and 
overtakes another which is going at the same rate as the 
former, shew that if a be the greatest distance to which he 
can see, and 6 , V the distances that he sculls between the 
times of his first seeing and passing the barges, 

2 11 
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58 Two trams, 92 feet long and 84 feet long respectively, 
are moving vntli uniform velocities on parallel rails m opposite 
directions, and are obsen ed to pass each other m one second 
and a half, but when they are moving in the same direction, 
their velocities being the same as before, the faster tram is 
observed to pass the other m six seconds, find the rate m 
miles per hour at which each tram moves 

59 The fore-wheel of a carnage makes six revolutions 
more than the hind-wheel in 120 yards , but only four revolu- 
tions more v, hen the circumference of the fore-wheel is increased 
one-fourth, and that of the hind-wheel one-fiftli Find the 
circumference of each wheel 

60 A person lows from Cambndge to Ely (a distance of 
20 miles) and back again in 10 hours, and finds he can row 

2 miles against the stream in the same time that he rous 

3 miles with it Find the rate of the stream, and the time of 
Ins going and returning 

61 A number consists of -6 efigits, of which the last to the 
lelt hand is 1 If this number is altered by removing the 1 
and putting it in the unit’s place, the new mimbei is three 
times as great as the original one Find the number 


XVII. ON SQUARE ROOT. 

220 Is Art 97 we defined the Square Root, and explained 
the method of taking the BquaTC root of expressions consisting 
of a single term 

The square root of a positive quantity may be, as we 
explained m Art. 97 , either positive or negative 

Thus the square root of 4 a 2 is 2a or - 2a, and this ambigiut y 
is expressed thus, 

*/4a 2 = ±2a 

In our examples in this chapter ue shall m all cases regard 
the square root of a single term as a. positive quantity 
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221 The square root of a product may he found by taknq 
the square root of each factor, and multiplying the roots, s< 
taken, together 

Thus \fa/P=ab, 

^81afyV=9xfyA 


222 The square root of a fraction may he found by takin< 
the square root of the numerator and the square root of tin 
denominator, and making them the numerator and denominator 
of a new fraction, thus 



2a 

96’ 


l25x-hj l 5 rj/ 2 
V 49s° ~~W 


Examples. — lxxix. 

Find the Square Boot of each of the following expressions : 
I. 4ary 2 2 81a«&» 3 121ro«W 4 

4. 64a 4 6 t0 e z . 5 71289a 4 6V. 6 lG9a 1( W 2 . 

9a" „ 1 25 a*lfi 

7 lbb ¥ b 4a 2 c 4 9 1210?!/'° 

256x 12 625 a 2 

Ia 289 if 11 3246 2 ‘ 

223 We may now proceed to investigate a Buie for the 
extraction of the square root of a compound algebraical 
expression 

We know that the square of a+bis a- + 2ab + b 2 , and there- 
fore a+b is the square root of a 2 + 2a& + V 1 

If we can devise an operation by which we can derive a + l 
iiom a J +2c tb+b-, we shall be able to gi\e a rule foi the 
extraction of the squaie root 

Now the first term of the root is the square root of the firsl 
term of the square, 1 e a is the square root of a 2 . 

Hence our rule begins 

“Arrange the terms in the outer of magnitude of the indices 
of one of the quantities involved, then talc the square root of the 
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first term and set down the result as the first term of (he root 
subtract its square from the given expression, and bring down the 
remainder ” thus 

a 2 + 2 ab + V i (a 
a? 

2a6 + b 2 

Now* tins remainder may be represented thus b (2a + b) 
lienee if ire divide 2ab + b 2 by 2 a + Zi we shall obtain +1, the 
second term of the root 


Hence our rule proceeds 

“ Double the first term of the root and set loion the result as the 
first term, of a divisor ” thus our process up to tbis point will 
stand thus 

ar+2ab + b' l {a 
a- 


2 a 


2ab + b 2 


Now if we divide 2a6 by 2a tbe result is 6, and hence we 
obtain the second term of the root, and if we add this to 2a 
w e obtain tbe full divisor 2a + 6 


Hence our rule proceeds thus 

“Divide the first term of the remainder by this first term of the 
divisor, and add the result to the first term of the root and afeo to 
the first term of the divisor ” thus our process up to this point 
will stand thus 

a 2 +2a&+6 2 ^a + 6 
a 2 


2a + 6 


2ab + lA 


If now wo multiply 2a + 6 by b we obtain 2ab + & 2 , which we 
subtract from tbe first remainder 


Hence onr rule proceeds thus 

“ Multiply the divisor by the second term of the root and sub- 
tract the result from the first remainder . ” thus our process will 
stand thus 


1 66 
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a? +2ab+V i {a+b 
a? 


2a+b 


2ab+V 1 
2ab + 6 2 


If tliere is now no remainder, the root has been found 

If there he a remainder, consider the two terms of the root 
already found as one, and proceed as before 


224 The following examples worked out will make the 
process more clear 


( 1 ) 


2a-b 


a?—2ab+b-(a-b 

a 1 

—2ab+b- 
—2 ab+lP 


Here the second term of the root, and consequently the 
second term of the divisor, will hare a negative sign prefixed, 

because - b 


( 2 ) 


Gp+4q 


9p 2 + 24jjg + ICj 2 ( 3 P 

9p 2 

24pq+lGq 2 
24pq + lGif 


(3) 


25x 2 - 60a; + 3G (5* - 6 
25 k 2 


10a;— 6 


-60a; + 36 
-60a: +36 


Is ext take a case m wlucli the root contains three terms 

a s +2a5+6 s -2«c-25c+c 2 ( i a+6— c 
a 2 


2a + 6 


2ab+b 2 —2ac—2bc+c 2 

2ab+b* 

—2ac—2bc+<? 
— 2ae— 2fcc+c 2 


2a + 2b-c 
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When we obtained the second remainder , we took the double 
of a +6, considered as a single term, and set down the result as 
the first part of the second divisor We then divided the first 
term of the remainder, — 2ac, by the first term of the new 
divisor, 2 a, and set down the result, - c, attached to the part 
of the root already found and also to the new divisor, and then 
multiplied the completed divisor by — c 
Similarly we may proceed when the root contains 4, 5 or 
more terms. 


Examples.— lxxx. 

Extract the Square Root of the following expressions 

1 4a 2 +12aZ> + 9Z? 6 k , -6b 3 + 19»?-30b+25. 

2 16¥°~24lPP+dl a . 7 

3 a 2 6 2 + 162a5 + 6561 8 

4 1/ — 38i/ 3 +361. 9 

S . 9a 2 6V - 102a&e + 289. 10 

11 - A'jP + 10b 4 - 12a? + 9b 2 


9a 4 + lZi? + 10a? + 4x + 1. 
4r* - 12?- 3 + 13r 2 — 6r + 1. 
4n 4 + 4n 3 ~ 7n 2 -4n+4. 

1 — 6B+13a?— 12 b?+4b*. 


12. 4 y 4 - 12y% + 25y 2 s 2 — 24yiP + 1 6z*. 

13. a 2 +4ali+45 2 +9c 2 +Gac+12&e 

14. a® + 2a®6 + 3aW + 4a s P + 3a 2 5 4 + 2ab® + 6® 

15 a®— 4 k 5 + 6b 3 + 8b ! + 4b + 1 

16 4.'t i +8a3?+4a 2 x 2 + 16b 2 x ! + 16ab 2 x+l6b i 

17 9— 24b+ 58b 2 - 116a? + 129a? - 140a? + 100 b®. 

18 16a 4 — 40a 3 & + 25a 2 6 8 — 80 aVhs + 645 s a? + 64 a 2 bx 

19 9a 4 — 24a 3 p 3 — 30a z <+ Wa^p 0 + 40ap 3 l + 25t 2 . 

20 4i/ 4 x 2 - 12y 3 x 3 + 17yV - 12ya? + 4a? 

21 _ 2oa?i/ 2 — 30b 3 j/ 3 + 29b 2 7/ 4 — 12an/®+4i/® 

22 1Gb 4 — 24x 3 y + 25 b 2 ?/ 2 - I2xy 3 + 4if. 

23. 9a 2 — 12a<£> + 24ac-16&c+4i 2 + 16(? 

24. a? + 9a? + 25 — 6a? + 10a?— 30 b. 

25 25a? — 20xy + 4y 2 + 9» 2 - 12ys + 30x» 

26 4b 2 (a? - y) + y 3 (y - 2) + y 2 (4b 2 + 1). 


i6S 


ON SQUARE ROOT. 


225, When any fractional terms are in the expression of 
ivlnch we hare to find the Square Hoot, we may proceed as in 
the Examples just given, talcing care to treat the fractional 
terms m accordance with the rules relating to fractions. 


8 16 

Thus to find the square root of a^-Sc+sY. 

y ojl 


^ 8 a . 16 

9 + 81 
x- 


( 4 


2x-% 

9 


8 , 16 
-9* + 8l 
8 16 
if* 81 


Since 


8 o_ 8 _H- 8 14 
9^91 9*2 9' 


8 16 

Or we might reduce x-~^x + — to a single fraction, which 


would be 


81a: 2 — 72a; + 16 
81 ’ 


and then take the square root of each of the terms of the 
-fraction, with the following result 


9a:— 4 
9 » 


which is the same as 


EXAMPLES.— lXXXL 


i. 


z 

3 

7 


4a°+— -« 4 5 2 

io 



£- 2 +ir 


u^-2+4 

a 4 


5* 

6 


4a 2 - 12a6 + ab* + 95 2 - —■ + ~ 

2 Id 


a?- 2x 3 +2a^— a;+i 
4 

je 4 +2x?— *+~. 
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8 ^ + 8x2+24+^+! 

9 ^7- + 4a l + y^-ciPz- - 3a 2 — 2a?z+ Prefix. 

lu 9 6 

tft 1,4 0 4 6 12 

X 2 * I/ 2 + a 2 0$ + 1/^ 


ir se^-^+^+^+g-fH. 

«. ts n 1 25 5n 


13 


14 


-15 


12 aW - Gahed + ^ + 9c 2 d 2 + ~ ^ 


49 


4z* 1 a 3 | 8y* - d 6y m y 

g 2 !B 2 g 2 £B * !. 2 


ft* 


4m 2 9>i 2 
71 2 ^ m 2 


+ 4-i?™ + ?fL l 


71 


7ft 


a 2 5 2 c 2 , tP db 2 ac acZ 5c M erf 


+ 16 + 25 + 4 


"6 + 15 ~ 3 ~10 + 4 "5 


16 49z 4 -28x 3 -17® 2 +6a;+^ 

4 

17 9s 4 -3a3S 3 +65a 3 +~-a6a?+6V 
18. 9^-2x 3 -i|La; 2 + 2a;+9 


XVIII. ON CUBE ROOT. 

226 The Cube Boot of any expression is that expression 
whose cube or third power gives the proposed expression 

Thus ft is the cube root of a 3 , 

36 is the cube root of 276 s 

The cube root of a negative expression will he negative, for 
since 

( - ct) 3 = — a x —ft x -a= -ft 3 , 

the cube root of -a 3 is -a ,, 
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So also 

- 3as is the cube root of - 27a?, 
and - 4a 2 6 is the cube root of - 64a°i> 3 . 

The symbol l] is used to denote the operation of extracting 
the cube root 


EXAMPLES.— lXXXii. 

Find the Cube Boots of the following expressions . 

r Sa 3 2. 27a?i/° 3 - 125m 3 n. 3 . 

4 — 216a 12 & 3 „ s 343i 15 c 18 6 -lOOOaW 2 . 

7 - 1728«i 21 n 24 8 133 W 8 

227 We now proceed to investigate a Buie for finding the 
cube root of a compound algebraical expression. 

We know that the cube of a+b is a 3 + 3 a-b + 3 ab- + IP, 
and therefore a+b is the cube root ot a 3 + 3a 2 i> + 3a?r + IP. 

We observe that the first term of the root is the cube root of 
the first term of the cube 

Hence our rule begins 

“Arrange the terms in the order of magnitude of the indices of 
one of the quantities imohed, then tahe the cube root of the first 
term and set down the result as the first term, of the root, subtract 
its cube from the given expression, and bring down the remainder:” 
thus 

a 3 + 3a^6 +3 a J 2 + 6 s (a 
a 3 

3arb+3alP+lP 

Now this remainder may be represented thus, 
b(3a?+3ab+V), 

hence if we divide 3a 2 6 + 3a6 2 +& 3 by 3a 2 + 2ab + b", we shall 
obtain +b, the second term of the root. 

Hence our rule proceeds 

“ Multiply the square of the first term of the root by 3, and set 
down the result as the first term of a divisor.” thus our process 
up to this point will stand thus 
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- d? + 3a ! b + 3ab- +5 3 (a 

a? 

2a 2 | Za% + ZaW+& 

Now if we divide 3 a-b by 3a 2 the result is b, and so we 
obtain the second term of the root, and if wo add to 3a 2 the 
expression 3 ab+b 2 we obtain the full divisor 3a 2 +3 db+b 2 

Hence our rule proceeds thus 

“Divide the first term of the remainder by the first term of the 
divisor, and add the result to the first term of the root Then tale 
three times the product of ike first and second terms of the root, 
and also the square of the second term, and add these results to 
the first term of the dmsor.” Thus our process up to this point 
will stand thus • 

a 3 +3a 2 6+3a6 2 +6 3 {a+b 
a 3 

3a 2 +3a&+6 2 Mb+ZaW + W 

If iv e now multiply the divisor by b, we obtain 
Za 2 b + 3ab 2 +¥, 

which we subtract from the first remainder 

Hence our rule proceeds thus . 

“Multiply the dmsor by the second term of the root, and sub- 
tract the result from the first remainder, ” thus our process will 
stand thus 

a 3 + 3 a?b + 3 ab 2 +b 3 {a + b 
a 3 

Za 2 + Zab + lP 3o-6 + 3 ab 2 +l? 

If there is now no remainder, the root has been found. 

If there be a remainder, consider the two terms of the root 
already found as one, and proceed as before. 

228 The following Examples may render tliepiocess more 
clear 
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Ex. 1. 


a? - 12a 2 + 48a - 64 (a - 4 


3a 2 — 12a + 16 


- 12a 2 + 48a -64 

- 12a 2 + 48a -64 


Here observe that tbe second term of tbe divisor is formed 
thus. 

3 times tbe product of a and — 4=3xax -4= — 12a 


EX. 2. iK0-6.'c5+15s 4 -20a 3 + 15a?-6.T: + l(a: 2 -2a: + l 

a 6 


3z t ~Gx 3 +4z s 

3k 1 -12.C 3 
+ 15.C 2 - Gx +1 


- 6x? + ISr 1 - 20a 3 + 15s 2 - Gx + 1 

— 6s 5 + 12#*- 8 k 3 

3X 4 ^12x3 + 15x 2 - Gx + 1 
3x*-l2i?l 15X 2 — 6x+l 


Here tbe formation of tbe first divisor is similar to that m 
the preceding Examples. 

Tbe formation of the second divisor may be explained thus 


Regarding x"-2x as one term 
3 (as 2 — 2as) 2 =3 (x» —4s 3 + 4z=) = - 12a? + 12a? 

3 x (x i —2x) x 1 = 3x 2 — 6x 

12 = 1 


and adding these results we obtain as the second divisor 
3X 1 - 12 k 3 + 15x 2 — 6x + 1 


EXAMPLES.— lxxxill. 

Eind tbe Cube Root of each of tbe following expressions * 

r a 3 -3a-b-r2al--b\ 2 Sa 3 +12a 2 + 6a + l. 

3 a 3 +24a s 6 + 192a& 2 + 5125 3 

4* a 3 + 3a 2 6 + 3<xb“ + 6 3 + 3a 2 c + 6a5c + 3b~c -r 3@c- 3 b<? + c 3 . 

5 a? - 3 3?y + 3xy 2 - y z + 3a?z - Gxyz + 3i + 3xz 2 - 3yz- + s 3 . 

6 27x s -54x 5 +63x i -44x 3 +21x 2 -6x- r l. 
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7 1 — 3a + 6a 2 — 7a 3 + 6a*-3a 5 +a° 

8 x?- Sx-y + 3 zip -y 2 + 82 s + 6x~z - 12 xyz + Gyh + 12a» 2 - 12)/A 

9 a® - 12a s + 54a 4 — 112a 3 + 108a 2 - 48a + 8 
io 8m. 15 - 36m 3 + 66m 4 - 63m 3 + 33m 2 - 9m, + 1. 

IX. x? + Gx i y+12xy' s +8y 3 —3x ! z~12xy!i—12y i z + Zxa 2 +6yx z —z :s , 

12 8m? - 36 m?n + 54mn 2 — 27 m 3 — 3 2m 2 r + 36mnr - 27ti.tr 

•fCmr 3 — 9nr 2 — r 3 


13 m 2 +3m 2 -5 + | i -i- 3 


229 The fourth root ol .m expression is found by talang 
the square root of the square root of the expression 

Thus yiGcfib*— J4a i b-=2a?b 

The sixth root of an expression is found by talang the cube 
root of the square root ot the expression 

Thus ^64» l2 J«= #8a®& 3 =2a 2 &. 


EXAMPLES.— IXXXlV. 

Find the fourth roots of 

1 16a i -9Ga z x + 21GaW-2l6a<?+8lx? 

2 l + 24» 2 + 16a 4 -8a-32o 3 

3 023 + 2000a: + 2400a. 2 + 1280a' 3 + 25G.T 4 . 

Find the sixth roots of 

4 , a® — 6 a s 6 + 13a 4 i 2 — 20a 3 6 3 + 15a 2 5 4 — Ga¥‘ + V 1 . 

5. 3® + Gs 5 + 13r« + 20a? + 15.r 2 + Cx + 1 

6 m® - 12m® + GO m? - IGOm 3 + 240m 2 - 192m + G4. 


XIX. QUADRATIC EQUATIONS. 


' 230 A Quadratic Equation, or an equation of two dimen- 
sions, is one into which the square of an unknown symbol 
enters, without or with the first power of the sjmboL 

Thus a: 2 =16 

and a?+6x=27 

are Quadratic Equations 

' 231 A Pure Quadratic Equation is one into which the 
square of an unknown symbol enters, the first power of the 
symbol not appearing 

Thus, a; 2 =16 is a pure Quadratic Equation 

i232 An Adfected Quadratic Equation is one into which 
the square of an unknown symbol enters, and also the first 
power of the symbol. 

Thus, a; 2 +6x=27 is an adfected Quadratic Equation. 


Pure Quadratic Equations 

233 "When the terms of an equation involve the square 
of the unknown symbol only, the value of this square is either 
given or can be found by the processes described in Chapter 
XYII If we then extract the square root of each side of the 
equation, the value of the unknown symbol will be determined. 

234 The following are examples of the solution of Pure 
Quadratic Equations 
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Ex. 1. a; 2 =16 

Taking the square root of each -side 
x= ±4 

We prefix the sign ± to the number on the ngkt-hand side 
of the equation, for the reason given jn Art 220 

Every pure quadratic equation will therefore have two roots, 
equal in magnitude, but with different signs 

EX. 2. 4a; 2 + 6=22. 

Here 4a?=22-6, 

or 4 k 2 =16, 
or a 2 =4 , 

‘ a= ±2 


That is, the values of x which satisfy the equation are 2 
and -2 


Ex. 3. 


128 216 
3a; 2 - 4 =a 5a 2 — 6 


Here 128 (5a 2 -6) =216 (3a 2 -4), 

or 640a 2 -768= 648a? -864, 
or a?=12 , 
x= ± 12 


Examples. — I xxxv. 


I. a; 2 =64. 2 x? = a-b 2 3 a 2 - 10000=0 

4. a?- 3=46. 5. 5a; 2 - 9 = 2a 2 + 24 6 3aa 2 =192a% c 


2 — 12 a; 2 -4 


•' 3 4 ' 

8 (500 +a;) (500-®)= 233359 

8112 „ 

9 —zr~ 3x 

10. 5^a; 2 — 18a; + 65 = (3a - 3) 2 


11 mx”+n=q 

12 K 2 -aa+&=na(a- 1) 

45 57 


13 


2x- + 3 4x-'-5 


42 


35 


*4 a?- 3* 
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Adfected Quadratic Equations. 

'J 235 Adfected Quadratic Equations are solved by adding 
a certain term to botli sides of the equation so as to make tlie 
left-hand side a perfect square. 

Having arranged the equation so that the first term on the 
left-hand side is the square of the unknown symbol, and the 
second term the one containing the first power of the unknown 
quantity (the known symbols being on the right of the equa- 
tion), we add to loth sides of the equation the square of half the 
coefficient of the second term The left-hand side of the equa- 
tion then becomes a perfect square If we then take the square 
root of both sides of the equation, we shall obtain two simple 
equations, from_ which the values of the unknown symbol may 
be determined 

236 The process m the solution of Adfected Quadratic 
Equations will be learnt by the examples -which we shall give 
m this chapter, but before we proceed to them, it is desirable- 
that the student should be satisfied as to the way in which an 
expression of the form 

a; 2 +aa; 

is made a perfect square. 

f Our rule, as given m the preceding Article, is this add the 
square of half the coefficient of the second term, that is, the 

Or ft® ' 

square of ,, that is, — . "We have to shew then that 

9 , a 2 
x-+ax+— 

4 

* 

is a perfect square, whatever a may be. 

This we may do by actually performing the operation of 

a 2 

extracting the square root of x 2 +ax+—, and obt ainin g the 
result £8+| with no remainder 
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237 Let ns examine tins process by tbe aid of numerical 
coefficients 


Take one or two examples from tbe perfect squaies given 
in page 48 __ 

We there have 

x 2 4-18x4- 81 which is tbe square of ce+ 9, 
x 2 +34x-t-289 x-i-17 

x s — 8 x 4 - 16 x— 4, 

36x+ 324 . x-18 

In all these cases the third term is (he square of half the 
coefficient of x , 

For 81= (Q?=Q§)\ 

289=(17) 2 =(~) 3 , 

16=(4) 2 =(|) 2 , 

324=(18) 2 =(f) Z . 


238 Now put the question in this shape What must we 
add to x 3 4 - ax to make it a perfect square 7 
Suppose b to represent the quantity to be added. 

Then x a 4 - ox 4 - 5 is a perfect square 

Now if we perform the operation of extracting the square 
root of x 2 4 - ox 4 - 5, our process is 

x 2 4-ax-f-b^x4*5 


x 8 



ox4-5 

a 2 

0X4--J- 



[SA.1 


31 
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Henc e m order that » 2 +aa:+6 may he a perfect square we 
must have 



That is, 6 is equivalent to the square of half the coefficient 
ofx. 

_ 239 Before completing the square we must he careful 

(I) That the square of the unknown sj mbol has no coeffi- 
cient hut unity, 

- (2) That the square of the unknown symbol has a positive 
sign 

These points will he more fully considered m Arts 245 and 
246 


240 lYe shall first take the case in winch the coefficient of 
the second term is an even numbei and its sign positive 

Ex. a^+ Cz=40 

Here we make the left-hand side of the equation a perfect 
square by the following process. 

Take the coefficient of the second term, that is, 6 

Take the half of this coefficient, that is, 3 

Square the result, nhicli gives D 

Add 9 to both sides of the equation, and we get 
E 2 +6a:+9=49 


X 

\ 


Kow taking the square root of both sides, no get 
x t-3= + 7 
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1/0 

Hence ue have two simple equations, 

e+3= +7 . (1 ), 

and x+3=~7 . .(2) 

From these we find the values of x, thus 
from (1) 8=7-3, that is, 8=4, 

from (2) x= -7-3, that is, 8= - 10 

Thus the roots of the equation are 4 and - 10 


Examples.— lxxxvi. 

I x 2 + 6x=72 2 a 2 +12x=64 3 8 2 +14x=15. 

4. 8 2 +46x=96 5 8 2 +128k=393 6 x 2 + 8x-G5=0 

7 3?+ 18a -243=0 8 a°- + lGx- 420=0 

241 "We ne\t take the case in wluch the coefficient of the 
second term is an even number and its sign negative 

Ex. ' a 2 - 8x = 9 

The tern to he added to both sides is (8— 2) 2 , that is, (4)-, 
that is, 10 

Completing the square 

8 2 -8x+ 16=25 

Taking the square root of both sides 
x-4= ±5 

This gives two simple equations, 

«—4= +5. (1), 

s-4= -5 (2), 

From(l) 8 = 3 + 4 , 8 = 9 , 

fiom (2) x= -5+4, . 8 =— I 

Thus the roots of the equation are 9 and - 1 


i8o 
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Examples. — I xxxvii. 

i x 2 -Gx=7 2 a 2 -4a=5. ' 3. a 2 - 20a=21. 

4 x--2x=63 S a 2 -12a+32=0 6 a 2 — 14a+45=0 

7 a 2 * - 234a +13688=0 8 (a-3)(a-2)=3(5a+14) 

9 a(3a-17)-a(2a+5) + 120=0 

10 (a-5) 2 +(a-7) 2 =a(a-8)+46 

242 We now take the case in which the coefficient of the 
second term is an odd number 


Ex. 1. a 2 -7a=8. 

The term to he added to both sides is 

Completing the square 

, „ 49 49 

a— 7a+ T =8+ T , 

, *49 81 
or, a 2 -7a+ T = T 

Taking the square root of both sides 

7 j 9 
! t - 2= ± 2 

This gives two simple equations, 

' 7 _ , 9 

* 2~ + 2 

7 9 

X 2 2 ' 

Froto(l) ®=§+|, or, af=y, a=8; 
from (2) x=-|+|, or,a=^, a=-l 

Thus the roots of the equation are 8 and - 1. 


-a). 

•( 2 ) 


quadratic equations 


Iul 


Ex. 2. x 2 — e = 42 

The coefficient of the second tern, is 1 
The term to be added to both sides is 


x 2 -x+l=42+l 
4 4 

„„ , ,1 169 

or, 

1 ,13 

X ~ 2 = ~~2 


Hence the roots of the equation are 7 and —6 


Examples,— lxxxvin. 

i x*+7x=3 0 2 x 2 ~llz—12 3 v-+9x=43~ 

4 

4. jr 2 -13a:=140 5 x 2 +x=~ 6 x 2 -x=72 

, 7 x 2 + 37x=3690 8 x 2 =5G+x 

g x(5-x)+2x(x~7)-10(x-6)=0 

XO. (5/- 21) (7x - 33) - (17x+ 15) (2x - 3) =448 

\ 

243 Our next case is that m which the coefficient of the 
second term is a fraction of which the numerator is an even 
number 


EX. x 2 -^x=21 

o 

* 

The term to be added to both sides is 


(HHHMIHD- 


44 4 

^44= 2l + 25’ 

, 4 4 529 

or, a 2 -- s+ ^= 1 


23 


1 82 
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Hence tlie values of % arc 5 and - 


21 

T 


EXAMPLES.— lXXXiX. 



n 2 

35 

.,4 3 


„ 28 a: 1 . 

I. 

11 

1 

* 

H 

9* 2 

' r ' + 5 :S= -25 


3 *— r- | 3' 0 ' 


, 8 

3 n 

„ ,4 

3 


4- 

x “lr 5 

-n=° 

s *-+ 35 *== 

7* 

5 0 



26 16 



„ 4 


7 . X— 3 ^ + -g = 

0 

8 

"" " lilt 


244 lYe non tnlce the case in which tlie coefficient of the 
second teim is a fraction tckosc numerate) is an odd number. 


Ex. 


r / 3 


Tlie term to he added to both sides is 

(HW-GF-S- 


„ 7 ,40 130 , 49 

K ' 3 + 3G~ 3 + 30* 

__ - 7 , 49 10S1 
or *--5*155-35-, 

a 0 *0 


1 Y 

Hence the values of a: arc 8 and . 

u 


1 ® 2 -ic=8 

4. a:- + |a:= 7 G 


Examples.— xc. 


2 k 2 -^=98 
5 


5. !C2- 5 <C=1G 


3 0 ? + 5 *= 39. 

0 x— — a:+G=0l 

n 23 ,3 

x —7 X=z i' 


7 » 2 -^a;- 34=0 
■i 


8 
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’245 The square of tlie unknown symbol must not be pre- 
ceded by a negatne sign 

lienee, if w e hav e to solve the equation 
6z-a?=9, 

Me change the sign of ever}’ term, and we get 
x--Gx= -9 

Completing the square 

3 2 -0j'+D= 0-9, 
or 'r- — Gz+9=0 
Hence x-3=0, 

or k=3 

v Xott. ITe arc not to he surprised at finding only one 
\ value for x The interpretation to he placed on snch a result 
Jis, that the tw o roots of the equation are equal m value and 
' alike in «ign 


\/ 2 1C The square of the unknown symbol must have no 
coefficient but unity 

Hence, if vv e hav e to solve the equation 
' 5x 2 ~3x=2, 

we must divide nil the tcnns by 5, and vve get 


From which we get k= 1 and x- - 


2 

5 


247. In solving Quadratic Equations involving literal co- 
efficients of the unknown symbol, the same rules will apply as 
in the cases of numerical coefficients 

Thus, to solve the equation 


x a 

Clearing the equation of fractions, we get 
2a 2 — x-— 2ax=0 , 

-x 2 — 2 ax— -2d 2 , 
or x 2 +2a®=2a 2 . 


therefore 



I S 4 QUADRA TIC LQUA T/OjVS 

Completing the square 

x 2 +2aa: + a 2 =s3n 2 , 
whence x + a = ± */3 a; 

therefore v= -« + s /3.a, 01 v= —a - *JZ.a. 

The following are Examples of Literal Quadratic Equations 


EXAMPLES.— XCi. 


I. 'fi+2av=a- 


2 a, 2 — 4ax=7fl 2 


n , o 7m 2 

3 'c-+3m%;=-~~. 

4 


„ 5n 3n 2 

4 'c 2 - -ar*— 8“ 

tU 4J 

5 'c 2 +(a- l)x=« 

6 , r?+ [a—b)x=ab. 

ah? 2«i , IP _ 

lo — + -.=0 

v- c c- 


•* jo 

7 — 21 In — o 

7 (i -*-«)- (x-rt)' u 

8 adx - acx-— lev - hd 

9 cx+ “|-5=(« ! ? ‘)^ 


■j n 3 a-x G<r-+«&-2&* J-x 

ii ntix-H , 

c c- r 

■V 

1 2 . (4a 2 - Ocd 2 ) r? + (4a 2 c 2 +4abcF)x+ («c ! + bd 2 ) 2 = 0 

248 If "both sides of an equation can he divided by the 
unknown symbol, dmdcbyit, and ohsene that 0 is in that 
case one root of the equation 

Thus in solving the equation 

a?>-2r ! =3r, 

ive may divide by x, and reduce the equation to the form 
x 2 -2r=3, 

from nhich we get 

x=3 or x— - 1 

Then the three loots of the original equation are 0, 3 and -1. 

We shall now give some Miscellaneous Examples of Quad- 
ratic Equations, 


*<~ **■»***. 
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- Examples.— xcn. 

i x 2 - 7x+ 2 = 10 3 x 2 -5e+3=9. 3 x 2 -llx-7=5. 

4 x 2 — 13x— G=8. 5 x 2 + 7x— 18=0 6 4x-^=£=22 

x-3 


7. x-'-9x-r20=0 


9 sc 2 - Ox -14= 2 
4x x-7 


Xt 7 2x-*-3 


8 5x- 


jX-1 7x-6 


x - 3 2 

4x x-3 „ 

x + 3 2x+5“^ 


—2. 12. x 5 -12=llx 13 x 2 -14=13x 


14. £Z 2 -gX+7g=8 15 3x-~=2C 16 2x 2 =18x-40. 


2 3 8 — 

4 + 3c IS— x 7x— 14 
10 r-G ~ 20 

3x-5 Gx 1 
9x 3x — 25 3 

4z — 10 7 -3x 7 


x+5 w 2 
__ x+11 „ 9+4x 

23, ~ 1 

x x- 

26 x 2 -x=210 : 


~ 18 3x s =24x-3G 

7 2x-5 _ 3x-7 
20 4 x+5 ~ 2x 

22. (x~3) 2 +4.e=44 

24 Gx 2 +x=2 23 ® 2_ g a: ~g 

G 2 0 _ 4x 2 „ x 

! ?-5n + ;- 3 * s ~ u -3 


29 

a 

X — 1 

2 + x 

1 

30 

15x 2 — 

II 


1 

2 

3 


4x 

20 -4x 

Si- 

x-2 

~x+2 

5* 

32- 

5-x 

X 


10 _ 

14 -2x 

22 

34- 

X 

7 

33 

x ~ 

x- 

IT 

a + GO 

10 
i 

11 


12 

i_§_- 

32 


_£_4 


35 

5-x 

+ 4-x 

x+2 

3° 

7-x 4 

X 


37. x 2 +(«+J)xh ai=0 

39 x 2 -2ax + a 5 -Zr=0 

' „ , a 2a 2 _ 

41. Xr+jX— p-=0 


38 x 2 — Q) — u)x-ai=0 
40 x 3 - (a 2 ~ « 3 ) x - a 5 = 0. 
„ a 2 +i 2 , , n 

42- x— ^-®+l=0 


XX. ON SIMULTANEOUS EQUATIONS 
INVOLVING QUADRATICS. 


249 Fob the solution of Simultaneous Equations of a de- 
gree higher than the first no fixed rules can be laid down We 
shall point out the methods of solution which may be adopted 
with advantage in particular cases 

250 If the simple power of one of the unknown sjmbols 
can be expressed in terms of the other symbol by means of one 
of ’the given equations, the Method of Substitution, explained 
m Art 217, may be employed, thus 

t 

Ex. To solve the equations 

x+y=50 
xy— 600 

From the first equation 

x=50—y 

Substitute tins value foi x m the second equation, and we 
get (50-i/) y = 600 

This gives 50 y -y-= 600 

From which we find the values of y to be 30 and 20. 

And we may then find the corresponding values of x to be 
20 and 30. 

251 But it is better that the student should accustom 
himself to work such equations symmetrically, thus 

To solve the equations 

x+y=50 . (1), 

xy = COO , . . (2)/ 

From (1) x-+2xy+y-=2500 

From (2) 4xy =2400. 
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Subtracting, x 2 — 2xy+y‘ 2 =100, 

x-y=±10 

Then from tins equation and (1) we find 

a; =30 or 20 and i/=20 or 30. 


Examples.— xeni. 


1 ®+i/=40 

2 3+i/=13 

3 3+i/=29 

yi/ =300 

31/ =30 

8 

*=t 

H 

O 

O 

4 3 — 1/ = 19 

3 3 — 1/=45 

6 3-i/=99 

31 /= GO 

31/ =250 

31/ = 100 

232 To solve the equations 



3 y~ 12 . 

• (1), 


k 2 +2/ 5 =74 

(2) 

From (I) 

x--2xy+y-=14l 

. (3) 


Subtract tins from (2), then 

£n/=-70, 

4ry— —140 

Add this to (3), then 

x- + 2xy+y 2 *=4, 
x+y= ±2 

Then from this equation and (1) we get 

3=7 or 5 and y— -5 or- 7. 

Examples.— xciv. 

1 x-i/=4 2 re — 2/ = 10 3 x—y= 14 

aH+2f s =40 a 5 +2 /= = 178 3 2 +i/=436 

4. 3+1/= 8 5. 3 +i /=12 6 x+y= 49 

x-+y"=32 » 2 +i/= 104 » 2 +i/=1681 

/ 



1 88 
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253 To solve the equations 

® 3 +2/ 3 =35. 
x+y = 5 .... 

Divide ( 1 ) by ( 2 ), then we get 

x?-xy+y-=7 

From (2) x-+2 r cy+y-=2o. 

Subtracting (3) from (4), 

3xi/= 18, 

* 4xy=24 

Then from this equation and (4) we get 
x s -2xy + y-=l, 
x-y=± 1 , 

and from this equation and ( 2 ) we find 

x—Z or 2 and i /=2 or 3. 


( 1 ), 

.( 2 ) 

- *( 3 ), 
• -( 4 ), 


EXAMPLES.— XCV. 


I x 3 +i/ 3 =91 

2 « 3 +j/ 3 = 341 

3 03+1/3= 100 ! 

x+y=7. 

B + 1 / = ll. 

k+i/=12 

4 . ss3-i/ 3 =o6 

3 cc 3 — 1/3=98 

6 o 3 — 1/3=279 

x-y—2. 

x-y=2. 

o-i/=3 

254 To solve the equations 

115 

' ( 1 ), ' 


x + y G 


1 1 13 

\ 


a? + y*~3b ' 

( 2 ). 

From (1), by squaring it, we get 



12 1 _25 

(3). 


x i+ xy + y-~~ 30 


From this subtract (2), and u e have 
2 12 
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Now subtract Ibis from (3), and vc get 


J. _A 1 i. 

0 - xy y- 3b’ 

1 1 + 1 . 

. =±7 > 

? v i> 


and fiom this equation and (1) w c find 

*=2 or 3 and i/=3 or 2. 


Examples.— xevi. 


1+1=2 
x y 20 

11 3 

2 -H — 

®]/4 

3 

1 1 r 
- + -=5 

X 1 J 

11 41 

x-y 1 400 

l . 1 5 

*“7*r *“ = ,~r 

v y- 10 


2+2=13. 

<5- y J 

1 _ 1 _ 1 _ 
x y 12 

- i_i= 2 i 

3 x y 2 

6 

1-1=3 

x y 

1 1 7 

x-~y~14l 

-1, - - - = 8 ? 

9.- y 4 


2-2=21. 
x- y 


255 To eoI\ e the equations 

r-+3xy=7 . . . (1), 

xy + 4y- = 18 (2) 

If we a'U the equations we get 

'c*+4ry+4y s ~2o. 

Taking the Bquare root of each «ulc, and taking only the 
positixe root of the right-hand side into account, 

x+2y=5, 

x=0-2y 

Substituting this mine for x 111 (2) we get 
(5-2 y) y + 4y"~l8, 

an equation by wlucli y may be determined. 

Notf In some examples we must subtract the second 
equation fiom the first m order to get a perfect square. 


igo 
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>-i/=2G (1), 

x-+xy+y"=lZ . . (2). 

Dividing (1) by (2) we get x-y=2 . . . (3), 

squaring, x-—2xy+y~=4 . .... (4). 

Subtract this from (2), and we have 

Zxy—9; 

4xi/= 12 


Adding this to (4), we get k-+2xi/+j/ 2 =16; 

x+y= ±4 

Then from this equation and (3) ivc find 

x=3 or — 1, and y—1 or —3. 

257 To solve the equations 

t^+y^—GZ ... . ( 1 ), 

an/— 28. . . . (2). 

Multiplying (2) by 2, we have 

® 2 +J/ 2 =651 
2xy=5G) ’ 

a? + 2xy+y-=l2l) 
z*—2xy+y-=s 9)’ 

k+2/=±11 . ' .(A), 

x-i/=± 3 (B) 

The equations A and B furnish four pans of simple 
equations, 

a+y=ll, x+y= 11, x+y--U, x+y—-ll, 

x-y=Z, x-y=-Z, x-y-Z, x-y=- 3 

from which we find the values of x to be 7, 4, —7 and —4, 
and the corresponding values of y to be 4, 7, - 4 and — 7. 

258 The artifice, by which the solution of the equations 
given m this article is effected, is applicable to cases m which 
the equations are homogeneous and of i he same order 
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To foIvc tlie equations 



a?+iri/= 15 , 


xy-y-=2 

Suppose 

y=mx 

Then 

z-+mx-=l&, from the first equation. 

and mx--m-x-=2, from the second equation. 

Dividing 

one of these equations hy the other, 


v-+mx- 15 


mxr-mh? 2’ 

or 

x 2 (l +m) 15 

x- (m - m-) 2* 

or 

1 +m _15 


m—mr 2 


From tins equation i\ c can determine the values ol m 

O 

One of these values is g, and putting this for m m the 

o 

equation k 3 * +7ii* 3 =15, aic get jc 2 +gx 2 =15 

From n Inch 11 e find x= ± 3 , 
and then ivc can find y from one of the original equations 

2 V) The examples lihich lie shall noiv give are intended 
as an exercise on the methods of solution explained m the 
four preceding articles 


Examples.— xevn. 


I IB 3 -?/ 5 =37 , 
x 3 +xy+y J =37 

4. 'c 2 +i/=G8 
aa/=lG 

7 K 2 + Kl/ + ?/ 2 = 3 t ) 
3if-~5xy=2o 

10 'c i -'sy + y- — 7 

3 xr + 13 xi/ + 8/ = 102 
13 a? +i/S= 2728 
a 2 — iw/+?/ 2 = 124 . 


2 . x 2 + Gr?/=144 
Gr?/ + 3 Gi / 2 =432 
5 k 5 +?/' , = 152 
x--xy+y-=l 9 . 

8 X‘+xy=G(i 
xy-y l =b 


3. x 2 +xy=2l0 
?/ 2 + 9 t/= 231 . 

6 4 r 3 + 9 xy= 190 . 
4 x- 5 j /=10 

9 3^ 2 + 4?»/=20 
5 x?/ + 2?/ 2 =12 

3 .c 2 + 4 ''-r/+ 5/=71 
6 x+ 7 y— 2 d 
15 x 2 +?j 2 =223 
xy— 108 . 


11 x , —xy= 35 12 

!h/+i / 2 =18 
14. x 2 + 9 xi /=340 
7ai/-?/= 171. 


XXL ON PROBLEMS RESULTING IN 
QUADRATIC EQUATIONS. 


260 The method of stating problems resulting m Quad- 
ratic Equations does not require any general explanation 

Some of the Examples which we shall give involve one 
unkn own symbol, others involve two 


Ex. 1. What number is that uhose square exceeds the 
number by 42? 

Let x represent the number. 

Then x-=x+ 42, 

or, '5 --cc=42, 


therefore 

whence 


x z 
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And we find the values of a; to be 7 or -6., 


Ex. 2. The sum of two numbers is 14 and the sum of 
their squares is 100 Pind the numbers. 

Let x and y represent the numbers 
Then . x+y=14, 

and * a?-ry z =l00 

Proceeding as in Art 252, we find 

x—8 or 6, y—G or 8. 

Hence the numbers are 8 and 6 
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Examples . — xcvm. 

i What number is that whose half multiplied by its third 
part gives 8G4? 

2. What is the number of which the seventh and eighth 
parts being multiplied together and the product divided by 

o 

3 the quotient 13 298^1 

3. I take a certain niunber from 94 I then add the 
number to 94. 

I multiply the two results together, and the result is 8512. 
What is the number 1 

4 What are the numbers whose product is 750 and the 
quotient of one by the other 35 1 

5. The sum of the squares of two numbere is 13001, and 
the difference of the same squares is 1449. Find the numbers 

6 The product of tw o numbers, one of which is as much 
allot e 21 as the other is below 21, is 377. Find the numbers 

t 

7 The half, the third, the fourth and the filth parts of a 
certain number being multiplied together the product is 6750 

-Find the number. 

8 By wliat number must 11500 be divided, so that 
the quotient may lie the same ns the divisor, and the re- 
mainder 51 ( 

g Find a number to which 20 being added, and from 
w Inch 10 being subtracted, the square of the first result added 
to twice the square of the second result gives 17475. 

10 The sum of tw 0 numbers is 20, and the sum of their 
squares is 436 Find the number? 

11. The difference between two numbers is 17, and the 
sum of their squares is 325 What are the numbers ? 

12 What two numbers are tliey whose product is 255 and 
tlie sum of wlio'jo squares is 514 1 

13 Diude 16 into two parts such that them product 
added to the sum of their squares may be 208 

v r?Ai 


w 
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14 . What number added to its square root gives as a 
result 1332 ? 

g 

15 What number exceeds its square root by 48^-? 

16 What number exceeds its square root by 2550 ? 

17 The product of two numbers is 24, and their sum 
multiplied by their difference is 20 Fihd the numbers 

18 . What two numbers are those whose sum multiplied 
by the greater is 204, and whose difference multiplied by the 
less is 35 1 

19 Whet two numbers ard those whose difference is 5 
and their sum multiplied by the greater 228 ? 

20 Find three consecutive numbeis whose product is 
equal to 3 times the middle number 

21 The diffeience between the squares of two consecutive 
numbers is 15 Find- the numbers 

22 The sum of the squares of two consecutive numbers is 
481. Find the numbers 

23 The sum oi the squares of three concecutn e numbers 
is 365 Find the numbers. 


Note If I buy x apples for y pence, 

^ will represent the cost of an apple in pence. 

If I buy x sheep for s pounds, 

- will represent the co«t of a sheep in pounds. 

Ex. A boy bought a number of oranges for ldf7 Had he 
bought 4 more for the same money, lie would have paid 
one-third of a penny less for each orange ' How many did 
he buy ? 

Let x represent the number of oranges 

Then ^ will repiesent the cost of an orange m pence. 


Hence 


Iff 
x " 


1G 


4 


_ 's+4" r 3’ 
or 1G(3 'b+12)=48x + :c 2 ~*-4.c, 
or x- + 4x =192, 

from which we find the lalues of x to be 12 or - 16. 
Therefore he bought 12 oranges 
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24. I buy a number of handkerchiefs for £3 Had I 
bought 3 more for the same money, thej would have cost one 
shilling each less How many did I buy 1 

25 A dealer bought a number of calves for ,£80 Had he 
bought 4 more for the «ame money, each calf w ould have cost 
£1 less Hon many did he buy ? 

26 A man bought some pieces of cloth for .£33 15s, 
which lie sold again for £2 8s the piece, and gained as much 
ns one piece cost lum What did he give for each piece 1 

27 A merchant bought some pieces of silk for .£180 
Had he bought 3 pieces more, he w ould have paid £3 less for 
each piece How many did he buy 1 


28 Fora journey of 108 miles 6 hours less would liaie 
sufficed had one gone 3 miles an hour faster How many 
miles an hour did one go 1 

29 A grnner bought as many sheep as cost lnm £60 
Out of tlie°e he kept 15, and selling the remainder for £64, 
gained 2 shillings a head by them How many sheep dul 
he buy 1 

30 A cistern can be filled by two pipes running together 
111 2 hours, 55 minutes The larger pipe by itself will fill it 
sooner than the smaller by 2 hours What time will each 
pipe take separately to fill it 1 

31 The length of a rectangular field exceeds its breadth 
bj 'one yard, and the area contains ten thousand and one 
hundred square yards Find the length of the sides 

32. A certain number consists of two digits The left- 
hand digit is double of the right-hand digit, and if the digits 
be inverted the product of the number thus formed and the 
original number is 2268 Find the number 

33 A ladder, whose foot rests m a given position, just 
reaches a window on one side of a street, and when turned 
about its foot, just reaches a w mdow on the other side If the 
two positions of the ladder he at right angles to each other, 
and the heights of the windows he 36 and 27 feet respectively, 
find the width of the street and the length of the ladder 
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34 . Cloth, being wetted, shrinks up i m its length and 

in its width If the surface of a piece of cloth is di- 
mimshed by square j’ards, and the length of the 4 sides 
by 4^ 5 ards, -what was the length and width of the cloth 1 

35 A certain number, less than 50, consists of two digits 
w hose difference is 4 If the digits be inverted, the difference 
between the squares of the number thus formed and of the 
original number is 3960 Find the number 

36 A plantation m rou s consists of 10000 trees. If there 
had been 20 less rows, there n ould have been 25 more trees in 
a row How many rows are theie ? 

37 A colonel wished to form a solid square of his men 
The first time he had 39 men over the second time he in- 
creased the side of the square by one man, and then he found 
that he wanted 50 men to complete it. How many men were 
there in the regiment ? 


XXII. INDETERMINATE EQUATIONS. 

261 Whi x the number of unknown symbols exceeds that 
of the independent equations, the number of simultaneous 
values of the sj mbols will be indefinite We propose to ex- 
plain in this Chapter bow a certain number of these 1 allies 
may be found m the case of Simultaneous Equations involving 
tw 0 unknown quantities 

Ex. To find the integral values of x and y which will 
satisfy the equation 

335+737=10 

Here 3'c=10-7 y, 

Izl 

3 


z=3-2 y- 


Eow if x and y are integers, mpst aho be an integer 
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Lot — — =wi, then 1 -y=3m ; 

y=l-3m, 

and x=3-2y+m=3-2 + 6m+m=l + 7m, 

01 tlie general solution of the equation in whole numbers is 
x— 1 + 7m and y=l- 3m, 

where m maj he 0, 1, 2 or any integer, positive or 
negatne 

If m—Q, 1 , y= 1 , 

if in=l, £c= 8, y— -2; 

il m=2, a=15, 1 /= -5, 

and so on, fiom u Inch it appears that the only posi/w«- mte- 
gial values of c and y w Inch satisfy the equation are 1 and 1 


262 It is nc\t to he observed that it is desirable to divide 
both sides of the equation by the smaller of the tu 0 coefficients 
ol tlu. unknown symbols. 

Ex. To lind integral solutions of the equation 
lx+5y=3\ 

Hue 5i/=31 — 7x, 

„ l~2x 
y=Q-x + — g- 

1 — 

Let — ~=m, an integer, 
o 

Then 1 -2x—om, whence 2a: = 1 - am, 

K= \z™_2m 

Let 1 ~ n - =11, an integer. 


Then 1 -m=2n, whence m=l -2n 

Hence x=n-2m—n — 2 + 4n=5ii-2, 

i/=6-K + m=6-on + 2 + l-2n=9-7». 


Now if 

n=0, x— - 

-2,2/ = 

9, 

if 

n— 1, x— 

3,2/= 

2, 

il 

n— 2, x— 

8,2/= 

-3, 

and so on 
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263 In how many nays can a person pay a hill of £13 
with ciowns and guineas? 

Let x and y denote the number oi crowns and guineas 

Then 5x+21y=260; 

. 53=260-212/, 

3=5 2-4i/-|. 

Let |=m, an integer. 

Then y=5m, 

and ®= 52 -4y—m = 52-217)1. 

df 7)i=0, 3=52, 7/= 0, 

7n = l, 3=31,7/= 

7H=2, 3=10, 2/=10, 

and higher values of tji will give negative values of 3 
Thus the number of ways is three 

264 To find a number which when divided by 7 and 5 
will give remainders 2 and 3 respectively 

Let 3 be the number. 

Then — ^ =an integer, suppose m ; 

and -=an integer, suppose 7t 

0 

Then x—7m+2 and 3=5n+3; , 

7m+2=5n+Z, 

5n= 7 th - 1, whence 7t=m+- 2 - - ~ -. 

5 

T . 2m ~ 1 

Let — - — =p, an integer, 
o 

Then 2m = 5p + 1, whence m=2p+ 2LL1 

J!t 

Let^ii= 2 , an integer. 

Then p=2q- 1, * 

m=2p+q=4q-2+q=5q-2, 

3=7m + 2=35g;-12 
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Hence if 5=0, x= - 12 , 

if 5 = 1 , x= 23, 

if 5=2, x— 58 , 

and so cu 


r 

Examples,— xcix. 






Find positne integral solutions of 


1 ').c + “i/=20 

3 13^+195=1170 
5 14a - 5i/=7 
7 ll/+7y=308 
9 20/ -95=083 
11 27 r +45=54 


2, /A +195 = 92 

4 3/+ 55=26 

6 1135 + 155=1031. 

5 4^ - 195=23. 

10 3e + 7y=383 
12 7a + 95=653 


13 

then 


Find two fractions with denominators 7 and 9 and 
07 

sum ; s 


14 Find two proper fractions with denominator 11 and 
82 


13 and tlieir difference 


143' 


15 In how many ways can a debt of £1. 9s be paid m 
florins and half-ciow ns ? 

16 In liow many wajs can £20 be paid m lialf-gumeas 
and half-crowns ? 

17 What number divided by 5 gives a remainder 2 and 
by 9 a remainder 3 ? 

18. In how many different ways may £11 15 s be paid in 
guineas and crowns ? 

19 In how many different wajs may £4 11s. 6d be paid 
with half-guineas and half-crowns ? 

20 Shew that 32330-5275=1000 cannot be satisfied by 
integral values of x and 1/ 
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si A farmer buys oxen, sheep, and hens The whole 
number bought was 100, and the whole price £100 If the 
oxen cost £5, the sheep £1, and the hens Is each, how manj' 
of each had he ? Of how many solutions doe3 this Problem * 
admit 1 - - 

22 A owes B 4s lOr? , if A has only sixpences in his 

pocket and B only fourpenny pieces, how can they best settle 
the matter 1 " 

23 A person has £12 4s m half-crowns, flonns, and shil- 
lings , the number of half-crowns and florins together is four 
times the number of shillings, and the number of coins is the 
greatest possible Find the number of coins of each kind. 

24' In how many wajs can the sum of £5 be paid m 
exactly 50 coins, consisting of half-crowns, flonns and four- 
penny pieces ? 

25 A owes B a slulling A has only sovereigns, and B has 
only dollars woith 4s 3 d each How can A most easily pay B? 

26 Divide 25 into two parts such that one of them is 
divisible by 2 and the other by 3 

2 7 In how many ways can I pay a debt of £2 9s vntli 
crowns and flonns ? 

28 Divide 100 into two parts such that one is a multiple 
of 7 and the other of 11. 

% r 

29 The sum of tuo numbers is 100 The first divided by 
5 gives 2 as a remainder, and if we divide the second by 7 the 
remainder is 4 Find the numbers 

30 Find a number less than 400 which is a multiple. of 7, 
and which when divided by 2, 3, 4, 5, 6, gives as a remainder 
in each case 1. 
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263. The number placed over a symbol to express the 
power of the symbol is tailed the Index. 

Up to this point our indices have in all cases been Positive 
Whole Numbers 

Wc bare now to treat of Fractional and Negative indices , 
and to put this part of the subject in a clearer light, we shall 
commence from the elementary principles laid down m Arts 
45, 46 

266 First, w e must carefully observe the following results 

a?xa 2 ~a£j 

(<jpf=aP 

For tt 3 x« 2 =a a. a, a «=a 6 , 

and (a r ')-—a' 1 a s =a a a a a.a—a° 

These are examples of the Two Rules which govern all 
combinations of Indices. The general proof of these Rules we 
shall now proceed to give 

267 Def When m is a positive integer, 

a n means a a a . . . with « written in times as a factor 

268 There are tw o rules for the combination of indices 

Rule I. a“xa"=a" + " 

Rule II. (a n ) n =a mu 

260. To jyro ve Rule I 

a n = a a a tom factors, 
a*— a ct ft to w factors 
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Therefore - 1 

c" x «"=(«. a a tomfactois) x (a. a. a . . . to n factors) 
=a a a to (m + n) factors, 

=a n+n f by the Definition 

To prove Eole II. 

(»”)* ~a, n .a n i «■' to n factors, 

=(a.a a to m factors) («.«.«. .to m factors) . 
repeated n times, 

=a a. a to mu fact ois, 

hy the Definition 

270 We have deduced immediately fiom the Definition 
that when m and n are positive integers n" x a" = a m ' L “. When 
m and » are not positive mtegers, the Definition has no mean- 
ing We therefore extend the Definition hy saying that a “ and 
a n , whatever m and n may he, shall he such that a x a”=a m+ “, 
and we shall now proceed to shew what meanings we assign to 
a", m consequence of this definition, m the following cases. 

P_ 

271. Case I. To find the meaning of «», p and q Icing 
positne integers * 

E £ E + £ 

a 1 xa'=B> », 

£ £ -£ £+£ £ £+£+£ 
a ! xa ! xo' = a ! f xa 7 =a ? ’ ', 

and by contmumg this process, 

^ “ , r *+£■+£+' •togf'TO* 

a’ x a 1 x . to q factors = a 7 7 7 

= a p 

But hy the nature of the symbol f/ 

g/a” x g]a r x to q factors = a T , 

p p 

(fxfl'x . . to q factors = gja* x gja r x . to q factors 

£ , 

, n 7 = g/a p 


THE THEORY OF INDICES 


203 


272. Case II. To find the meaning of a~', $ Icing a post- 
inc mimlcr, whole or fractional. 

We must first find the meaning of a 0 . 

We have a” x a°=a m+0 

—a” , 

a°=l. 

Now «'x 

=«« 

= 1 . 



273 Thus the interpretation of «"*has Leen deduced from 
Buie I. It remains to he proved that this interpretation 
agrees with Bnle II Tins we shall do by sheuing that Buie 
II. follows from Buie I., whatever m and n may be 

274 To sh ew that («”)” = a"" for all tallies of m and n 

(1) Let n be a positive mteger then, whatever m may be, 
a" to n factors 

»tc n tenns 


{2) Let n be a positive fraction, and equal to jj-, p and 5 
being positive integers , then, whatever be the value of to, 

t P to ( terms 

(a“)’ x (ary x . .to 2 factors = ( a m ) , 1 

= a'" 7 , by (1) 

mp mp 

But a 7 x a * y to q factors —a 11 * 

s=a mr , 


(a m )i=a' r , 


that is, 


(n m )" = a mn 
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(3) Let n— -s, s being a positive number, whole or frac- 
tional* then, •whatever m may be, 

% Art 272, 

v =-i;, by (1) and (2) of this Aiticle , 

Cl 

that is, («")’- ^nr ' 

=a nn 

275 We shall non give some examples of the mode in 
•which the Theorems established m the preceding articles aic 
applied to particulai cases We shall commence with exam- 
ples of the combination of the indices of tn o single terms 

276 Since :c m x af—x^, 

(1) x Tf- e =lB e+a-e = c*. 

(2) 'jfxx—xH 1 

(3) ^-«-k _ i “+ e == '5 , +*+' > 

(4) a"-' 1 a"-” ftp-" C 

_. a n-R+li-n Jn-p4j>-n g 

=a° 1° c 
=1 l.c 
—c 

277 Since (a” 1 )" 

(1) (aP) 3 =K6>< 3 =a:« 

'(2) (a^W*-=?A 
(3) (a G *)^=a CrX ^=a 21 . 

r 

278 Since a?= 

(1) x-= 

(2) J= ^ 
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Note When Examples are given of actual numbera raised 
to fractional po\\ eis, thej may often be put in a form more fit 
for easy solution, thus . 

(1) 144- = (144-) 3 = ( «/l44) 3 = 12 3 =1728* 

(2) 125^=(125J)= = (4/i25) 2 =5 2 =23 

270 Since (jf')’'=z T "' ) 

(1) j (af )" j , = (a"“) f = aT 1 ” 1 

(2) | (a~ m )~” } p = (a" 1 ") f = a""’ 1 
(*5) j (nr")" | ' = (ar 

2S0. Since V"=>p;, 

•we may replace an expression raised to a negative poiver by 
the reciprocal (Art 199) of the expression raised to the same 
po=itiie power thus 

(1) (2) (3) 

a “ a>* 


Examples.— c. 


(1) Expre°s with fractional indices 

1 + i/x- + ( «/x} r 3 4 ( Ifaf + a Ja? 

2 yAf + ycAj~-+ yAf. 4 y 7 p?+ ifa i yw+ z/ayW 


(2) Express u ith negative indices so as to remove all pou ers 
lrom the denominators 


1 a lr , 3 

1 £ + F + F + F- 


2 


£ 3k 4 

v i + y >+ v i 


a? 5x 2 a 

3 4y¥ + 7yz t+ y^ 

ay 1 _£ 

4 3z i+ MY + J?hf 


(3) Express with negative indices so as to remove all powers 
fi om the numerators • 
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1 

2 


1 X X? X 1 

4a-b- Za , 

a + a? + W + 3 

3 t + ^ 

y 2 , v 3 , v‘ 

x^Zr. 5 

' il™! , \la 3 l > 2 

4 3? + c 3 + 


ih 

V ' 


(4) Express intli root-symbols and positive indices 

3 ar 2 aT 3 


i 2a&+3x%y2 +v~iy~ 2 3 


x 

— 2 H — + 

y~ A V~ A 


2 x s +y Aj rti 


.—3 


3 y 


_X — S 

ar 2 is 3 a: 3 ’ 

* 


_j* 


af 


281 . Since af 1 — aj"=--=rc ra ar n =a:’"-", 
ar 


(1) a*-=-a?W- 3 =a* . 

(2) a?— a£= a^ -8 = , c -3 =-i 

3/ 

(3) a:” 1 -^ a:” - ” =aj" =af =aj’ 1 

(4) a‘— . 

a' 

o JL O^J J 

(5) -c 3 — a; 3 =a; 3 3 =a; 3 

. . A 5 JL_ 5 1 1 1 

(6) x~—x^=x^ ' i —x°~^=zx tj =x~ A =~7- 

3 !•* 


282. Ex. Multiply a T -ar r + a r - 1 by a r + 1. 

ex'— ar' + a '- 1 
a’+l 

a' r -a?' + a? r -a T 
+d*'-a?'+a r - 1 
o*'-l 


examples.— ci. 

Multiply 

i. & + afif + if> liy a?>- x”y r + y i '. 

2 cf a a- Srt^i/" + 9a")/ 1 " + 27i/ n by a" - 3?/" 

3 a: 41 — Saar 1 * + 4a 2 by x u + 2aar w + 4a 2 
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4 a" + J" + c r by + c' 

5. a n +l n — 2c' by 2a n — b+<? 

6 'c™-* - y m bj x" + y n "~’' 

7 u?‘—r”f+if n bj .<F+F]f+if“. 

8. a^-b^+c' bj a 1 * 5 -' + 6 ,_>J + c 1 "*. 

9 Form tbe square of o? e +x p + 1 

10 Form tlie square of aF - 7? + 1 

283 Ex. DiuderF-l bytf-l 

% T - 1 ) j*f - 1 + af + 1 

rjfp _ jrV 

X>-1 

x'f-E * 

ar f -l 

tl'-a* 

af-l 

z’-l 


Examples.— cu. 

Divide 

1 /« — y ,n Ijy x n -f 3, of' - if" by rl -if 

2 F* + if* by sC + y\ 4 a >>r + l> ,0? by a ip + IF. 

5 uf* - 243 by a* - 3 

6 a 4 " + + lGs 4 * by a ,m + 2a m x 1 ' + 4 k 2 " 

7 9 c' 1 + 355*' + 14x'’ + 2 by 1 + 5x r + a? f 

8 145 4n c" - 135 Jn ’c s "’ - 5V m + 4dr m <? n by If” + ZiV" - 2&*"c™ 

9 Find the square root of 

a ,m + 6a s " + 15a 4 " + 20a 1 " + 15a 1 ” + Ga" + 1. 

jo. Find the square root of 

of" 4. J=» + <& + 2a m b" + 2aV + 2&"c\ 
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Fractional Indices 

284, Ex, Multiply a® — + 6 3 by a J + b J . 

<? i X 2. 
a 3 — a 3 b 3 +b i 

A 


a — a d 6 J +ft a 6^ 

+a J 6 a —cfift + b 

a +b 


Examplks.— cni. 


Multiply 


2 x ' x 

1 'c' J -2a;‘ , + l by a^-l 

2 y^+y- +2/^+1 by 2 /^ — 1 

3 « 3 - a$'by a f -f a^-gS + 

S.S.5 1 J .X Jl JL JL J XX 

4 a 3 +& J d-c J — a 3 6 3 -a J c 3 — 6 3 c 3 by + + 

5 5a;i + 2x- + 3a&/ - + 7i^ by 2z*’ - 3y% 

. 4 31 £ R 13 4 1 1 

6 m 8 +m ’?i ■ +m’w° + m°n'’ +n 5 by to 7 - n®. 

7 m 3 - 2dkm^ + 4cft by m 3 + 2c$m 3 + 4(?~\ 

8 8re^ + 4a 7 6^ + 5aH‘ , + 96^ by 2a^-3& 7 


Form the square of each of the following egressions 

n n 

it. ajS+i / 7 


9 « J +n 


io v* - a 3 


12 


a+$ 


^3 


, c^-2k 4 


+ 3. 


14 2J + 3%' + 4 


JL l 1 

15 a,° — 1 /"+£" 


1 11 

16 cc 4 + - c* 



^ — 
285 EXl Siuiea J _ proceed^ 

ptt,M8 “ S- h b^* AU ^ 

ttM-k 


Divide 




«UM 

aM-b 
>• — 'ClV« 


Uivw- , „ r-Sl'jbJ ** . 

, x-i/Vy^-s; g 81tt _iobb> sa 4 -2b 

a «-bl»«; + ''; 9 tt _xby^+« a - 

3 xo *-»3***-* 

4 • u lc+ i«n*+TO^f +7 - 

6 m-’xby^-^ ^ 

ill 3 ^+3b-b'byb i , 

13 ” z^M^ xi+yi+z ' 

14 3, 

15 V J+ „i.j’»-'"‘ i “V"" ■ , 

16 ’" + ”‘5 „* , ,'.. 

,7 r ' 4l T>‘ L-4^V:” y r ' 

, s a*+*» a t ,V'-»V«' 


o 


ur* 
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, Negative Indices 

286* Ex. - Multiply v 3 + x~-y~ l + x~hj- 2 + y~ 3 by ar 3 — y~ 
ar 3 + + z~ l y~- + y~ z 
a; -1 -iT 1 

or* +xr s y~ 1 + aT-y~ 2 + v~hj~ 3 
- '<~ 3 y~ l - ar 2 ) T 2 - a rhj~ 3 - f* 

r-*~y~* 


Examples.— cy. 

Multiply 

i a - 1 + Zr 1 by « -1 - Zr 1 2 x~ 3 + Zr 2 by xr 3 - Zr 2 . 

3 x 3 +x+or 1 +x~ 3 by x—x' 1 4 x-- 1+nr- by a, 2 -* 1 +ar ! 
5 or- + Zr 2 by or- - Zr 2 6 or 1 - 1 - 1 4 - e " 1 by a -1 +b~ 1 +c~ 1 
7 1 + air -1 + a-b~ 2 by 1 - «Zr 3 + a-b~- 
S a-b~°- + 2+ ar-lr 1 by a 2 b~ n - -2- a~ 2 ¥ 

9 4ar 3 +3v- 2 +2x~ 1 + lbyx~ s ~v - 1 + l. 

10 ~x ~ 2 + 3 .c~i-l by 

4 o 2 

287. Ex. Divide x 2 + 1 + ar 2 by % - 1 + x~* 
v-l+xr 1 ) ^+l+co -2 ^5+l+ar 1 

'c+ar 2 

(C-l+aT 1 


l-ai^+ar 2 

l-ar^+or 2 


Note The order of the powers of a is 
a 3 , a 2 a\ n°, a -1 , a~~, «- 
a senes bicb may be wntten thus 


\ 


1 1 1 




«' « 2 ’ a 
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EXAMPLES.— cvi. 


Divide 


i a-— , 5~ 2 1 »j x+x -1 2 «- - Zr 2 by a - b~ l . 

3 m 3 + ir 3 by m + n -1 . 4 c 3 - d“ 3 l>y c - (I -1 

5 x-tf-z + 2 + x~-tf by xif x + * _1 y 

6 a -4 + ar-’lr 2 + Zr 4 by a -2 - a _, 6 _1 + Zr 3 . 

7 a -3 # -3 - c-y — 3rij~ l + 3.>r ] // bj xy -1 - arty 


S 


3x~® 


-4^ + 


77ir 3 

8 



33^r l 

4 


+ 27 


by‘'C-ari + 3 
* 2 


9 f^Zr 3 + cr 3 Z> 3 by aZr 1 + a -, & 
to « -3 + lr 3 + c -3 - 3a _l i _1 c _1 by a" 1 + Zr 1 + <r l . 


288 To shew tlmt («&)"=«" b" 

(ah)" —ah ah ah to n factors 

= (a . a . « to n factors) x(b b b to n factors) 

=ft“ 6" 


We shall now give a senes of Examples to introduce the 
various forms ot combination of indices explained m this 
Chapter 


EXAMPLES.— evil. 


4 2 S JL JL 

i Divide x s - Axy + 4x ty + 4 i/ 3 by x j + 2 x 2 2 /~ + 2i/ 


2 Simplify {(af 0 *) 3 (x 0 ) 2 


i 

Uo— 2 


3 Simplify (* m . a 1 *' 1 ) 


( 

1 1_' 

1 1 

x+a x-a 

}x 3 -a 3 aZ+o 5 

x 3 +a- j 

l 

a J 
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5. Multiply |ar 2 + 4 V 1 - ~ by 3ar 2 - 2 jt 1 - i 

4 /v/5~» 2*J 

6 Simplify —4 — 7 Dmde 'cr'*-?/ 5 * by if+i/" 

S Multiply (a- + 6’ 1 ) 3 by a- - 6’ 

9 Divide re — 6 by 4/« - \tb 10 Prove that (a 2 )” 1 = (a") 2 

1 1 If a"” =(«")“, find m m tenus of 11 

1 2 Simplify / 5 a+ * Te tf’* 1- * ^a-!rLe ,^.4+e-^ 


13 

15 

16 

17 

18 


19 


20 

21 


22 


23 


24* 


25 


26 


Simplify (97-G£?r; *4 Dn ide 4a* by 

Simplify [J (a-")-* (']—[) (a")“ (-»’] 


Multiply a" + - 2c“ bj- 2a" -36 


Multiply a"-"6"- 7 by a’ , -*’6<*-”c 
Shew that 

a+6 a 4 + 6 4 


Multiply a 3 + + 1 by - a$ + 1 

*> J - 

and theu product by - x J + 1 

Multiply a" - 6a"" 1 x + ca" -2 a? by a" + 6a" _1 a- - ca"--r\ 

Divide aprtt-U—yMr-V hy xfii-V+yfo-n 
_1 1 

Simplify J (a") " | "+ 1 

Multiply 3 ?' + x^y r + sly* + y*p by of— if. 

Write down the values of 625^ and 12 -2 . 

Multiply a/"- 1 *’’ - hy a* - y n . 

i x. 11 

+3s- - 1 by t ?— 2 x 4 


tss 


XXIV. ON SURDS. 


289 AlTi numbers which we cannot exactly determine,' 
because they are not multiples of a Primary or Subordinate 
Unit, are called Surds. 

290 We shall confine our attention to those Surds which 
originate in the Extraction of roots where the results cannot 
be exhibited as whole or fractional .numbers 

For example, if we perform the operation of extracting the 
square loot of 2, we obtain 14142 , and though we may 
carry' on the process to any required extent, we shall never he 
able to «top at any particular point and to «ay that we have 
lound the exact number which is equivalent to the Square- 
Root of 2 

291 AYe can approximate to the real xalue of a surd by 
finding tw o numbers between which it lies, differing from each 
other by a fraction as small as we please 

Tints, since *J2 = l 4142 

>/2 Ijes between ^ and which differ by ^ , 
also betw een ^ and which differ by ~ , 
abo between ^ and Jgg, which differ by ^ 

And, generally’, if we find the square root of 2 to n places 
of decimal 1 !, w e shall find two nnmbeis between whirh lies 

differing from each other by the fraction 
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292 Next, we can always find a fraction differing from tlie 
real value of a surd by less than any assigned quantity. 

For example, suppose it required to find a fraction differ- 
ing from */2 by less than 

Now 2(12) 2 , that is 288, lies between (16) 2 and (17) 2 , 

( 16 \2 /17\* 

YgJ and ; 

s !2 lies between and , 

16 1 

s}2 differs from bj less than 

293 Surds, though they cannot be expressed by whole oi 
fractional numbers, are nevertheless numbers of which we may 
form an approximate idea, and we may make three assertions 
respecting them 

(1) Surds may be compared so fai as asserting that one is 
gieater or less than another Thus ^/3 is clearly greater than 
a/2, and $9 is greater than £18 

(2) Surds may be multiples of other surds . thus 2 *J2 is 
the double of J2 

(3) Surds, when multiplied together, may produce as a 
result a whole or fractional number, thus 

a/ 2 x a/2 =2, 

. s /3 5 /3 s /3 3 

•* md 

294 The symbols *Ja, £fa, £fa, £/a } in cases where the 
second, third, fourth, and n°‘ roots respectively of a cannot be 
exhibited as whole or fractional numbers, will represent surds 
of the second, third, fourth, and order 

These symbols we may, m accordance with the principles 
laid down m^Chapter XXIII , replace by a^, a$, a^, a*. 
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295 Surds 0/ the same order are those for which, the root- 
sjunbol or nird-mdex is the same 

Tims s ta, 3 njtfib), 4 </(mn), r- are simls of the same order 

Lite surds are those m which the same root-symbol or surd- 
mdex appears oter the same quantity 

Thus 2 s /a, 3 s fa, 4a- are like surds 

296 A whole or fractional numbei maj bo expressed in 
the form of a Bind, bj raising the number to the power denoted 
bj the order of the siud, and placing the result under the 
si mbol of evolution that corresponds to the surd-index 

Tims a = 



297 Siuds of different orders may be transformed into surds 
of the same order by reducing the surd-indices to fractions 
with the same denominator 

Thus we maj transform SJx and i/y into surds of the same 
order, for 

"Ar = y 1j = x r 1 

and i/y - 1/ = y? 2 = l S/f, 

and thus both surds are transformed into surds of the twelfth 

ordei 


Examples.— evin. 

Transform into Surds of the same order. 

1 Js, and s/y 2 J/4 and £J2. 3. V(18) #(50) 

4 #2 and #2 5. %/a and Z/b 6 if (a + b) and *J(a~V) 

298 If a whole 01 fractional number be multiplied into a 
surd, the pioduct will be represented by placing the multiplier 
and the multiplicand side by side with no sign, or with a dot 
( ) between them 

Thus the product of 3 and #2 is represented by 3 J2, 
of 4 and 5 #2 by 20 */2, 

of a and #e .... bya#c 


.{ 


21 6 


cw sunns. 


, 299 Like surds may be combined by tbe ordinary pro- 
cesses of addition and subtraction, that is, by adding the 
coefficients of the suid and placing the result as a coefficient 
of the surd 


l' 


I* 

) 

V 

I 

> 

I 


\ 

1 

t 


I 

I 

1 

t 

! 


\ 

i 


t 1 


Thus Ja+ fja=2 Ja, 

S Jb -2 Jb=2 s !b, 
rjc — N /c =('*;- 1) s/c. 


300. We now proceed to prove a Theorem of great im- 
portance, uhich may be thus stated 

The root of any expression is the same as the pioducl of the 
roots of the cepai ate factors of the crpiession, that is 

,/(«&)= N /« n /6, 

^(^)= 3y </c, 

V(lW)= Vp Vi V’ 

i 

^ « 

We hare m fact to shew from the Thcmy of Indices that 

i IJ 
(i ab) n =a n 6" 

1 s R 

Now { (ab ) " | " = (a b) n = ah, 

ii ii « » 

and {«" 1“ } n = (ft")" (&")'>=«" h'-a l, 

I 11 
|(a&)" !" = {«" &»}», 

ill 

(«&)"=«" b" 


301 We can sometimes leduce an expression m the form 
of a surd to an equivalent expiession 111 th a a hole oi frac- 
tional number as one factor 



V(I2)= V(36 x 2)=. ^(36) k /2 = 6 
4/(128)= 4/(64 x 2)= 4/(64) 4/2=4 4/2, 

- tf(«"r)= Zja' y x =a %x. 


Thus 
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Examples.— cix. 


Reduce to equivalent expressions with a whole or fractional 
number as one factm 


1 

4 

7 

10 


12 

14 

16 

18. 


20 


«/( 24). 

2 . \/(30) 

3 \/(4a 3 ) 

,/(123ahP) 

5 ^(322p0 

6 ^/(1000a) 

s /(720c 2 ) 

8 7.V(30Gx) 9 18^(1^) 

la 3 

" Vt 

14 

*/(a 3 + 2a 2 Js+<wi l ) 

JfsP-Zrhj+srtfi 13 

\/(50» 2 - lOOnft + SOft*) 

^(G3c<i/-42c V+Vy") t5 

J( r )4aW) 

</(lG0^ 

17 

4/(108ni°ii 10 ) 

4/(1372«« i 6 I <0 

*9 

4/(-r* + 3 1 - 3 !/ + 3 r s y s + iry 3 ) 

4/(rt*-3a i & + 3rW -«//•) 



303 An expression containing two factors, one a surd, the 
other a whole or fractional number, as 3 «/2, a «y.c, may be 
transformed into a complete surd 

Thus :V2=(3 -V V2= N /0 ./2= N /(L8), 

a If, = («*/■ </c= 


Examples.— cx. 

Reduce to complete Surd= ' 

1 4 V! 2 3 «/7. 3 5 n 79 

4 2 4/0 S 3, 




4«*/(3r) 


'h 

j~ 6 3 sfa 

8 2ar V® 


9 (» + *>V(53) 10 


/» -’A / 
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303. Surds may be compared by transforming them into 
surds of the same ordei Tims if it be required to determine 
whether s t2 be greater or less than 4/3, we proceed thus 

a/2=2-=2*' = 4/2^= 4/8, 

4/3 = 3 J = 3“ = 4/3 2 = 4/9 
And since 4^9 is greater than $8, 

4/3 is greater than *]2 


EXAMPLES.— CXi. 


Arrange in ordei of magnitude the following Surds 

1 a/ 3 and 4/4 6 . 2 a/ 87 and 3 a/33 

2 a/10 and 4/15 7 2 4/22, 3 4/7 and 4 a/2 


3 2 a/ 3 and 3 \/2 

4 and ^(||) 

5 3 a/7 and 4 a/3 


8 3 a/ 19,5 4/18 and 3 4/82 

9 24/14, 5 4/2 and 3 4/3 

10 ^ /2 4 N/3and i' s/4 


304 The following are examples 111 the application of the 
rules of Addition, Subtraction, Multiplication, and Division to 
Surds of the same order 


1 Find the sum of a/18, a/128, and N /3‘2 

a/(18) + a/(128) + a/ (32)= a/(9 x 2) + a/(64 x 2) + a'(16 x 2) 
= 3a/2 + 8a/2 + 4a/2 
= 15 a/2 

2 From 3 a/( 75) take 4 a/(12) 

3 a/(75) - 4 a/(12)= 3 a/(25 x 3) - 4 N /(4 x 3) 
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3. Multiply n /8 bj n /( 12) 

„/8x V(12)=*/(8xl2) 

= J(9G) 

= ^( 16 x 6 ) 

= 4 s /6 

4 Div ule «/32 by „/18 

^( 32 ) ^( 16 x 2 ) 4 «/2 4 

V( 18 )" 


Examples.- 

Simphfy 

1. V(27)-i-2 N /<48)+3V(108) 

2 3 V(1000) + 4 V(50) + 12 v /(288) 

3 a V (a*®) + 6 JQFx) + c V(c 2 ®) 

4 ^/(128)+ ^(G8G)+ 4/(lG) 

5 7 4/(34) + 3 4/(lG)+;/(432) 

6 V(%W(5 4) 

7 >/(243)- „/(48) 

8 12 V(72)- 3^(1281 

9 3 4/(lG;-2^(54) 


-cxu. 

rr ^ 6 x ^/8 

12 »/(14) x «/(20) 

13 V(60) x ^(200) 

14. ’/( 3 a 2 &) x £/( W ) 

15 */(12a&) x 4/(8(W) 

16 J(12)~J3 

1 7 V( 18 )- V( 50 ) 
x8 Z/{a?b)- y(atf) 

19 U(aV). 


10 7 4/(81) — 3 4^(1029) 20 */(x z +a?ii)-r */(r+2J?y+a?y*) 


303 We now proceed to treat of the Multiplication of 
Compound Surds, an operation which is ill be frequently re- 
quired m a later part of the subject 

The Student must bear m mind the two following Rules 
Rule I. N /« x Jb— *1(0.1), 

Rule II. J a x *Ja — a, 
which will be true for all values of a and 6. 
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Examples,— cxiii. 

Multiply 

r. sfxbjjy 9 */* by - Jx 

2 10 V(k-i) ty - a/(*~i) ^ 

3 V(*+y) by ,/(*+!/) it 3 a/x by - 4 Jx 

4. J{v-y) b y I2 * -2Vat>y-3*/fl 

5 6 V® by 3 ,/*• 13 »/(<<:- 7) by- ^ 

6 7 j/(s4- 1) l>y 8 V(s4- 1) 14 -2V(*+7)by -3 a/s 

7 10 V* by 9 J(x- 1) 15 -4 N /(a 2 -l)by-2 N /(«2-i) 

8. V(3x) by V(4c) 16 2 ^/(a 1 — 2n + 3) by - 3 J(a 2 - 2o 4- 3) 

306 The following Examples mil illustrate the way of 
proceeding in forming the products of Compound Surds. 

Ex. 1 . To multiply K lx 4- 3 liy <Jx 4- 2 
' Jx+3 

,/x4-2 

'(,+3/a 
4-2 ,/x4-G 

X 4-5 a/s 4 - 6 

Ex. 2. To multiply 4*/x+3 ,Jy by 4 s fx - 3 * Jy. 

4 s lx+3*Jy 

A A Jx-3 K hj 

16c4-12 /s /(s!/) 

~12a jizy)-9ij 
16s -9 y 

Ex. 3. To form the square of V(*~ 7) - */a 
V(s-7)- N /s 
#/(®-7)- s fx 

s-7 - V<s 2 -7-) 

- //(x 2 — 7x) a -s 
2s - 7-— 2 a/(s 2 - 7s) 
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Examples.— cxiv. 

Multiply 

i s Ac+7 by V»+2 2 Jj .~5 by V^+3 

3 */(« + 0) + 3 liy *,/(a + 9) - 3 

4 V(«-4)-7 byV(n-4) + 7 
3 ZJx-7 by ^x+4 

6 2 N /(a:~ 3) +4 by 3 - 5) - 6 

7 \f(b + x) 4- sjx by V(6 +4 - V- 

8 ^/(3-c+l) + V(2x - 1) by JZx~ 
g N /ct+ l>y <s/e- Jfa-x). 

jo ,s/(3 ■*■ x) + V® l j y + r) 

11 Vlf+ «/shj «/•«- «/j/+ */' 

12 \f(a-x)+ Jx by s fa - */(a- ■)+ */■>■ 

Form tlie squares of tlie following expressions • 

13 21+ *f(« s -9) 17 2^-e-3 

14 K f(x+S)+ ^(k+8) i8 */(%+ij)- */(■*.- y) 

13 Jx+ V(-c — 4) 19 Jx fJQr+l)- */(x-l) 

16 V(x-6)+V* 20 n /( k + 1)+ a/ k \/(»- 1)- 

307 We maj r now extend tlie Theorem explained 111 
Art 101 "We there shewed how to resolve expressions of 
the form 

aP--V- 

mto factor^ restricting our observations to the case of perfect 
squares 

The Theorem extends to tlie diffcu.net between any tuo 
quantities. 

Thus 

a-b = (*Ja-r ./ft) (*]a- «/M. 
x 1 -y={x+ Jy) (k- Jy) 

1 - v= (1 + Jx) (1 - «/*). 
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308 Hence we can always find a multiplier which will 
free from surds an expression of any of the four forms 

i a+ tjb or 2 N /a+ Jb, 

3 a - s/h oi 4. if a - */b 

For since the fit it and third of these expressions give 
as a product a 2 — b, which is fiee from surds, and since the 
second and fourth give as a product a — b, w hich is free fiom 
surds, it follows that the required multiplier may he m all 
cases found. 


Ex. 1. To find the multiplier which will free from siuds 
each of the following expressions 


1 5+ ^3 2. a/6 + a/5 

3 

2- a/5 

4 

s'7- if 2 

The multipliers will be 

1 5 — 2 a/6 — ,fb 

3 

2+ a/5 

4- 

s'7+^-2. 

The products mil be 

1. 25-3. 2 6-5 

3 

4-5. 

4- 

7-2 

That is, 22, 1, - 1, and 5 





Ex. 2. To reduce the fraction 

a , 
b- , Jc 0 

an 

equivalent 


fraction with a denominator free from surds 


Multiply both terms of the fraction by b+ ift, and it be- 
comes 


cib+a Jc 
W—c ’ 

which is in the required form. 


Examples.— cxv. 


\ 


Express in factors . 

1. c—d 2 c 2 — d. 


4 i-y 5 l— 3® 2 

7 4a 2 - 3x 8 9-8n 

lo p s -4r il.'p-3q- 


3. c — d“» 

6. 5m 2 - 1. 

9 1 111 2 -16. 

12 a Sn — b n . 
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Reduce the following fractions to equivalent fractions with 
denominates fiee from surds 


t 13 

i 16 

/ 


1 fjtt 

a- Jb I4> 

_2 17 V3 

2- s/2 17 2- V3 


J9 


20 


31 


<j 

s f a - -s/t 

1 + V® 

I — */.« 

s /(a+x)+ </(ft-'c ) 
s f (a + s') - N /(« - .<•) 




23 


34 


15 


4+ */2 ., 

4-2^2 7 


'18 


2- a/2 

2+ ,/2 


V(« s +l)-y(m s -l) 

V , (m s + 1)+ V(m*-1) 


ft + V(a 2 -1) 
ft- V(a 2 - 1) 


ft 4- V (ft 2 - X 1 ) 
ft - sfla 2 ~x 2 ) 


309 The squares of all numbers, negative as well as posi- 
the, arc jwsilhe 

Since there is no assignable number the square of winch 
would be a negatne quantity, w>e conclude that an expression 
which appears under the iorm */{ - dr) represents an impossible 
quantity 

310 All impossible qquaic loots may be reduced to one 
common form, thus 

</(-«-> ^{o2x(-l)|= V« 2 .V(-1)=« s'(-l) 

1)| = ^ V(-l) 

Where, since a and »/x are possible niuubeia, the whole 
impossibihty of the expressions is reduced to the appearance of 
s/{ - 1) as a factor 

311 Def By V( - 1) vc understand an expression which 
nhen multiplied by itself produces - 1. 

Therefore 

{V(-i)P=-i, 

iV(-i)i 4 HV(-i)! a iV(-i)i 2 =(-i) (-i)=i, 

and so on. 
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EX AMPLES.- CXVX. 

_ Multiply, obseiving that 

-ax J-b= - s'ab 

1 4+ a/(— 3) by 4— \/(-3) 

2 V3-2V(-2)hy V3+2 n /(-2) 

3 4V(-2)-2V2hy^/(-2)-3V2 

J* 

4 V(-2)+ s/(-3)+ a/( — 4) by V(-2)~ V(-3)- V(~4) 
5 . 3 V( - a) + V( - 6) by 4 „/(-«) -2 V( - b) 

6 a+ */(-«) by a- */(-«) 

7. a V(- a) + &*/(-&) bj 

5 a+y3V(-l)bv. a -/3V(-l) 
g 1- VCl-e^by 1+ V(l-c 2 ) 

IO cl>V(-l) + fl -rV(-« Ijy 

312 We shall now gn e a feu Miscellaneous Examples to 
illustrate the principles explained in this Chaptei. 


Examples.— cxvxi. 


1 

n 

3 

4 

5 

6 

7 

8 


c -1 r Jx+ fjy sjx- Jy 

Prove that |1+ V(-l)j 2 + jl- N /(-l)(-=0 

aaam ^l + ^v. 

Prove thatjl + V(-1){ 2 -]1- V(-l)} 2 = V(-l&) 
Divide k 1 + a 4 by m? + tJ2 ax + a-. 

Dmde m 4 + n 4 by m-— */2mn+n- 
Simplify J(a?+ 2 x-y + w/ 2 ) + (a,- 3 - 2 x 2 y + r ,]f) 

Simplify and verify bj putting 


a = 9 and b — 4 
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9 Find the square of - «/(c<f) 

10 Find the square of a-S 2 - 

1 1 Simplify 

3(??+a 2 ) + #(g 2 -fa 2 )- Jjtf-a 2 ) 

VC'e' + fl-') - *J(x?—a/) + #(a; 2 +a 2 )-*- #(x- - a/) 

J(1 “ *) + -JO+2) 

12 . Simplify 

1+ w^ 

, 3 simplify 

1 4 Form the square of (| + ^) - ~ A 

1 5 Form the square of #(x + a)- #(x - a) 

16 Multiply J#(a*"‘“’ , V m+1 r') by #(a n l» m 'V , ” s ') 

17 . Raise to the 6 “ pouer -l-« #(- 1) 

18 Simplify $(8l) - #(-512) + 3(192) 

es l r 6c 2 l/43?-8z i + 4%\ 

19 simplify 59 j 

20 Simplify ~{ #(3pV - G3pV + 441p 2 * - 1029p 2 ) (" 

2 1 Simplify 2(»-l)^(- 2n4 _ fa; ^ 6;t ,- r l7i ) 

22 Simplify 2(n - 1) #(63) + \ #(ll 2) - 


+ #)175(7i-l) 2 c 2 j 


■W© 


23 What is tlie difference between 

#{17- #(33)j x #{17 + #(33)} 
and *#{G5 + #(129)} x #{65 - #(129)1 ? 

[ba] 


p 
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313 We hare now to treat of tlie method of finding the 
Square Boot of a Binomial Surd, that is, of an expression of 
one of the following forms . 

m+ fjn, m— *Jn. 

where m stands for a whole or fractional number, and *Jn for 
a surd of the second order 


314 We have first to prove two Theorems 

Theorem I. If f Ja=m+ \Jn, m must be rcro. 

Squaring both sides, 

a=m- + 2m »fn+n ; 

2m Jn=a—m--n ; 

, a—m z —n 

' ,n E- > 

that is, \hij a surd, 13 equal to a whole or fractional number, 
which is impossible 

Hence the assumed equality can never hold unless m—Q, in 
which case « Jci— *Jn 

Theorem II. Ifb+*/a=m+ *Jn, then must b =m, and 

For, if not, let b~m+x 

Then m-bx-r Ja=m+ \/n, 

or x+ ,fa— fjn, 

which, by Theorem I , is impossible unless <c—0 } in whieh case 
b—m and tja = *Jn 


315. To find the Square Root of a + s rb 

Assume - J(a-b V&)= \te+ K hj 
Then « + */b—z J -2 f J(i.y)+y s 

x-*-y=a . 

2 *J(zij)= s fb 
from which we have to find x and y 


( 1 ), 

.( 2 ), 
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Now from (1) '<" + 2xy+y 2 =a? } 

and from (2) 4xy=b, 

x--2xy+y 2 =a e —b, 

x-y= a /(« 2 - 6 ). 

Also, ' x+y=a. 

From these equations we find 

i) and 

^ 2 

Similarly we may show that 

310. The practical use of this method will he more clearly 
seen from the following example 

Find the Square Root of 18+2 */(77) 

Assume V{ 18 + 2 */(77) { = «/*+ */!/ 

Then 18 + 2 */(77) = a: + 2 + y , 

x+y= 18 1 

2V(*y)=2V(77)| 

lienee k 2 + 2ai/ + j/ 2 = 324 "| 

4s?/=308j ’ 

~-'/„ 2 - 2a,?/ + y 2 = 10 , 

x-y= ±4, 

also, oi+ 1/ = 18 

Hence «=11 or 7, and y=7 or 11 

That is, the square root lequircd is «/(ll) + V7 


ON SURDS 
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EXAMPLES.— CXVIXI. 


Find the square roots of the following Binomial Surds 


1 10+2V(21). 

4. 94 — 42 a/5. 

7 14-4V6 

IO 87 - 12 \/(42) 


2 16 + 2^(55) 

5 13-2 \/(30). 

8 103-12V(H) 

n s|- V(10) 


3 9-2V(14) 

6 38-12 V(10). 
9 75-12^(21) 

12 57 - 12 \/(18) 


317. It is often easy to determine the squaie roots- of 
expressions such as those given in the precedmg set of 
Examples by inspection 

Take for instance the expression 18 + 2 \/(77) 

Wliat we want is to find tuo numbers u hose sum is 18 and 
whose product is 77 these are evidently 11 and 7. 

Tliep 18 + 2 */(77)=ll + 7 + 2 */(ll x7) 

= { n /(U)+ n /7P 

That is N /(ll)+ */7 is the squaie root of 18+2 */(77). 

To effect this resolution by inspection it is necessary that the 
coefficient of the surd should he 2, and this we can always ensmc 

For exanlple, if the proposed expression be 4+ \/(15), we 
proceed thus 

4+ n /( 15) — - — — ' 5 + 3 + 2 ./(o x 3) 

2 2 

_ ( V® + V3\ 2 
\ V2 ) * 

— is the square root; of 4 + V(15) 

Again, to find the Square Boot of 28 - 10 */3 
28-10 N /3 = 28-2 N /(75) 

= 25 + 3-2^(25x3) 

=<5- V3) 2 , 

■ .. 5- a/ 3 is the square root required. 


XXV. ON EQUATIONS INVOLVING SURDS. 


318 Axr equation may be cleaied of a single surd, by 
transposing all tbe other terms to tbe contrary side of the 
equation, and then raising each side to the power correspond- 
ing to the order of the surd 

The process wall be explained by the following Evamplcs 

Ex. 1. */x=4 

liaising both sides to the second pouer, 
x= 16 


Ex. 2. j/x=3. 

Raising both sides to the third powei, 
a; =27 


Ex. 3. ^k 3 + 7)-k=1 
Transposing the second term, 

*J(?? + 7) = 1 + A 

Raising both sides to the second power, 
x I 2 +7 = l+2x+<c 2 , 
x=3 


Examples.— cxix. 


I x “ / 

4 ^=2 

7 *J(x+9)*=G. 
io (a-9)“ = 12 


2 *Jx = 9 
5 a$=3 
8 V(«-7)=7 
II $(4je-lb)=2 


3 »-=5 
6 i]x =* 4 
g v '(a:-15)=8 
12 20-3 rjx=2. 


Ik 1 1 
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13 

^/(2 a + 3) + 4= 7 

17 

V(4b 2 + 5b-2)=2c+1 

14 

b+cjx=a 

18 

is/(9x 2 - 12s - 51) + 3 = 3x 

IS 

>J(x?-9)+x=Q 

19 

- ax+b) - a—x. 

16 

ll)=a,— 1 

20 

V(25 j? - 3 mx+n) - 5 >*=m. 


319 Wlien two surds are involved in an equation, one at 
least may be made to disappear by disposing the terms m 
such a way, that one of the surds stands by itself on one side 
of the equation, and then raising each side to the powei coi- 
responding to the order of the surd If a surd he still left, it 
can be made to stand by itself, and removed by raising each 
side to a certain, power 

EX. 1. V(s-16)+ n /b=8 

Transposing the second term, we get 
*/(a- 16 )= 8 - Jx. 

Then, squaring both sides (Art 306), 
x- 16=64— 16 
therefore 16 ^=64+16, 

or 16Va:=80, 
or */x—5 , 
e=25 

Ex. 2. „/(x-5)+ J(x+7)=6 

Transposing the second term, 

5)=6- V(cs+7) 

Squanng both sides, b- 5 = 36 -12 */(a, + 7)+a;+7 , 
therefore 12 V(a+7)=36+'c+7-£c+5, 
or 12 */(k + 7)=48, 

or VCc+7)=4 

Squanng both sides, b+7=16 , 

therefore x=9. 
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Examples cxx. 


1 V(10+/)+ fj.c=8 

2 16)=8- \fc 

3 + 15)4- ^r=15 
4. VC® - 21) = \fx-l. 

3 — 1 ) = 3 — \f (jj + 4 ) 


6 1+ V(3j,+ 1)= ^(4k+4) 

7 1- V(1 -3-0=2 V(l-&) 

8 «- aJo 

9 »A+ \f(-c-vi)=~ 

10 V(-«-l)+ V(»~4)-3=0 


320 When Surds appear in the denominators of fractions 
m equations, the equations may be cleared of fractional terms 
by the process desenbed in Art 186, care being taken to 
follow the Laus of Combination of Surd Factoia given in 
Art 305 


Examples.— cxxi. 


1 

2 

5 

6 

7 

S 


*/e+ 

Vc+V(«-21)=|| 


3 

4. ^-15)+^=-^ 


V/+ ^_4)=-^A T) 

v /* + V(3«+r,)- 7( |^ 7 )=U 

\f(a-c)+p_ b- a 
x + b ~~b- tj{as) 

(1+ ijc) (2— 


%/■<!+ 16 ^<•{•32 

^ V.c+4 ~ /vfe+12 

*Jx~8 *Jx-4 

aJx+2 


321 The following aie examples of Surd Equations result- 
ing in quadratics 

2 

EX. 1. 2 N fe+- 7 ,=5- 

Clearing the equation of fractions, 2s+2=5 */& 


— c? 
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Squaring Lotli sides, we get 4a, 2 + 8a: + 4 = 25a; ; 

■whence u e find a, =4 oi i 
' 4 

Ex. 2. „/('«.+ 9) = 2 V',- 3 

Squaimg Loth sides, a,+ 9=4 k- 12 Jx+Q , 
therefore 12 Jx=Zx, 

or ' AJx=x 

Squanng Loth sides, 16a;— -c 2 

Divide liy x, and we get 16 =x 

Hence the a allies of x which satisfy the equation are 16 
and 0 (Art 248). 

Ex. 3. \/( 2 .l + 1) +2 \fx — + 1) 

Clearing the equation of fractions, 

2e + l+2 A /(2a? ! +a:)=21; 
therefore 2 «/(2x 2 +a;) =20 - 2a:, 

or ^/(2'5 2 +a,) = 10-a 

Squaiing Loth sides, 2a?+x=100-20x+x 2 , 
vhence a;=4or -25 

322. We shall now give a set of examples of Siud Equa- 
tions some of n Inch are reducible to Simple and others to 
Quadratic Equations 


Examples.— cxxii. 



X 4.c- 12 N te=16 ' 4. V(6x-ll)= ^(249-2^). 

2 45 — 14^3= -* 5 - V(6-a;)=2- V(2a;-1) 

3 3 V(7+2a: 2 )=5 V(4®-3) 6 »-2 N /(4-3a:) + 12=0 " 

7 «/(2r + 7) + V(3ar - 18) = Jpx + 1) 

S 2 V (204- 5a:) = 20 - N /(3a; - 68) 



ON EQUATIONS INVOLVING SURDS 


2 33 


„ / . 33 

9 v*c 4= * , 

J Jx + 4 , 

14. */(•»+ 4) + aJ ( 2 x - 1)=6 

60S 

10. + 

15 V(13x-1)- a/(2s- 1)=5 

II V(?+ 5) x /(x+12)=12 

16 */(7.t,+ l)- */(3 k+1)=2. 

12 n /(u + 3)+ V(*+8)=5^ 

17. a/(4+k)+ fJx—Z 

13 v/(23 +«) + ^(25 - 0) = 8 

525 

18. */*+ V(.c+9975)=~ 


19 '\/(s +3 ) +/ \/^~ 3 ) = V® 

30 ^ , “ 1 ) +6 =7cS=T)- 


SI. ^j(-«-tt) 2 +2a6+& 2 j =*x-a + b 
22. V{{* + a) a + 2«&+b s }=l>-a-a! 

23 V(«+4 )- Vk=^/(x+|) 

24. 36 »/(•«+ 4) + ^/(jc+ 5)=0 

33. */(4+.«)- ^3= ,/e. .27. ^(35-4) = -~- 4) 

28 a s =21+ V(^-0). 

29. V(50+«)- V(50-a}=2 

30 V(2*+4)-^(|+6)=l 

3 r. ^+^+^-^3 

1,1 1 

32 ' V(!S+1) + ^(*-1)“ ^-1) 
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XXVI. ON THE ROOTS OF EQUATIONS. 


323 TVe have already proved that a Simple Equation, can 
have only one root (Art 193) we have noiv to piove that a 
Quadratic Equation can liar e only two roots 

324 "We must fust call attention to the following fact. 

If mn= 0, eithei m=0, o; n=0 

Thus there is an ambiguity but if we know that m cannot 
be equal to 0, then we know for certain that n~0, and if we 
know that n cannot be equal to 0, then we know lor certain 
that m=0 

Furtliei, if lmn=0, then either l— 0, ot m—0, or «=0, and 
so on for any number of factors. 


Ex. 1. Solve the equation ('c— 3 )(j,+ 4)=0. 
Here w e must have 


that is, 


53-3=0, or «+4=0, 
’.=3, or r c= —4 


Ex. 2. ( x -3a) (ox- 26) =0 
Here we must have 


. that is, 


ss-3a=0, or 5x-2b=0, 

O 2 b 

53 = 3a, or ?;=— - 
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Examples.— cxxm. 

i (<--2)Cs-3)=0 2 (&— 3)(k + 7)=0 3. (a, + 9)(a + 2)=0. 
4 . (/- — 5«) ('<, — GIi) = 0 6 (19a: -227) (14k + 83) =0 

5 (2x+7)(3k-5)=0 7 (ok - 4m) (6 k - 1 In) = 0 

8 (K 3 +5«K+6a 2 )(K 2 — 7aa+12a ? )=0 

9 (x 2 - 4) (x 2 - 2ax + ct 2 ) = 0 
10 K(a: 2 - 3 K )=0 

11. («ck— 2a+b)(bcx+3a- h) = 0 
12 (c.C - (l) (ex - c) = 0 

325 The general form of a quadratic equation is 

«k 2 +&s + c=0 

Hence af:c 2 + -»: + -^=0. 

\ a a/ 

Hoiv a cannot =0, 

k 2 + - k +~=0 
a a 

l) c 

Writing p for - and q for we may take the following 

as the type of a quadratic equation of winch the coefficient of 
the first term is unity, 

k 2 +2*8+3= 0 

326 To show that a quadratic equation has only hvo roots 

Let x 2 +px+q — 0 he the equation 
Suppose it to have three different roots, a, b, c 


Then 

£t 2 + qp + 3=0 

a), 


b 2 + &p+2=0 

(2), 


c 3 + cp + 2=0 

(3). 

Subtracting 

(2) from (1), 



a 2 — h 2 l (a-b)p= 0, 


1 

(a-6)(a+ l+p)=0 
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Now a -l does not equal 0, since a and b are not alike, 

a+b+j)=Q (4) ^ 

Again, subtracting (3) from (1), ' , 

« 2 -c 2 + (a-c)p=0, 
oi, (a-c)(a+c+p)=0 

Now a—c does not equal 0, since a and c are not alike, 
«+c+p= 0 . . .(5) 

Then subtracting (5) from (4), we get 

b-c—0, and therefore b—c. 

Hence there are not more than iuo distinct roots 

327. 4Ve now proceed to show the relations existing be- 
tween the Boots of a quadratic equation and the Coefficients 
of the terms of the equation 


328 aP+in+q— 0 

is the general form of a quadratic equation, in which the co- 
efficient of the fust term is unity. 


Hence 


'c-+jp>,= —g 


Now if a and ft be the roots of thp equation, 

“"-1 + a/(5' 5 ) • 

Adding (1) and (2), we get 

ft ~~ ~~ p .. ... . .. 


..( 3 ), 


V. 
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or 


or 


Multiplj ing ( 1 ) and ( 2 ), we get 

ap-q 


( 4 ) 


From (3) we learn that the sum of the roots is equal to the 
coefficient of the second term mth its sign changed 

From (4) we leam that the piodvcl of the roots is equal to 
the last te 1 m 


.529. The equation ;<"-tpr + q=0 has its roots real and 
different, leal and equal, or impossible and different, according 
asp 2 is > = or <4q 


For the roots are 

-a + V(?"*)’ OT 

and -l-^/(f- 2 )> or 


-p+ K '(j? ~ 4 ?) 

2 ” ’ 

-P- V(p 2 -4g) 
2 


First, let p- be greater than 4 q, then - 4g) is a possible 
quantity, and the roots are different in value and both real 

Ne\t, let p 2 =4(/, then each of the roots is equal to the real 

— M 

quantity -~- 


Lastly, let p- be less than 43 , then \Hp-~4q) is an impos- 
sible quantity and the roots are different and both impossible 


Examples.— exxiv. 

j If the equations 

((x 5 + 6.t: + c=0, and a'n?+b'x+<f= 0 , 

have respectively tivo loots, one of which is the reciprocal of 
the other, prove that 

(aa'-c(f)' 2 = IpV - be 1 ) ( 11 'b - Vc). 
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2 If a, (3 be the roots of the equation ct'C‘+bx+c=0, prm e 
that 


a* 


3 If a, j3 he the roots of the equation ax 2 +bx+c—0, prove 
that 

aca, 2 +(2ac-lP)x+ac=ac 

4. Prove that, if the roots of the equation ax 2 +bx+c—0 he 
equal, ax-+bx+c is a perfect square with respect to x 

5 If a, (3 represent the two roots of the equation 

x? - (1 +a) x +|(1 + a+ a?)*=0, 
show that a-+(3?—a. 


330 If a and (3 he the roots of the equation a?+px+q=0, 
then x?+px+q~(x-a)(x~/3) 

For since p= -(a+/3) and g=a/?, 

x 2 +px+q=x?-(a + l3)x+afi 

= (»-a)(s ,-p) 

Hence we may form a quadratic equation of which the roots 
are given 

Ex. I. Form the equation whose roots are 4 and 5. 
Here ®-a=»— 4 and e-/3=®-5; 

the equation is (®-4)(«-5)=0; 
or, rc 2 — 9.1 + 20=0. 

Ex. 2. Form the equation whose roots are ~ and - 3. 
Here ®-a=®-i and x-f}= a.+3, 

. the equation is (® ~ |) ( x + 3) = 0 , 

or, * (2 k-1)(®+3)=0; 

or, 2 x 2 +5k— 3=0 
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Examples. — cxxv. 


Foto the equations -whose roots are 
1 5 and 0 2 4 and -5 



7 m+n and m—11 


5 7 and -~ 

8 - and 4 

a (j 


3 

6 

9 


-2 and -7 
v/3 and - ^/3 

“ 1 P 

— n and - 
fi a 


331. Any expression containing x is said to he a Fuxction 
of r An expression containing any symbol x is said to he a 
positive integral function of x when all the powers of * con- 
tained m it have positive integral indices 

3 1 

For example, 5a? + 2x' + + yf? + 3 is a positive integral 

function of ", hut Gas 5 + 3^ + 1 and C.c 7 - 2.rr 2 + 3x 2 + 1 are 

not, liecause the first contains ee J , of winch the index is not 
integral, and the second contains ar 2 , of which the index is not 
positive 

332 The expression 5 k 3 + 4s 2 + 2 is said to be the expres- 
sion corresponding to the equation 5& + 4a: 2 + 2=0, and the 
latter is the equation corresponding to the former 

333 If a he a loot of an equation, then is-a i« a factor 
of the corresponding expression, provided the equation and 
expression contain only positive integral powers of x This 
principle is useful 111 resolving such an expression into factois 
lYe have already proved it to he true in the case of a quadratic 
equation The general proof of it is not suitable for the stage 
at which the learner is now supposed to he ainved, hut we 
will illustrate it by some Examples. 
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Ex, 1. Resolve 2x s - 5v + 3 into factors 

If we solve the equation 2i?-5's+3=0, we shall find that 
3 

its roots aie 1 and ^ 

Now divide 2x 2 -5x+3 hy x-1 , the quotient is 2a; -3 
that is 2^05- 

* the given expression =2(r-l) 

\ 

Ex. 2. Resolve 2a?+v 2 - llr- 10 into factors 

By trial xve find that this expression vanishes if we put 
x= - 1 , that is, - 1 is a root of the equation 

2.r 3 +r 2 - 11s- 10=0 

i ( 

Divide the expression hy * + 1 the quotient is 2%- - r - 10 } 
the expression = (2x- - s - 10) (s + 1) 

=2(r 2 -|-o)(r + l) 

oc 

We must now resolve x 2 -^~ 5 into factory hy solving the 

* Qj 

correspondmg equation x 2 - g — 5 = 0 
The roots of this equation are - 2 and 

Jt 

. 2s 3 +s 2 -llr-10==2(r-f-2)(x~|)(s+l) 

= (r + 2) (2r - 5) (® J- 1) 


Examples. — cxxvi. 

Resolve into simple factois the following expressions • 


x '<?-lU 2 +36x-3 6 
3 x 3 -5c 2 -46x-40 

5 0« 3 + 11k 2 — 9a?— 14 

7 « s -P - c 3 -3«Jc 
9 2/ 3 -5x 2 -17x+20 


2. s?~7x 2 +U%-8 
4. 4,v t +6% 2 +x — l 

6 x?-i-y 3 +v l — 3xyr 

8 3s 3 — r 2 — 23x4-21 

10 15x s +41a 2 +5r-21. 
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334 If u c can find one loot of such an equation as 

2k 3 +k-— Hk— 10=0, 

Me can find all the loots 

One loot of the equation is - 1 , 

('c + 1) (2.C 2 —a— 10) = 0 , 

21+1=0, 01 2a; 2 — ss— 10=0, 

v=-l, 01 -2,oi | 

Similarly, if Me can find one root of an equation involving 
the 4“ pouer of x, mc can derive from it an equation involving 
the 3 M and loM'ei poM ers of xc, from ivhich M’C may find the ether 
loots And if again u*c can find one root of this, the othei 
♦u 0 roots can he found from a quadiatic equation 

335 Anj equation into which an unknown symbol or ex- 
pression enters m tuo lenus only, having its index. m one of 
the twins doitllc of its index m the other, maj r bo solved m a 
quadiatic equation 

Ex. Soli e the equation ^-6^=7 

Regarding a 3 as the quantity to be obtained by the solution 
oi the equation, mc get 

5«h-6s :! +9=16, 

therefore z 3 -3= ±4, 

therefore k 3 = 7, or & 3 = - 1 

Hence 'c= if 7 or 55 = £/- 1, 

and one value of 4/ - 1 is - 1 

330 In some cases by adding a certain quantity to both 
sides of an equation we can bring it into a form capable of 
solution, thus, to solve the equation 

» 2 + 5k + 4 = 5 V(k 2 + 5rc + 28), 
add 24 to each side 

Then re 2 + 5x + 28 = 5 */(£- + 5 j, + 28) + 24 , 

or, a; 2 + 5 k + 28 - 5 + 5k + 28) = 24 

This is now m the foim of a quadiatic equation, the un- 
known quantitj being /s /(x 2 + 5’-+28), and completing the 
square we have 
[8 A.] 


Q 
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. ^2 + 5« + 2S-5 V(a 2 + 3v+28) + ^=~, 

V(a: 2 +5'c+28)-|= ±y» 

whence <k /(« 2 +5a:+28)=8 or — 3; 

. a? +5x + 28 = 64 or 9; 

fiom uliich we may find four values' of x, viz. 4,-9, and 

5.. 4-51) 

“I* 2 


Examples.— - cxxvTi. 


Find loots of the following equations 


3 

5 

7 

9 

TO 


^-12 < 2 = 13 - 

s? -r 22 j; s + 21 = 0 

K 3^~12 
^r- 2 +3jr 1 =^. 


2 e°+14.c?+24=0 

4 ar n +3:s n =4 
, 91 5 

6 *-r‘"s 

8 ar s, ‘-ar’*=20 


v>-2a;+6(s?-2.e+5)^=ll. 

-s 2 — -e + 5 4 ^ 2 — 5'c + 5 )=— • 


IX. 'B 2 — 2 V(3a- 2 -2aa, + 4) + 4==y(a;+|+l). 

12 oa + 2 ^/(a 2 — a£ + a 2 ) =a? -f 2a 

337 Every equation has as many loots as it has dimen- 
sions, and no more. This we have proved m the case of 
simple and quadratic equations (Art® 193, 323) The general 
proof is not suited to this woik^hut we may illustrate it hr 
the following Examples 


Ex. 1. To solve the equation a 3 — 1 =0 
One root is clearly 1. 

Dividing by x - 1, we obtain a, 2 +x+l = 0, of which the roots 
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lienee the three roots aie 1, — — - and — j 

2 2 

Ex, 2. To ••olve the equation k*- 1 =0 
Two of the roots are evidently + 1 and - 1 

- Hence, dividing by (x- l)(x + 1), that is by s"- 1, we obtain 
s ?+ 1 =0, of winch the roots arc j - 1 and - V- 1 

Hence the four roots are 1, - 1, V - 1, and - N /-l 

The equation — Gx 3 = 7 will 111 like manner have six 

root", for it may be reduced, as in Art 335, to two cubic 
equations, a? - 7 = 0 and j? + 1 = 0, 

each of ■which has three roots, which may be found as m 
Ex 1 


XXVII. ON RATIO. 

338 If A and E stand for two unequal quantities of the 
same kind, w e may consider their inequality m two ways. We 
may ask 

(1) By vital quantity one is gieatcr than the other 7 

The answer to this is made by stating the difference bc- 
tw een the two quantities N ow since quantities are represented 
in Algebra by their measures (Art 33), if a and h be the 
measures of A and B, the difference between A and B is 
represented algebraically by a - h 

(2) By hoio many times one is greater than the other 7 

The answer to this question is made by stating the number 

of tunes the one contains the other 

Note The quantities must be of the same Intel We can- 
not compare inches with hours, nor lines w ltli surfaces 

339 The second method of comparing A and B i« called 
finding the Kamo of A to B, and we give the following defi- 
nition, 

Def Katio is the relation which one quantity bears to 
another of the same kind noth respect to the number of times 
the one contains the other 
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340 The ratio of A to B is expressed thus, A B , 

A and B are called the Terms of the ratio 

A is called the Antecedent and B the Consequent. 

341 Now since quantities are lepiesented m Algebra by 
tlieir measures, we must represent the ratio between two 
quantities by the ratio between their measures. Oui next 
step then must be to show' how to estimate the ratio betw een 
two numbers This ratio is determined by finding how many 
times one contains the other, that is, by obtaining the quotient 
resulting from the division of one by the other. If a- and b, 

then, be any two numbers, the fraction - will express the ratio 

of a to b (Art. 136 ) 

342. Thus if a and b be the measures of A and B respec- 
tively, the ratio of A to B is repiesented algebraically by the 

fraction ~ 
b 

343 If a or b oi both are surd numbers, the fraction ? 

’ b 

may also be a surd, and its approximate value can be found by 
Art 291 Suppose this value to be where m and n are 
whole numbers then we should say that the ratio A . B is 
approximately represented by — 

344 Ratios may be compaied with each othei, by com- 
paring the fractions by which they aic denoted 

Thus the ratios 3 4 and 4 5 may be compaied by com- 

3 4 A 

paring the fractions - and ^ 

These are equivalent to ~ and ^ respectively, and since 

2o ^ greater than the ratio 4 5 is greater than the 
ratio 3 . 4 
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Examples.— cxxviu. 


1 Place in order of magnitude the ratios 2 3, 6 7, 7 9 

2 Compare the ratios x+3y x+2y and a + 2 y x+y 

3 Compare the ratios x-5y x-4y and a - 37 / a-2y. 

4 . What number must be added to each of the terms of the 
ratio a b, that it may become the ratio c di 

5 The sum of the squares of the Antecedent and Conse- 
quent of a Batio is 181, and the product oi the Antecedent 
and Consequent is 90 What is the ratio! 


345. A ratio of greats inequality is one whose antecedent 
is greater than its consequent 

A ratio of less inequality is one whose antecedent is less than 
its consequent 

Tins is the same as saying a ratio of greater inequality is 
represented by an Improper Fraction, and a ratio of less in- 
equality by a Pioper Fraction 

34G A Ratio of greatei inequality is diminished by addmq 
the same number to both its terms 
Thus if 1 be added to both terms of the ratio 5 2 it becomes 

G 3 , which is less than the former ratio, since g, that is, 2 , is 


less than ^ 

And, m general, if x be added to both terms of the ratio 
a b, where a is greater than b, we may compare the two 
ratios thu«, 

ratio a + x : b + x is less than ratio a b, 


il 

if 

if 

il 

it 


be less than -f, 
h+x v 


ab + bx 


be less than 


ab + ax 


lA + Vx — b- + bx’ 

ab + bx be less than ab + ax, 
bx be les3 than ax, 
b be less than a 


Non b is less than « ; 

a+x b +8 is less than a b. 


1 


246 


ON RATIO. 


347. We may observe that Art 346 is merely a repetition 
of that which we proposed as an Example at the end of the 
chapter on Miscellaneous Inactions There is not indeed any 
necessity for us to weary the rea'der with examples on Ratio • 
for since we express a ratio by a fraction, nearly all that we 
might have had to say about Ratios has been anticipated m 
our remarks on Fractions. 


348 The student may, however, work the following Theo- 
rems as Examples 

(1) If « h be a ratio of greater inequality, and x a positive 
quantity, the ratio a-x b-vis greater than the ratio a b 

(2) If a * 6 be a ratio of less inequality, and x a positive 
quantity, the ratio a+v b +x is greater than the ratio a b. 

(3) If a b be a ratio of less inequality, and x a positive 
quantity, the ratio a—x- b—x is less than the ratio a b 


349. In some cases we may from a single equation involv- 
ing two unknown symbols determine the ratio between the 
tiro (symbols. In other words we may be able to determine the 
relative values of the two symbols, though we cannot determine 
their absolvte values 
Thus from the equation 4z=3 ij, 


we get 


, a;_3 
y~ 4 


Again, from the equation 3z 2 =2y 2 , 

we get~o=|^ and therefore 

V 3 y *jZ 


EXAMPLES.— cxxix. 

Find the ratio of x to y from the following equations : 
i 9t,=6 y 2 ax=by. 3 (u-by—cc+dy. 

4 z 2 +2xij=5y 2 5 x 2 - 12xy=13y 2 . 6 x 2 +imy=v?y 2 . 

7. Find two numbers m the ratio of 3 4, of vhicli the 
«um is to the sum of their squares 7 50 

8 Two numbers are in the ratio of 6 7, and when 12 is 
added to each the resulting numbers are in the ratio of 12 13 
Find the numbers 
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g The sum oi two numbers is 100, and the numbers are 
m the ratio of 7 13 Find them 

10 The difference of the squares of two numbers is 48, 
and the sum of the numbers is to the difference of the num- 
bers in the ratio 12 1 Find the numbers 

11 If 3 gold coins and 4 silver ones are worth as much as 
3 gold coins and 12 silicr ones, find the ratio of the value of a 
gold com to that of a silvei one 

12 If 8 gold coins and 9 silver ones are worth as much as 
C gold corns and 19 silver ones, find the ratio of the i alue of a 
sih er com to that of a gold one 


330. Ratios aie compounded by multiplying together the 
fractions by which they are denoted 
Thus the ratio compounded of a b and c (l is «c . Id. 

EXAMPLES.— CXXX. 

Wnte the ratios compounded of the ratios 

1 2.3 and 4 5 

2 3 7, 14 9 and 4 3. 

3 '•?— H' '<? + y 2 and x 2 -xy+ y 1 x+y. 

4 a 2 — lP + 2bc-c i o? -b-- 2bc - c 2 and « + 6 + c n + 6 — c 

5 m 1 + a 3 m 2 — w 1 and m — n m + n 

6 fe 2 + 5a+0 y 1 — 7i/ + 12, and if - 3y x- + 3x 


371 The ratio a 2 , V 2 is called the Duplicate Ratio of a l 
Thus 100 64 is the duplicate ratio of 10 8, 
and 3G'e 2 2 9i/ 2 is the duplicate ratio ot Qx 5 ij 
The ratio «' 1 6 s is called the Triplicate Ratio of a l 
Thus G4 27 is the triplicate ratio of 4 3, 
and 343 c" 1331 if is the triplicate ratio of 7a Ihj, 
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352 The definition of Ratio giwn in Undid is the Mine ns 
in Algebra, and «o also is the expression for the ratio that one 
quantity Jienis to anothei, that is, A : JJ But Undid rannot 
employ fractions, and lienee he cannot represent the a. due of a 
ratio as we do m Algebra. 


XXVIII ON PROPORTION. 

333 Proportion consists in the eqtmlitx of two ratios. 

The algebraic te-t of Pnorontio;, i>> (hat th> • tro fractions 
representing the ratios mint In 'gnat. 

Thus the ratio a * h will b° equal to the ntu> c : it. 



ami the four numbrs n, h, r, <1 an m «nch n ca=e said to l>e in 
pioportion 

334. If the ratios a . h and r : d form a pioportion, we 
e\pre«3 the fact thus 

a ti—c it. 

This is the clearest ninnnei of expressing the equahtj of the 
ratios a . b and c . d, but there h anothu wax nt expre.-mg 
the same fact, thus 

n h : c : d, 

which is lead thus, 

« is to h as c is to d. 

The two terms a and d are called the UxTOrstts, 

.. I and e the Mi a?. 1 - 

333. men foui numbers are in pioportion, 

product of extremes— pnoduct of mans. 

Let a, b, c, d be in propoitiou. 



ON PROPORTION 


249 


Multiplying both sides of the equation by bd, vve get 
ad=be. 

Conversely, if ad— be tve can show that a ,b=c ,d 

For since ad=bc, 

dividing both sides by bd, we get 

ad_hc 

bd~bd! 


that is^ a b=c d 

350. If «(l=tic, 

Dividing by cd, we get ,i.c a c=b d , 

(l c 

Dividing by ah, we get ^=-, 1 e d b-c a, 

Dividing by «e, wcget-=-, ic d c-b a 

357 From this it follows that if any 4 numbers be so 
related that the pioduct of two is equal to the product of the 
other two, we can express the 4 numbers m the form of a pro- 
portion. 

The factors of one of the products must form the extremes 

The factors of the other product must form the means 

358 Three quantities are Baul to be m Continued Pro 
portion iv lien the ratio of the first to the second is equal to 
the ratio of the second to the thud 

Thus a, b, c are 111 continued proportion if 
a b=b c 

The quantity b is called a Mean Proportional between 
a and c. 
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Four quantities are said to be m Continued Proportion 
v, lien the ratios of the first to the second, of the second to 
the third, and of the third to the fourth are all equal. 

Thus a, b 

, c, cl are m continued proportion uken 

- 

a . b=b . c=e d 

359 We showed in Art. 205 the process by which when 
two or more fractions are known to be equal, otliei relations 
between the numbers involved in them may be determined 

That process is of course applicable to Examples in Ratio and 
Proportion, as we shall now show by particular instances. 

Ex. 1. 

If a :b—c cl, prove that 


d?+b a - a--l‘ 2 =c 1 +(l- c--cR 

Since 

a b=c . cl, ' 

* b cl 

Let £=X. 
b 

Then |=X; 


a=\b, and c=Xr? 

Now 

ar+F \-b-+lr tf+l 

a--6 2 X 2 6 2 - i> 2 6-(X* — 

and 

c*+d 2 \ 2 d 2 ±d 2 d 2 (X 2 +l) \2 + i 
c 2 - d 2 d-(X 2 - i) i* 

Hence 

a 2 +i 2 c 2 +fP 
a 1 c--cV’ 

that is. 

« 2 +h 2 a 2 -h-=c-+d 2 c--cF 

Ex. 2. 

If a ' b c cl, prove that 


a c. 4^(« 4 + 6 4 ) Xic'+cV) 

Let £=X 

0 

Then |=x ; 

\ 

rt=X7j, and c=Xd. 
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Now 

a _bb _b 
c Xd cl’ 

!/W+V)_V(m i +V) 4/(x*+ 1) ifiF i 

y(c 4 + d‘) VQcW+d*) Vd* */(X+l) 4/’d f "rt 

Hence 

a i/(a*+¥) 
c~ jfp+d*)’ 

that is, 

a c.'VW + V) y(c* + d*) 

Ex. 3. If a b—c d—e f, prove that each of these ratios 
is equal to the ratio a + c+e b + d+f 

Let 

0< 

11 

O lS-Sj 

11 

o 

11 

»<5 

Then 

a—Xb, c—bcl, e=\f 

*t ft + c + c _ X6 + XrZ + X/_X(?> + d +f) _ , 

b+d+f 'b+d+f b+d+f 

Hence 

ft + c-re a c e 
b + d+f b d /’ 

that ip, 

a+c+e'b+d+f^a b—c d—e f 

Ex. 4. 

If ft, 6, c are in continued proportion, show that 


« 2 + & 2 • Z/ s + c 3 =ft c 

Let ~=X 
b 

Tlien -=X 
c 

Hence «= 

=M) and 6=Xc 

„ __a s + ¥ W + & 2 6 2 <X 2 + 1) & 2 (\2+l) 6 2 ffc a 
^ mr ¥+c-~ ¥+c l ~ XV+c^c^+l) c- c l c 

EX. 5. 

If 15« + 7; 15c+d=12tt + 6 12c + d, prove that 


a b—c'd 

Since 

lba+b 15c + d=12ft+6 12c+f?, 


and since pioduct of extremes = product of means, 
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(15 a+b) (12c+d) = (loc+d) (12a +1), 
or, 180rtc + 126c + 15ad + bd = 180ac + 12ad+ 156c + Id, 

or, 126c + 15atZ = 12ad + 156c, 

or, 3ad=3bc, 

or, ad— 6c 

Whence, by Ait 355, a-b—cd 

Additional Examples will be found in page 137, to wlncli 
i\e may add the folloning 

Examples.— cxxxi. 

1 If a 6=c d, show that a+b a—c+d r 

2 If a b—c d. shoM' that a~ -l- 6 2 = c 2 - d 2 . d 2 

3 Ifff, 6,= a- 6 3 , show that 

4 If a b c: d, show that 

3a 2 +«6+26 2 3a 2 -26 2 3c 2 +cd+2d 2 3c 2 -2d 2 . 

5 If a b—c d, show that 

« 2 +3u& + 6 2 c 2 + 3cd d 2 = 2«6 + 36 2 2cd+3d 2 

f 

6 If a 6=c d=e /then a* 6=wic-ne md-nf 

7 If ^6, any parts of «, 6, he taken from a and 6 

respectively, show that a , 6, and the remainders form a propor- 
tion 

8 If a 6=c d=e /, slioiv that 

«c bd=lar+m<?+n£ Ur+mdr+nf 2 

t 

9 If 6 1 =f/ a . 6 2 =« 3 6 S , shoiv that 

7N v «r+fl 2 “+«r 6, 2 +6/+6. 2 a x - 6 2 

WW W —— i ■■ i .i — • ~ 
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10 


11 

12 


!!«! 6i=fl 2 b a =ct 3 bj, bliow that 

«!«. + « ; o 3 + « 3 C(, Z»j& 3 + & j ?» 3 +6 3 ?( j = « j - ^2 

U eft&+V~itt+& amr tliaiertlie! g =goi g = 

If « 2 + fr a J — t 2 = c 2 + cZ J c 2 - d 2 , «hoi\ that 
« i = c if 

IS 1C a b—c d, show that 

(«+c) (a - + c 2 ) (b + d) (fl'+rf 2 ) 

(a - c) (a* - c'-') " (6 - A) (b* - if 2 ) 

14. If «] &,=«,, 6,, show that 

«i 61= vW+a, 2 ) • */<&,*+«) 


On the Geometrical Treatment of Proportion 

360 The definition ot Pioportion (vu the equality of 
intios) is the same in Euclid as in Algebra (Eucl Book v. 
Def 6 and 8 ) 

But the wajs of testing whether two ratios arc equal are 
quite different m Euclid and in Algebra 

The algebraic test is, as we have said, that the two fractions 
representing the ratios mu6t be equal 

Euclid’s test is given in Book v Def 6, where it stands 
thus • 

“ The fust of four magnitudes is said to have the same ratio 
to the second which the third lias to the fourth, when any 
equimultiples whatsoever of the first and third being taken 
and any equimultiples whatsoever of the second and fourth 

“ If the multiple of the first be less than that of the second, 
the multiple of the third is also less than that of the fouilh 
or, 

“ 11 the multiple ol the first be equal to that of the second, 
the multiple of the third is also equal to that of the fourth 
or, 
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' “If the multiple of the first he greater than that of the 
second, the multiple of the third is also greater than that of 
the fourth ” 

We shall now show, fiist, lion to deduce Euclid's test of the 
equality of ratios from the algebraic test, and secondly, how to 
deduce the algebraic test from that employed by Euclid 

361. I To show that if quantities he propoitional accord- 
ing to the algebraical test they null also he propoitional 
according to the geometrical test. 

If a, b, c, d he piopoitional according to the algebraical 
test, 

a^c 

b~d’ 

. Multiply each side by —, and wc get 

ma^mc 
nb ~ m V 

Now, from the nature of fractions, 
if ma he less than nb, me will also he less than nd, and 
if ma be equal to nb, me will also be equal to nd, and 
if ma be greater than nb, me will also be greatei than nd 

Since then of the four quantities a, b, c, d equimultiples have 
been taken of the first and third, and equimultiples of the 
second and fourth, and it appears that when the multiple of 
„ the first is greater than, equal to, or less than the multiple of 
the second, the multiple of the third is also greater than, 
equal to, or less than the multiple of the fourth, it follow s that 
a, b, c, (l are proportionals according to the geometrical test 


362 II' To deduce the algebraic test of proportionality 
from that given by Euclid 

Let a, b, c,d he proportional accoiding to Euclid 

Then if ~ is not equal to 


a 

b+x 


be equal to 


c 

d 


let 


( 1 ) 
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lake m and n suck that 

ma ib greater than nb, 
but less than n (b+x) 
Then, by Euclid’s definition, 

me is greater than nd 

But since, by (1), 


ma 


me 


n(b + ?)~ nil’ 
and, by ( 2 ), ma is less than n(b +x), 
it follows that me is less than nd 

The results (3) and (4) therefore contradict each othci 
''Hence ( 1 ) cannot be tine 


( 2 ) 

( 3 ) 

(4) 


Therefore 


~ is equal to | 


We shall conclude this chapter with a nn\ed collection of 
Examples on Katio and Proportion 


EXAMPLES.— CXXXU. 


1 If a-b b-c be, show that b is a mean proportional 
between a and c 


n 


and 


II a • b . c d, show that 

a 2 + b- =c*+cP 
a + b 


c+d 


a b t/(ma i + ne ( ) . i/ (mb* + 1 x 1 *) 


2 If a b c d, piove that 

ma—nb me- nd 
ma+nb~mc+nd 

4 If 5« + 36 7a + 36 5&+3r 7&+3e, 

b is a mean proportional between a and c 

5 If 4 quantities be proportional, and the first be the 
greatest, the fourth is the least 

If « + 5, m + n, m - 11 , a - 5 he four such quantities show that 
b is greater than «. 
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6 Solve the equation 

%- 1 a-2==2c-rl jb+2 

7 If ( l+l = c + d . show that the ratios 're : b and c , d aie 
' b d ’ 

also equal 

S In a mile race between a bicycle and a tricycle, their 
rates u eie proportional to 5 and 4 The tucycle had half-a- 
mmute start, but was beaten by 176 yards Find the rates of 
each 


9 If a b c cl and a is the greatest of the four quanti- 
ties, show that a” + d- is greater than b-+c- 


10 


Show that if 


10ft +& _ 12a +b 
10c+d~12c+d’ 


then a 


b . c .d. . 


11 If % y 3 2 and % 23 24 y, find x and y. 

12 If a, b, c be m continued pioportion, then 

(1) a a+b a-b-a-c, 

(2) (cfi+W)(jb’'- + c-')=(sib+bo)K 

13 If a b c d, show that I- 

bd 

and hence solve the equation 

ab—bc—dx a—b—c 
bc+dx ~ 6+c 

14. If a, 6, c are in continued proportion, show that 
a+mb a— mb b+mc b — mc 

15 If ft b 5 4, find the value of the ratio 

a--b 2 n .2+62 

16 The sides of a triangle are as 2^ 3? 4, and the pen- 
meler ib 205 yards find the sides 


17 The sides of a tuangle aie as 3 4 5, and the pui— 
meter is 480 yatds find the sides 
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" hvtove that the sum 

* ‘ 
o£ the grea ^ 0 ther two y hours, and 

the sum o* _ nnAbftck ^ QQtflG 


o£ the “ e ot her two l2 houTS, and 

* te A — — EtfSSS— m 

‘~VlT ?.- ** r 

time as >3 a o , vesse is A, o, v « - 

... three equal , brand 


-1 SJS-* ^ , t; a, •. *■* r 

time as o u D , vps3e \g A, ■»> u ’ , water. 

30 There are three eqr^ ^ tba t the 

u°» t C of B »4 0 *"* Ttta »»«”“ o! f tfc 

. — «-? - -ftSft? 


tonqCSbB&i 

seta c ^ ,„«* of *- *fti: 

A factor buys a certam q ^ ^ 

B f “fie 8 HadtSt^^ quarter 

££ ^«££3* to huy, and what 
How many q ri44, gaining as 


much per c gaming as 

-*>*• -* r_!lU ~--Kr 


t vuY goods ana ^at is ~~ - 

---.i-nfT as much per > 


ingas much per— ^ start 

nve for them 1 40 strobes pe behind 

A. certam four of their 8 minute* 

lte 

another crew, bumping two boats 

£. ! » OT rS^o [te ’ H ° k “ 11 taW » »«1 

between the 1 d express train ■* jnM y tram 

, T he time whicl a ^ taken hy an {rQm B toppaf 

express tram on y _-=rr~r 


•Mi 
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manner, and it also travels 15 miles an hour quicker Sup- 
posing the rates of travelling uniform, what aie they in miles 
per hour? 

27 Au article is sold at a loss of as much per cent as it 
is worth in pounds. Show that it cannot he sold for more 
than £25 


' XXIX. .ON VARIATION. 

363 Ip a sum of money is put out at interest at 5 per cent, 
the principal is 20 times as great as the annual interest, what- 
ever the sum may be ~ 

Hence if x be the principal, and y the interest, 
z—20y 

Now if we change x we must change y in the same propor- 
tion, for so long as the rate of interest remains the same, x 
will always be 20 times as great as y, and hence if a; bo 
doubled or trebled, y will also be doubled or trebled. 

This' is an instance of what is called Direct Variation, 
of which w e may give the following dehmtion 

Def One quantity y is said to vary directly as another 
quantity sc, when y depends on a m such a manner that any 
increase or decrease made m the value of x produces a piopor- 
tional increase or decrease m the ialue of y 

364 > If x=iay, where m is a constant quantity, that is, a 
quantity which is not altered by any change in the values of % 
and y, 

y will iary directly as x 

For any increase made in the value oi x must produce a 
proportional increase m the value of y Thus if x be doubled, 
y must also be doubled, to preserve the equality of x and my, 
since to cannot be changed 
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3G5 Suppose a man can reap an acre of com in a day 

Then 10 men can reap GO acres in 6 days, 
and 20 men can reap 60 acres m 3 days 

So that to do the same amount of work if we double the 
number of men w e must halve the number of days 

Tins is an instance of what is called Inverse Variation, 
of which u e may give the following definition 

Def One quantity y is said to vary inversely as another 
quantity a, when y depends on x in such a manner that any 
increase or decrease made m the value of as produces a propor- 
tional decrease or increase in the value of y 


7Tb 

366 lix= — , where m is constant, 

V 

y will vary inversely as x ' 

For any increase made in the value of x must produce a pro- 
portional decrease in the value of y Thus if x he doubled, 

y must be halved, to preserve the equality of x and — 


For 


Oj.— m 

x ~ y ~ y 


367. If 1 man can reap 1 acre m 1 day, 

5 men can reap 20 acres in 4 days, 
and 10 men can reap 80 acres m 8 days 

That is, the number of acres reaped will depend on the 
product of the number of men into the number of days 

This is an example oil joint variation, of w'hich we may give 
the following definition 

Def One quantity x is said to vary jointly as two others 
y and a, when any change made in x produces a proportional 
change m the product of y and ~ 

368 One quantity % is said to vary directly as y and 
inversely as is when x lanes as ~ 
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369 . Theorem. If x vanes as y when z is constant, and 

as z when y is constant, then uhen y and z are both variable, 

___ \ 
x varies as yz. 

- < — 

Let x=m.yz. 

Then we have to show that m is constant. 

Now when z is constant, 

x vanes as y ; 

, mz is constant 

Now z cannot involve y, since z is constant when y changes, 
and therefore m cannot involve y 

Similarly it may be shown that m cannot involve z ; 
m is constant, 
and x vanes as yz 

370 The symbol oe is used to express variation ; thus xocy 
stands for the words x %anes as y. 

371 Yanation is only an abbreviated form of expressing 
proportion 

Thus when we say that x varies as y, we mean that x beam 
to y the same ratio that any given value of x bears to the 
corresponding value of y, or 

x y—a. given value of x the corresponding value of y. 

And similarly for the other kinds of vanation, as will be 
seen from our examples 

Ex. I. If xccy and yccz, to show that xccz 

Let x—my, and y=nz. 

Then substituting this value of y m the first equation 
x=mnz , „ 

and therefore, since mn is constant. 


Xozz. 
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Ex, 2. If zee y and xaez, then will x«. *J(yz) 

Let x=my, and x=nz 

Then x-=nvnyz\ 

x- ,J(mn) . , J(yz). 

Now *J(mn) is constant, 

xcc J(yz) 

Ex. 3. If y vary as x, and when x=l, y= 2, what will be 
the value of y when x=21 

Fere y x— a given value of y corresponding value of x , 
y x=2 1 . 
y=2x . 

Hence, when x-2,y=4 

Ex. 4. If A vary inversely as B, and when 4=2, B— 12, 
what will B become when A— 91 

Here A 4= a given value of A g-1 = ; 

V 0 corresponding value of B 

A 1-2 — • 

A B~ 2 12’ 

A_ 2 

12~F 


Hence, when 4=9, 


whence 


9 _2 
12 ~B’ 

JEJ=24_§_ 2 2 
h 9~3~‘ i 3 


Ex. 5. If A vary jointly as B and G, and when .4 = 6, 1? =6, 
and (7=15, find the value of A vhen B= 10 and (7=3 

Here 

A : BG— a given value of A corresponding value of BO, 

A BG=6 6x15, 

904 = 65(7 
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Hence, when B= 10 and £7=3, ' 

90-4 = 6x10x3; 



Ex. 6. If z vary as x directly and y inversely, and if whei 
a— 2, x=3 and y— 4, what is the value of z vlien sc=15 an< 
27=8? 


Heres 


/jj 

^=a given value of z 


corresponding value of % 
conespondmg value of y * 



32_2t 

■ ~*~~y 

Hence, n hen a:=15 and y= 8, 

3r__30 
4 8 * 



Examples.— cxxxiii. 

i. If Acci. and Ba: then will Acc£7. 

2 If A ccB then will 

Jr Jr 

3 If A xJB and OccD then will AGccBD 

4- If xccy, and when ®=7, y= 5, find the valu&of x when 
27 = 12 . 

5* If Ere-, and when ss= 10, y=2 , find the value of y when 
.e=4. 
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6 If xccyz, and when x= I, y-% 8=3, find the value of y 
v\hen*=4 and 8=2 

7. If xa.t and when x=G, y= 4, and 8=3, find the value 

A 

of x when y—o and s=7 

8 If 3x + 5y cc 5 k + 3y, and vv hen x = 2, y = 5, find the value 



9. If AozB and B 3 cc C 2 , express how A vane3 in respect 
of 0 


10 If a vary conjointly as a and y, and 8=4 when sc=l 
and i/=2, what will lie the value of x when 8=30 and y—31 

11 If AocB, and when A is 8, B is 12, express A 111 
terns of B 


12 If the square of n vary as the cube of y, and a,=3 when 
y—4, find the equation between x and y 

13 If the square of x vary mveisely as the cube of y, and 
k =2 when y—3, find the equation between x and y 


14 If the cube of x vary as the square of y and k =3 when 
y—2, find the equation between x and y 


15 If xccz and y<x-, show that x ° =- 
3 J s’ y 


16 Show that in tiiangles of equal area the altitudes vary 
inversely as the bases 


17 Show that in parallelograms of equal area the altitudes 
vary inversely as the bases 


18 If y=p+q+r, where p is invariable, q vanes as x, and 
r varies as x 1 , find the relation between y and x, supposing 
that when x=l, y— 6, when a=2, y=ll , and when x=3, 
y= 18 . 

19 The volume of a pyramid vanes jointly as the area of 
its base and its altitude A pyramid, the base of which is 9 
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feet square and the height of which is 10 feet, is found to con- 
tain 10 cubic yards What must he the height of a pyramid 
upon a base 3 feet square in order that it may contain 2 cubic 
yards 1 

20 The amount of glass in a window, the panes of which 
are in every respect equal, varies as the number, length, and 
breadth of the panes jointly Show that if their number vanes 
as the square of tlieir breadth inversely, and their length varies 
as their breadth inversely, the whole area of glass vanes as the 
square of the length of the panes. 1 


XXX. ON ARITHMETICAL PROGRESSION. 

372 An Arithmetical Progression is a senes' of 
numbers which increase or decrease by a constant difference 

_ Thus, the following senes are Arithmetical Progressions : 

2, 4, 6, 8, 10 ; 1 

9, 7, 5, 3, 1 

The Constant Difference being 2 m the first series and -2 
m the second 

373 In Algebra we express an Arithmetical Progression 
thus . taking a to represent the first term and d to represent 
the constant difference, we shall have as a series of numbers in 
Arithmetical Progression 

a, a+d, a+2d, a+3 d, 

and so on. 1 

We observe that the terms of the senes differ only m the 
coefficient of d, and that each coefficient of c? is always less by I 
than the number of the term m which that particular coefficient 
Etands. Thus 

the coefficient of d in the 3rd term is 2, 

. • m the 4th .. 3, 

m the 5th .. 4. 
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Consequently the coefficient of d m the n & term will he 
n-l 

Therefore the h* term of the senes will he a + (n- 1; d. 

374 If the senes he 

a, a+d, a+2 d, 

and 0 the last term, the term next before 0 will clearly he z - d, 
and the term next before it will he z - 2d, and so on. 

Hence, the senes wntten backwards will he 

z, z-d, z-2d, re + 2d, a+d, a. 

375 To find the sum of a senes of numbers in Anthmetical 
Progression 

,Let a denote the first term 

d the constant difference 

z the last term 

n , the number of terms 
s the sum of the n terms. 

Then s=a+ (a+d) + (a+2d) + + (z-2 d) + (a-d)+z 

Also s=z + (z-d)+ (z— 2d)+ + (a+2tQ + (a+d)+a, 

the senes m the second case being the same as in the first, but 
wntten in the reverse order 

Therefore, by adding the two senes together, we get 
2s=(ct+z)+(a+z) + (a+z)+ . +(a+z) + (a+z)+(a+z), 

and since on the nght-hand side of this equation we have a 
senes of n numbers each equal to a+z, we get 
2 s=n(a+z), 

s=|(a+z) 

This result may be put m another form, because m the 
place of z we may put a + (71- 1) d, by Article 373 

Hence s=^{a+a+(n-l)d\, 

=?{2a+(n-l)d\ 


that 10 , 
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376* We have now obtained the following results : 


2=a + (n-l) d. 

(A), 

s=|(a+c) . . 

(B), 

a=|j2«+(n-l)i?j 

. -(C). 


From one or more of these equations we have in Examples 
to determine the values of a, d, n, s or s We shall now pro- 
ceed to give instances of such Examples 

Ex. 1. Find the last term of the series 
7, 10, 13, . to 20 terms. 

Taking the equation s=a+ (n— 1) d, 
for a put 7 and for n put 20, and we get 
s=7 + (20-l)c?, 

or, 2=7 + 19(7. 

Non d is always found by taking the first term from the second, 
and m this case, 

<7=10—7=3 ; 
s=7 + 19x3=7+57=G4 


Ex. 2. Find the last term of the semes 
12, 8, 4, to 11 terms 


In the equation 
put 
Then 
Now 
Hence 


£=«+(«- l)cf, 
a=12 and 11=11 
2=12 + 10(7 
d=8-12= —4 
k=12-40= -28 - 


Examples.— cxxxiv. 

Find the last term of each of the following senes . 
X. 2, 5, 8 . to 17 terms 
2 . 4, 8, 12 to 50 terms 
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20 10 

3 7, -j-, to 16 terni9 

1 5 

4* - 1, - g to 23 terms 

5 5, g, \ to 12 terns 


6. -12, -8, -4 to 14 terms 

7 -3, 6, 13 to 16 terms 


H.-1 ii-2 it -3 
it * 11 ’ it 


to 11 terms 


9 (x+y) 2 ,z 2 + if-,(x-y) 2 

a-b 4a -36 7a-06 
a+6’ ^+6 ’ a + 6 


to it terms, 
to 11 terms 


377. Ex. 1. Find the suit of the senes 
3, 5, 7 to 12 termB 

In the equation s=|j2a+(n- 1) d\ 

put 3 for a and 12 for n, and we get 

S = ^j6 + lld} 

Now d— 5-3=2, and so 

s== ^j6 + 22j =6x28 = 168. 

J* 


Ex. 2. Find the sum of the senes 

10, 7, 4 to 10 terms 

s =|j‘2a+(it-l)d|, 

put 10 for a, and 10 for it, then 

s=~°{20+9d} 


25$ 
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Now <£=7-10= -3, and therefore 

s=^{20— 27j=5x(-7)=-35. 

Ai 


EXAMPLES.— CXXXV. 


Find the sum of the following series 
i. 1, 2, 3 . to 100 terms 

2 2, 4, 6 to 50 terms. 

3. 3, 7, 11 to 20 terms. 


4- f •• • to 15 terms 

4’ 2 4 

5 -9, -7, —5 .. .to 12 terms 

6 §» |j* 5 t0 17 tenns ‘ 

7. 1, 2, 3 . to n terms. 

8 1, 4, 7 . to terms 

9 1, 8, 15 .... to Ji terms 


71-1 71-2 71-3 
71 ' 7i 3 ' n ' 


to 7i terms. 


378. Ex. What is the Constant Difference when the 
first term is 24 and the tenth term is - 12? 

Taking the equation (A), 

s=a+(n-l)d, 

-and regarding the tenth as the last term, we get 
-12=24 + (10- l)d, 
or — 36=9<£, 

whence we obtain d= -4. 
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Examples.— cxxxvi. 

What is the Constant Difference in the following cases 1 


1 

When the first term is 100 and the 

twentieths -14 

2 

a; 

fifty-first is -a ' 

3 

1 

"I 

forty-ninth is 

4 

3 

4 

twenty-fifth is -2l| 

S 

-10 

sixth is -20 

6 

150 . 

ninety-first is 0 


379. Ex. What is the First Term when 

the 40th term is 28 and the 43rd term is 321 

Taking equation (A), 

s=o+(n-l)d, 

and regarding the last term to be the 40th, we get 

28=o+39<? . . . . (1). 

Again, regarding the last term to be the 43rd, we get 

32=0+42 d (2) 

From equations (1) and (2) we may find the value of a to 
be -24 


EXAMPLES.— CXXXVU. 

1 What is the first term when 

(1) The 59th term is 70 and the 66th term is 84, 

(2) The 20th term is 93 - 356 and the 21st is 98—376, 

(3) The second term is | and the 55th is 5 8 ; 

(4) The second term is 4 and the 87th is — 30 ? 


sb \ rcT — rv-j 


2 ?° 
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2 The sum of the 3rd and 8th terms of_a senes is 31, and 
the sum of the 5th and 10th terms is 43 Find the sum of 
10 terms 

3 The sum of the 1st and 3rd terms of a senes is 0,-and 
the sum of the 2nd and 7th terms is 40 Hud the sum of 

1 7 terms 

i 

4. If 24 and 33 be the fourth and fifth terms of a scries, 
uhat is the 100th term? 

5 Of how many terms does an Arithmetical Progression 

1 consist, uhose diffeience is 3, fiist term 5, and last term 302 1 

6 Supposing that a body falls through a space of 16~ feet 

i 

in the first second of its fall, and m each succeeding Second 

, 32^ feet more than m the next piecedmg one, how far w ill a 

body fall m 20 seconds? 

7 What debt can be discharged in a 5 eaT by w eckly pay- 
ments m arithmetical progression , the first payment being 1 

■ shilling and the last £5 3 s 1 

8 Find the 41st term and the sum of 41 terms in each of 
the following senes 

(1) -5,4,13 

(2) 4cr, 0, -4a- . 

(3) 1+r, 5+3r, 9 + 5r 

(4) -4 -14 

,.19 

, 4’ 20 

9 To how many terms do the following senes extend, and 
n hat is the sum of all the terms 1 

(1) 1002 10, 2. 

(2) -6,2 . .186, - 
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(3) 8W ‘ ' 7235C ‘ 

1 
4 

_! 137(1 -m), 139(1 -»)• 


1 1 
(4) 2’ 4 


> 

-24 


(5) 

( 6 ) «+ 254 , *+ 2 > E " 2 

380 . fo insert 3 arithmetic means letuw n 


The number of terms will 5 
Takmg the equation s*«+ C w " ^ d ’ 

10=2 + ( 5 - 1 ) tI 

\sebave 

8=4d , < l = 2 

Whence 




examples.-cxxxvui. 

6 -.*— 1 

Insert 5 arithmetic means hetree 

X „ s . rt3 ^— »” tawc “;" * 

Insert 4 arithmetic means between ^ nn ^ 3 

_ 7 


381 To 3 •«*-“ the 

nehaveth-^'"^! 


»-=Ii and n=5> 
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Hence 


or, 


b=a+(5-l)d, 
4d=b-a, * d=^-~- 


Hence the senes mil he 

b-a , l— a , 3 (b—a) , 
a, a+—r-, «+-k-, a+ — 7 --, &, 


that is, 


4 * “ ‘ 2 4 

3 a+b a+b a+Sb 


,b 


Examples.— cxxxix. 


1 . Insert 3 anthmetic means between m and n. 

2 Insert 4 arithmetic means between m + 1 and m - 1. 

3 Insert 4 arithmetic means between n- and n- + 1 . 

4 Insert 3 arithmetic means between z-+y- and z"—y-. 


382 We shall now give the general form of the proposition 
“ To insert m arithmetic means between a and b.” 

The number of terms in the senes will be m+2. 

Then taking the equation z=a+(n-l)d, 
we have in this case b=a+(m+2- l)d, 
or, b=a+(m+l)d 

Hence d=—„ 

and the form of the series will be 


„ b-a Zb— 2a 
* m+ 1 * 771 +I * 




2b-2a , b-a 


m +1 


1 r i/'-U' , 

’ l ~m+ V 1 ' 


that is. 


am+b am-a+2b 


bm~b+2a bm+a 


’ m+V m+1 '> m +1 ’ 


7’*- 
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383 A Geometrical Progression is a sene 3 of numbers 
which increase or decrease by a constant factor 

Thus the following senes are Geometrical Progressions, 
2, 4, 8, 16, 32, 64, 

12 3 ? 1 A 

4* 16’ 64’ 

_1 11 1 _ _l_ 

4 ’ 2' 16’ 128' 1024 

The Constant Factors being 2 m the first senes, - m the 
second, and - - in the third 

Note That which we shall call the Constant Factor is 
usually called the Common Ratio 

384 In Algebra we express a Geometrical Progiession 
thus taking a to represent the first term and / to represent 
the Constant Factor, we shall have as a senes of numbers m 
Geometncal Progression 

a, of, a/ 2 , re/ 3 , and so on 

TVe observe that the terms of the senes differ only m the 
index off, and that each index off is always less by 1 than the 
number of the term in which that particular index stands. 

Thus the index off in the 3rd term is 2, 
in the 4th 3, 

in the 6th 4 

Consequently the index of /in the nth term mil be n - 1 

Therefore the nth term of the series will be af"~ l 


=7? 
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Hence if : be tbe last term, 

J83. If tlie seiies contain n terms, a being Ibe fir-t term 
mid / tbe Constant 1’nctor, 

tbe last term will be or/" 1 , 

tbe last term lmt on< w ill l»e a/**” 1 , 

tbe ln>-t term but t'co will be ap'\ 

Now af*~ x x/=ti /*■' y/ , =-«/* -H, =ao/', 

w/"~ : x y 

fl/- -5 x/= n/"' 5 X :/* — (»/•■*. 

3SC IVc mnj now proceed to /?«'? tin sitm 0 / « r-rt-” rf 
numlzn vi Gcomch ic<rl J’mjre sum. 

Let a denote tlie first term, 

/ the constant factor, 

n the number of terms, 

s tbe sum of tbe n terms 

Then i—o+nf+ap-* . . t of’" 5 +«/"'*•< 

Now multiply both sides of tln« equation b) /, then 

fs—af+ap+ap-r, . -i «/"'•*- o/\ 

Hence, subtracting the fir->t equation from tbe second, 
fs—s^op—u. 

‘ /-l * ’ 

Note Tlie proposition just pro\ ed pitmen N a dilfieulh to 
a beginner, which we shall endeavour to explain. When we 
multiplj tlie senes of ji terms 

a + nf+ip-r . . +o/’’- a +«/"- ! +o/— * 


\ 
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In /, lie shall obtain another series 

o/J-a/+af T + af*~- + af“~ l + af“, 

w Inch also contains n terms 

Though ire cannot fill up the gap m each senes completely, 
lie see that the terms in' the tiro senes must he the same, 
except theirs/ term in the former senes, and the last term, in 
the latter. Hence, when ire subtract, all the terms mil dis- 
appear except these tiro 


387 From the formulie 


prove the following 
(a) s= 

W> 


z=af*~ 1 

. . «S£z£ 

s ~ /-i 


( a ) S=J~J 


(7) 

( 8 ) 


(A) , 

(B) , 


1 )« 


/« 


s—a 

s—s 


388 Ex. Find the last term of the scries 
3, 6, 12 to D terms 

g 

The Constant Factor is g, that is, 2 
In the formula 

a=n/" -1 , 

putting 3 for a, 2 for/, and 9 for n, ire get 
e=3x2 s =3x 256=768 


Examples.— cxl. 

Find the last term of the following senes 
I 1, 2, 4 to 7 terms 

4, 12, 3G 

5, 20, 80 


2 

3 


to 10 terms, 
to 9 terms 
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4. 8, 4, 2 . If* terms, 

5 . 2, G, 18 (0 0 terms 

6 (TP 3 .ton urine 

7* 3' -i to 7 term®. 


389. Ex. Find the sun of the senes 
6, 3, o . to S terms 


Generally, 
and here 


/-1 

<i = G,/= 5 , ii=8 , 



— —re 

2r.O 260 7 (h> 

■■ '■ f= — SJ 

_1 1 G1 

o o 


EXAMPLES. — CXll. 

Find the sum of the follow ing series . 

1. 2, *1, S . to 15 terns 

2 1, 3, 9 . to G terms 

3 a, at", ax x ... to 13 terms 

a a . _ . 

4. a, to 9 terms 

xx- 

5 0.--X-, a-x, a -E2- to 7 terms. 


N. 
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6 2, 6, 18 to n terms 

7 7, 14, 28 to n teTm« 

8 6, - 10, 20 to 8 terms 

9 gi -g to 7 terms 


390 To find the sum of an Infinite Senes in Geometrical 
Progression, when the Constant Factor is a proper fraction 

If f he a proper fraction and n very laTge, 
f” is a very small number 

Hence if the number of terms be infinite, f" is so small that 
■no may neglect it in the expression 


s=- 


and we get 


8 — 


f-h ’ 

-a 

/-I 


a 

391. Ex. 1. Find the sum of the senes ~ + 1 + ~ + 

*J *4 


infinity 

Here 


y=i_f=? 

•' 3 4’ 


to 


a 3 16 

1 ~4 

- 3 2 8 

Ex. 2 . Sum to infinity the senes § " 3 + 27 ' 


Here 


/- 


2_3 
'3 2 = 
3 


4 

"9 ! 


3 

2 


27 


i-/ 


/ 4 \ u 4 26 

"V. 9/ 1+ 9 



27S 
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Examples. — cxl i 1. 


Find tlio sum of tlic following infinite senes • 

1 . 

1 I I 

’ 2’ 4’ 

9 . 4 s , 2«, ... . 

2 

1 i 1 

* 4? 16’ 

10 -*25r, 

3 

3 1 JL 
' 3’ 27’ 

11 a, b, 

4 

2 1 1 

3’ 3’ 6 * 

1 1 

I2 ‘ 10 ’ 10 -’" ‘ 

5- 

3 1 

4* 4 ' * 

J 3 *» -V, 

6 

1 1 

2’ 3’ * ” ’ 

86 8 G 

14 100 ’ 10000 ’ 

7 

8 2 

8 , 

15 . 51444, .. 

8 

,1 - 

•*ni •• • 

*1 

16 . -83636, . 

302 

To tnscri 3 geometne means between 10 and 160. 

Tubing the equation 
we put 10 for a, 160 for s, 

and 5 for «, and w e obtain 


3G0 = 1 0./*-\ 
. 10 =/*. 


Now 16=2x2x2x2 = 2 *; 

2 *=/*. 

Hence /= 2, and the senes will be 

10, 20, 40, 80, 160. 
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Examples.— cxlin. 

1 insert 3 gcomctnc means between 3 and 243 

2 Insert 4 gcomctnc means between 1 and 1024 

3 Insert 3 gcomctnc means between 1 and 16 

1 243 

4 Insert 4 geometric means between - and — 

303 T o visert m gcomctnc means between a and b 
The number of tenns in the senes will be m + 2 
In the fonnula ~=a/" -1 , 

putting b for and m+2 for n, we get 
b=af 

or, t =«/"+', 


«"+* 


Hence the senes Mill be, 


«» 

lA' 

a 

If* 

h«+i 

7, - - 7, * A 

ax , , 
a"+* 

(l X j* J 

* 0 s j 0 • i » ^7 

fi m+1 <r +1 

that is, 




a, (a" 

i 

&)"+', (a” 

-» vf*\ • 

_i_ _i_ 

, (re 3 . 1™- 1 )™* 1 , (re lr) m+l , 6. 


394. "We shall nt»w give some mixed Examples on Antli- 
metical and Gcometncal Progression 


Examples.— exhv. 

i Sum the following senes 

(1) 8 + 15 + 22+ to 12 terms 

( 2 ) 110 + 108 + 100 t to 10 terms. 
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(3) 

8+ 5 + H + * 

. to infinity. 

(4) 

2 -2+75- 
4 32 

to infimty. 

(5) 

1 2 11 

2 3 G 

. to 13 terms. 

(6) 

I_i 2 

2 3^9 • 

to G term® 

(7) 

L-1-5- 
2 2 

to 20 tcnns 

(8) 

5 2 

= + 1 + 15+ • 

< 7 

. . to 8 terms. 

(9) 

1 2 1 

3 0^27 

to infinity. 


(xo) F-ifTT-rl- < to 10 terms 
' ' 5 10 lo 

(11) \i\~ a/0+2«/(15)- toStenus. 

, x 7,7 33, . _ , 

(12) ~~+ 5 — £-+ to 5 terms. 


2 If the continued product of 6 terms in Geometrical 
Progression he 32, sliou that the middle term is 2 


3 If a, b, c are in arithmetic progression, and a, V, c 
geometrical progression, show that p—jp 


arc 


4. Show that the arithmetical mean between a and b is 
greater than the geometucal mean 


5 The sum of the first three terms of an nulhnietic senes 
is 12, and the sixth term is 12 also Find the sum of the first 
6 terms 


6 "What is necessary that a , b, c may he m geometric pro- 
gression? 
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7 If 2ii, x and ^ are in geometric progression, what is a? 

8 If 2 », y nnd ~ are in anthmetac progression, what is yl 

9 The snm of a geometric progression whose first term is 
1, constant factor 3, and number of terms 4, is equal to the sum 
of an arithmetic progression, -whose first term as 4 and constant 
difference 4 how many terms nre theie in the arithmetic pro- 
gression? 

10 The first (7 + 11 ) natural numbers when added together 
make 153 Find n 

11 . Prose tint the sum of any number of termB of the 
senes 1, 3, 5, .is the square of the number of terms 

12 If the sum of a senes of 5 tenns m anthmetac progres- 
sion be 05, show' that the middle term is 19 

13 There is an arithmetical progression whose first term is 

1 4 

3 j, the constant difference is ljj, and the sum of the tenns is 
22 Required the number of terms 

14 The 3 digits of a certain number are m antlimetical 
progression , if the number lie divided by the sum of the digits 
in the units’ and tens’ place, the quotient is 107 If 396 bo 
subtracted from the number, its digits will be inverted 
Required the number 

15 If the (p+g)' h term of a geometric progression be m, 
nnd the {p~q) a ‘ tenn be «, show- that the p"‘ term is \/(vm) 

16 The difference between two numbers is 48, and the 
arithmetic mean exceeds the geometric by 18 Find the 
numbers. 

17 Place three arithmetic means between 1 and 11 . 

18 The first term of an increasing anthmetac senes is 034, 
the constant difference 0004, and the sum 2 748 Find the 
number of terms 

19 Place nine arithmetic means between 1 and - 1. 
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20 . Prove tlmt eveiy term of tlie series 1, 2, 4, is 

greater by unity than tlie sum of all that precede it. 

21 Show that if a scries of mp terms forming a geometrical 
progression whose constant factor is r be divided into «ets of p 
con«ecutne terms, the sums of the sets will form a geometrical 
progression w hose constant factor is 7 s *. 

22 Find five numbers m arithmetical progression, such 
that their sum is 55, and tlie sum of their squares 765. 

23. In a geometrical progression of 5 terms the difference 
of the extremes is to the difference of the 2nd and 4th terms 
as 10 to 3, and the sum of the 2nd and 4th tenns equals twice 
the product of the 1st and 2nd Find the senes 

24. Show* that tlie amounts of a sum of money put out at 
Compound Interest foim a senes in gcomctncal progression, 

25 A certain number consists of tliiec digits in geometrical 
progression The sum of the digits is 13, and if 702 be added 
to tlie number, tlie digits will be 1m erted. Find tlie number. 

26 The population of a county increases in 4 xcars from 
10000 to 14641 ; what is the rate ot increase ? 
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305 A Harmonica! Progies=ion is a scries of numbers 
of which the reciprocals form an Antlnnetical Progression 


« 

< 1 
1 

'! 

?! 

» 

‘"'"V 


Thus the series of numbers a, b, c, <!, 
Progression, if the scries 

tt O C (t 

Progression. 


is a Harmonic vi, 
is an Antlnnetical 


If a, l, c be in Harmomuil Progression, b is called the 
Harmomcal Mean between a and c 


Rote. There is no way of finding a general expression for 
the sum of a Harmomcal Senes, but many problems with 


OjV jiarmonical progression 
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reference <0 such a sehes maybe sole ed by inverting the tenns 
and treating the reciprocals as an Arithmetical Senes 

.300 If a, b, c be in Uarmomcal Progression, to show that 
a e. a—b b—c 

Since p ~ are m Anthmetical Progression, 

l_l = l_l 
c b 1) a' 

b-c a -b 

01 be ~ ab * 

ab a-b 

0T bc~b-c' 

a a-b 

or e~b^i' 

397 To insert m harmonic means between a and b. 

Fir*t to insert m antlimetic means between ~ and t. 

a 0 

Pioceeding as m Art 357, nc have 

JJL + ( m+ l )d, 

or «=& + (m + l) abd 


1 m (a - V ) 1 
’ a ab (m + 1)’ 6’ 
am + b 1 
ai(m+I)’ 6' 


ab (m + 1) j 
am+b * 


~ab (m+1) 

Hence the antlimetic scries will be 
1 1 ft-6 1 2 (a-b) 

«’ a* ab(m+ 1)’ a + ab(m+ 1)’ 

I bm+a, bm + 2a-b 
’ «’ ab (m + 1)’ n6(m + l)’ 

Thcrefoie the Harmonic Senes is 
ab ( ot + 1) ab ( m+1 ) 

<l> bm+a ’ bm+2a-b' 
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308 Gncn a and b the first two terms of a seiies in ITar- 
monical Progression, to find tlio »“■ term. 

1 i are the first two terms of an Arithmetical Series oi 
a’ b 

winch the common difference is - 

0 O 

The n a term of this Autlimetical Series is 

1 (11 - 1) (a - h) b+va-a—nbhb 
~a + ab 1=8 ah 

— ( na ~ a ) ~ (nb-2h) _ ( n-l)g- (11 - 2) b 
~ ab ~ ab ' ’ 

* the n tt term of the Ilarmonical Scne3 is 

ab 

(n-l)a-(n-2)b 


399. Let a and c lie any tw 0 numbers, 

b the Harmonical Mean between them 


Then 


or 


1111 
b~a~~c b’ 

2 a + c 
b~ ac ’ 


o + c’ 


400. The following results should be remembered. 

Arithmetical Mean between a and c=^~. 

Geometrical Mean between a and c= *Jac 

Harmonical Mean between a and c=— - 

a + c 


ON HARMONICAL PROGRESSION 


285 


Hence if we denote the Means by the letters A, G, H 
respectively. 


AxH= 


a+c 2 ac 
2 x a + c 


—ac 

=G-\ 

that i«, G is a mean proportional between A and H 

401. To shoiv that A, G, II aTe in descending order of 
magnitude 


Since (*/a— sfc)- must be a positive quantity 
{nja- Jc)- is greater than 0, 


or 

a-2 Jac + c greater than 0, 

or 

a + c greater than 2 >Jac, 

or 

*-5- greater than Jac, 


that is, A is greater than G 

Also, since a + c is greater than 2 >Jac, 

>Jac (o + c) is greater than 2ac ; 

Jac is greater than ~~~ c > 

1 c G is greater than H 


Examples.— cxlv. 


1 

2 

3 


Insert two harmonic means 
. four 
three 


between 6 and 24 
2 and 3 



4- 


four 
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5. Insert five harmonic means betw ecu - 1 and 2 _1 . 

6 . fnc 3- nnd -g. 

7. six . . 3 anti ^ 

S. . n 2 x and 3 y. 

9 The sum of tlnee terms of a harmomcal senes i<- and 
the first teim is g find tlie sene', and continue it both wars. 

10 The arithmetical mean beta ecu two numbers exceeds 
the geometiical by 13, and the geometrical exceeds the bar- 
momcal by 12. Wliat arc the numbers ? 

it. Thcie are four numbeis a, ft, e, < 1 , the hid thicc m 
arithmetical, the last three in liannonical progression , show 
that re ft=c.rf 

12 If a; is the harmonic mean between m and n, show that 

_JL + JL.1+. 1 

x~m x-n m u 

\ 

13 The sum of tliree terms of a harmonic scries is 11, and 
the sum of their squares is 19 , find the numbers 

14. If x, y, z be the jP, q*, nrnl r ,il terms of a h.p., show 

that {r-q)y-r( 3 i—T)x~ + (q-ii)xy=0. 

15. If the hm between each pan of the number*, a, ft, c 
be in A.P , then ft 2 , a 2 , c- will be in H.P. , and if the 11 m. be in 
h.p , ft, a, c null be m h.p. 

16 Show that +~~ ==^, >7, or >10, according as 
£ is the a , g or h mean between a and ft 
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102 Tirr difiercnt arrangements in 1 espect of 01 der of suc- 
cc'-ion w Inch can be made of a gnen number of things ore 
called Permutations. 

Tims if fiom a bo\ of letters I select two, P and Q, I can 
make tico permutations of them, placing P first on the left and 
then on the right of Q, thus. 

P, Q and Q, P 

If I now take time lettere, P, Q and 11 , 1 can make six per- 
mutations of them, thus. 

P, Q,R , P, I(, Q, two m which P stands first 

Q, P t R,Q,lt,P,. Q 

P> Q i A ft A R < 

403 In the Examples just given all the tilings m each case 
are taken togctliu , but w o may be required to find how many 
permutations can be made out of a number of things, when a 
certain numhc only of them ore taken at a tune 

Thus the permutations that can be formed out of the letters 
P, Q, and R taken two at a time are six in number, thus 
P,Q, P,R,Q,P,Q,R,R,P,R,Q 

401 To find the number of pet mutations of n different things 
talen rata time 

Let a, b, c, d stand for n diffeient things 

First to find the number of permutations of the n things 
taken two at a time 

If a be placed before each of the other things b,c,d. of 
which the number isn-1, we shall haven-1 permutations 
m which a stands first, thus 

ab, ac, ad, 
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If b be placed before each of tlie other thing 1 !, a, e, d . . we 
shall have n— 1 permutations m illicit b stands first, thus 
la, he, Id, 

Similarly there will he n- 1 permutations m which c stands 
first and so of the rest In this way wo get ever} possible 
permutation of the n things taken tw o at a time. 

Hence there w ill be « (« - 1 ) permutations of « things taken 
Uio at a time 

Next to find the number of permutations of the n things 
taken three at a time 

Leaving a out, we can form (n-1) (»-2) permutations of 
the remaining (n-1) things taken two at a time, and lfwc 
place a before each of these permutations we shall lime 
(n-l).(n- 2) permutations of the » things taken three at a 
time m winch a stands fust 

Sumlaily there will be (n-1) (n r 2) permutations of the 
n things taken three at a time m which b stands iiiot: and bo 
for the rest 

Hence the whole number of permutations of the » things 
taken three at a tame will be n (n-1) (n-2), the factors of 
the formula decreasing each b} 1, and the figure in the last factor 
being 1 less than the number talcn at a time. 

"We now nssume that the formula holds good for the number 
of permutations of w tilings taken r- 1 at a tune, and we shall 
proceed to show that it will bold good for the number of per- 
mutations of n things taken r at a tune. 

The number of permutations of the u things taken r-1 at 
a tune will he 

n (»-1 ).(m- 2) [u-{(r-l)-l|], 

that is n . (u— 1) (n-2; . (n— r+ 2) 

Leaving a out we can form (n-1) (n-2) .. (n-i-y+o) 

permutations of the (n-1) remaining things taken r-1 at a * 
time 



Putting a before each of these, we shall Imi e 
(n-1) (n-2) (n-r+1) 

permutations of the n things taken r at a tune m which 
e tends first. 


n 


TT 
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So ogam we Bhall have (n-1) (n-2) . (n-r+1) per- 

mutations of the n things taken r at a time in which b stands 
lirtet , nnd '0 on. 

Hence the whole number of permutations of the n things 
taken r at a time will he 

n (n-1) (n-2) (n-r+1) 

If then the formula holds good when the n things are taken 
i-l at a time, it will hold good when they are taken r at a 
time 

But wc ba\e shown it to hold when they nre taken 3 at a 
tune, lienee it will hold when the} are taken 4 at a time, and 
so on therdore it is true for all integral -values of r * 

403 It the n things lie taken all together, 1 — n, and the 
formula gnes 

_ n (h- 1) (n-2) (n-n+1), 

that is, » (n-1) (n-2) , 1 

as the nunihu of permutations that can he formed of n dif- 
ferent things taken all togethci 

For hievity the formula 

n (n-1) (n-2). .1, 

which i- the same as 12 3... n, 
is written | n. Tins symbol is called factorial n 

Similarly | r is put for 1 2 . 3 . 1 , 

|> -1 fori 2 3 .(i-l) 

Ohs ljn=n 1 11 - 1 = 71 (n-1) [n- 2— &c 

40G To find the number of pcrmuialione of n things taken all 
together when certain of the things an alike 

Let the n things he represented hy the letters a, b, c,d. .. 
and suppose that a recurs jp tunes, 
b . q times, 
t, 3 times, 

.uni so on 

1 

* Another pioof of this Tlicoicm inn} he seen m Ait 475 

[ & A] * 
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.Let P represent the -v^hole number of permutations 

Then if all the p letters a "were changed into f other letters, 
different from each other and from all the rest of the. n letters, 
the places of these p letteis m any one permutation could now 
he interchanged, each interchange giving nse to a new permu- 
tation, and thus from each single permutation w e could form 
1 2 . p permutations in all, and the whole number of pei- 

mutations would be (1 2 p) P, that is Jp.P 

Similarly if in addition the q letters b were changed into q 
letters different from each othei and from all the rest of the n 
letters, the whole number of permutations would be 

\± \P P; 

and if the r letteis c were also similarly changed, the whole 
number of permutations would be 

' iji Li-b-i 3 * 5 , 

and so on, if more were alike 

But when thep, q, and r, &c , letters have thus been changed, 
we shall have n letters all different, and the number of permu- 
tations that can be formed of them is | n (Art 405). 

Hence P.|p_Jj_ |_r. ..=]»; 

I* 

\p_ | |r_ 


Examples.— cxlvi. 

1 How many permutations can be formed out of 12 thing s 
taken 2 at a tune ? 

2 How many permutations can be formed out of 16 things 
taken 3 at a time 1 

3 How many permutations can be formed out of 20 t hin gs 
taken 4 at a time 1 

4. How many changes can be rung -with 5 bells out of 8 ? 

5 How many permutations can be made of the letters m 
the w ord Examination taken all together 1 

6. In how' many way* can 8 men be placed side bv side ? 
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7 In how many w a> s can 10 men be placed tide by side 1 

8 Three flag? are required to make a signal. How many 
■-lguals can be gi\cn by 20 flags of 5 different colours, there 
being 4 of each colour ? 

9 How many different permutations can be formed out of 
the letters m Algebra taken all together 1 

lo. The number of things number of permutations of the 
things taken 3 at a time = 1 20 How many things are there! 

1 1 The number of permutations of m things taken 3 at a 
time the number of permutations of m + 2 things taken 3 at 
.1 time = 1 5 Find m. 

12 I11 the permutations of a, b, c, d, e, f, g taken all 
togethei, find how many begin with cd 

13 Find the number of permutations of the letters of the 
product a-IPe 1 written at full length 

14. Find the number of permutations that can be formed 
nut of the lettero m each of the following words . Conceit , 
1 ’alaicut, Calcutta, Pioposihon, Mississippi 


XXXIV. COMBINATIONS. 

407 The Combinations of a number of things are the 
different collections that can be formed out of them by taking 
a certain number at a time, without regard to the order in 
which the things stand in each collection. 

Thus the combinations of a, b, c, cl taken <uo at a time are 
ah, ac, ad, be, Id, c A. 

Here from each combination we could make two permuta- 
tions thus ah, ba, ac, ca , and so on for ah, ha are the same 
combination, and so aie ac, ca 

Similarly the combinations of a, b, c, d taken three at a time 
aie abc , aid, acd, bed 

Here from each combination we could make six permuta- 
tions, Ihus'td/c, acb, line, bca, cab, eba' and so on 
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And, generally, in accoidance with Art 405, any combma-' 
tion of n tilings may be made into 1.2.3 n permutations 

408 To find the number of combinations of n different things 
talen r at a time. 

Let C, denote tbe number of combinations required 

Since each combination contains r things it can be made 
into jr permutations (Art 405); 

• the whole number of permutations = | r 6% 

But also (from Ait 404) the whole numbei of permutations 
of 11 things taken r at a time 

*=n(n— 1) (n-r+1); 

. (r_ (7 r *=n(n-l) . (n-r+1), 

n »(»-!) (n-r+1) 

• \J r — I • 

\r 


\ 


409 To show that the number of combinations of 11 things 
talen r at a time is the same as the number talen 11 — r at a 
time. 


I 

and 


Hence 


„ n (n-1) (n-r+1) 

1.2 3 r 

r> _n (n-1) jn — (n-i) + l{ 

1 2.3 (n-r) 

_n (n - 1) (r+1) 

f 1.2 3 (n-r) * 


C r _ n (n-1) (n-r+1 ) 1 2 3 _ (n-r) 

G n-r 12 3. r X n (n-1) (r+1) 

_ n (n-1) (n-r + 1) (n-r) 3.2 1 

1 2.3 r. (r+ 1) . . (n — 1) n 

|n 


= 1 . 


That is, 


Gr=0„ 
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410 Alnhing r=l, 2, 3 r-1, r, r+linordei. 


n-„ n- n w- 1 r- n n ~ 1 n ~ i 
a.- x • - 2 -, . — • -g- 


, « («- 1) (n-r+ 2) 

'~ 1 “ 1.2 (r-1) 

„ _n (n-1) . (n-r+2) (n-r+1) 

1.2 . (r-1) r 

n.(n— 1) (n-r+1) (n— r) 

1+1 “ 1 2 r (r+1) 


0.-I 


Hence the general expression for the factor connecting C r , 
one of the set of numbers {?,, C- CV+i • with C_.i, 

VI T X 

that which stands next before it, is — - — , tbnt is. 


Cr JlZl±l Cr-i 


With regard to this factor 


n-r + 1 
r 


w e observe 


(1) It is always positn e, because n+ 1 is greater than 1 


(2) Its value continual!} decreases, lor 

n-r+1 n+1 . 

f r ’ 

which decreases ns r increases. 

(3) Though n ~ continually decreases, yet for several 

successive values of r it is greater than unity, and therefore 
each of the corresponding terms is greater than the preceding 

(4) When r is such that is less than unity the cor- 

responding term is lc B s than the preceding 
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(5) If n and. i be such that - — ^i-^=l, G r and G r _ t are a 

pair of equal terms, each greater than any preceding or subse- 
quent term 

i 

Hence up to a certain term (or pair of terms) the terms in- 
crease, and after that decrease . this term (or pair of terms) is 
the greatest of the senes, and it is the object of the next Article 
to determine -what value of r gives this greatest term (or pair 
of terms) 


411 To find the uilue of r for which the nnmbe) of combina- 
tions of n things talxn r together is the greatest 

' n - fo" 1 ) (n-i+ 2) 

r ~ 1 ~ 1.2.. (r— 1) 

„ n (»-l) (n-r+ 2) ( n— r+1 ) 

12 (i-l) r 

n n (ji-1). ..(n-r+ 1) n-i 

1.2 i r+1 

Hence, if O r denote the number of combinations reqimed, 
0 0 

~~ and must neither of them be les3 than 1. 

ty_, Urxj 


But 

and 


G r _«~r+l 
Gr~i~ i ; 
Cr r + 1 

CUi n-r 


Hence is not less than 1 nnd — - is not less than 1. 

r n—r ’ 

or, n—r+1 is not less than r and i + 1 not less than « 

ot j n + 1 is not less than 2r and 2r not le«s than n — 1 , 

2r is not greater than n + 1 and not less than n - 1 

Hence 2r can have only three values, n — 1, n, n + 1. 

Now 2r must be an even number, and therefore 

(1) If n be odd, n — 1 and n-^1 being both even numbers, 
2r may be equal to n - 1 or n + 1 , 
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or r= 


u + 1 
2 


( 2 ) II n he even, n - 1 and n + 1 being both odd numbers, 
2 r can onlj be equal to ii , 



Ex, 1. Of eight things how many must be taken together 
that the number of combinations may be the greatest pos- 
sible 1 

Here n= 8 , an even number, therefore the number to be 

taken is 4, which will give r*!* !! - * *! ■ or 70 combinations 
” 1 x 2 x 3 x4 


Ex. 2i If the number of tilings be 9, then the number 
to be taken is 5-^ 0 r — ~, that is 4 oi 5, u Inch mil give 
ie«peclively 

— 5 — it or 126 combinations, and 
1 x 2 x 3 x 4’ ' 


9x8x7xGx5 
I x 2 x 3x4x0’ 


or 126 combinations 


Examples.— cxlvii. 

1 Out of 100 soldiers how many different parties of 4 can 
be chosen 7 

2 How man} combinations can be made of 6 things taken 
"j at a time ? 

3 Of the combinations of the fir»t 10 letters of the alphabet 
taken 5 together, m bon many will a occur? 

4 How many words can be formed, consisting of 3 con- 
sonants and one von el, m a language containing 19 consonants 
and G \ on els ? 

5 The number of combinations of n things taken 4 at a 
tune tlie number taken 2 at a time =15 2 Find n 

6, The number of combinations of n things, taken 5 at 
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Q 

a time, is 3=- times the number of combinations taken 3 at a 
1 o 

time. Find n 

7 Out of IT consonants and 5 vowels, liow many woids 
can be formed, each containing 2 vowels and 3 consonants? 

8 Out of 12 consonants and 5 von els how many words can 

be formed, each containing 6 consonants and 3 vowels ? 

/ 

9 The number of permutations of n things, 3 at a time, is 
6 times the number of combinations, 4 at a time Find n 

10 How many different sums may be formed n ith a guinea, 
a half-guinea, a crown, a half-crown, a shilling, and a sixpence? 

rx. At a game of cards, 3 being dealt to each person, any 
one can have 425 times as many hands as there are cards in 
the pack How many cards are there ? 

12. There are 12 soldiers and 16 sailor* How many dif- 
ferent parties of 6 can be made, each party consisting of 3 
soldiers and 3 sailors ? 

13. On how many nights can a different patrol of 5 men be 
draughted from a corps of 36 ? On how many of these jn onld 
any one man he taken ? 


XXXV. THE BINOMIAL THEOREM. 

POSITIVE INTEGRAL INDEX. - 

412 The Binomial Theorem, first explained by 
Newton, is a method of raising a binomial expression to anv 
power without going through the process of actual multipli- 
cation 

413 To investigate the Binomial Theorem foi a Positive 
Integral Index, 
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B,i actual multiplication ne can sliou tliat 

(x ■*■ ffj) (r + tr ; )= 5 ~ + (a, + n.) x + njO ; 

(x + «j) (x + a.) (x + n 3 ) = x 3 + (<Tj + o 2 + a 3 ) a 5 

+ («,«» -fn 1 rr 3 + « s a 3 ) x + a jfl«n 3 

(i * «j) (x + a.) (x+a 3 ) (x + a 4 ) = x* t (iq + ff 2 + o 3 + n 4 ) x 3 

+ («!«. + a t a 3 + o i n i + a 6 n s + a s a 4 + n 3 a 4 ) x 2 
+ (<i,fl;.a 3 + n s a.« 4 + 0^4 + a..a 3 a 4 ) x + 

In tlic”c rc=ults lie obserte the following laws 

I Each product is composed of a descending senes of 
pocon of r Tlie mde\. of x m the first term is the same as 
the number of factors, nnd the indices of x decrease by unit} 
111 each succeeding term 

II. The number of terns is greater by 1 than the number 
of fnctois 

III The coefiicient of the first term is unity 

of the second the sum of a,, ««, « 3 , 
of the third the sum of the products of 
rtj, a s , n 3 talcn two at a time 
of the fourth the sum of the products of 
a 1( rr„, n 3 . talxn three at a time 
and the last term is the product of all the quantities 

fij, a : , « 3 . . 

Suppose now this Ian to hold for n -1 factois, so that 

(c + «,) (a + « s ) (x + a 3 ) (v + 

=x"~ 3 +S 1 x— ! +& 'c"" 3 s S 3 x'- i + + ) S’„_ 1> 

uhcie jS'i=nj+«2 + n s + . +a»_ 5 , 

that is, the sum of «„ « 2 , a 3 «*_„ 


8. — OjCi . + fljOj + <?.,fl 3 + . + 1 + a.a n _i + 

that is, the sum of the products of «q, a s , a 3 .. a„_i, 
taken tu o at a time, 
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1 S 3 = + ctia i a i + . . + + • • 

that is, the sum of the products of a v 
taken three at a time, 


$n— i — UjfloUs • t ffji-], 

that is, the product of a u a £ , a 3 .. a„_ v 
Hour multiply both sides hy x+a n . 

Then 

(x-ba 1 )(x+a^ . (x+fln-i) (x+«„) 

= 1 ? + Si '5* — 1 + S a x”-- + ,% x n ~ s +. 

+ «„ x "- 1 + <?„£, -e” -2 + «„S 2 (c"“ 3 4- . . + a n S n 
= -s" + ^ + a„) a? 1 - 1 + (& +o„Sj) k " -2 

+ (S3 + «»&) 'C ’" 3 + . + «A-1. 

/ 

Xon'S I +fl n =(r 1 +a 2 +«3+ .J- 

that is, the sum of « 3 . 

Si + ff„Si = iSu + (« 1 + CT ; + . 

that is, the sum of the pioducts of flfjj fffj 
taken tiro at a time, 

S 3 + flA = , ^3 4" a n + ^1°!+ • ), 

that is, the sum of the products of a 1} a £ . . 
taken three at a time, 


a A-l = ttlOt a 3 «n-l °r> 

that is, the product of a 1} a„, a 3 . «„ 


If then the lair holds good for n - 1 factors, it will hold good 
for n factors . and as we hare shown that it holds good up to 4 
factors it will hold for 5 factors and hence for 6 factors , and 
so on for any number. 
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Now let each of the n quantities «„ a., o 3 ... n„ he equal to 
and let us write our result thus 

(r + ai)(a:+« t ) (x+a„)=x" + A i z"- 1 + A. .c"- 2 + +d M . 
Tlie left-hand side becomes 

(s + a) (z + a) . {x + a) to n factor", that is, (x + a)" 

And on the right-hand side 

Aj=« + n +a-r to n terms=na, 

A«=a--ra- + a--b to ns many terms as are equal to the 
number of combinations of n things taken (uo at a time, that 

, c "O' ~ x > 


1 2 


A _n.(n-l) 

** 2 1 q 


jl 3; =a 2 +a 3 + aP+ to as many terms as are equal to the 
number of combinations of n things taken thee at a time, that 


is 


n (11 -1) ( 11 -2) , 
12 3 


,, _« (n - 1) (n — 2) _ 3 
71 a 1-3—3 a > 


A n =a a u to « factors =« n . 
Hence se obtain ns our final result 

( a + «)“ =»” + Jinx’' -1 + — -y~ 5— ^ «V _S 


n.(ii-l}. (n-2) 
+ 12 3 


. . + a" 


414 Ex. Expand («+a) c . 

Here the number of terms will be seven, and we have 


G 


(x + «)° = a" + Gao 5 + - — - a%* + y 

A +* * 


G 6 4 


4 3 


a i z 2 + 


2 3 
G S 


aV 


4 3.2 


a s #+a° 


r l 2 3.4"" • 1 2 3 4 5 
=k° + G ar 6 + 15«V + 20a 3 x 3 + 15a 4 x*+ 6a h a: + a 4 
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Note. The coefficients of terms eqiudistant from the end 
and from the beginning are the same The general proof of 
this will he given in Art 420 

Hence in the Example just given when the coefficients of 
four terms had been found those of the other three might have 
been written down at once. 


Examples.— cxlvni. 


Expand the following expressions 

i. (a + x) 4 2 (b + c) G . 3 (a + 1) 7 . 

4 (x+y) 8 * 5 (5+ 4a) 4 6 (a-+hc)\ 

415 Since 

(x + a)" = x" + «aaf -1 + — ^ . a V 1-2 + . . +a n , 

if we put x=l, we shall have 

(1 + «)" = 1 + m + n -fa ~ ^ « 2 + . . +a n . 

416 Every hmomial may he i educed to such a form that 
the part to be expanded may have 1 for its first term. 

Thus since z+a=x(l+^, 

<?+«)'«*> 

and we may then expand (l + ^) and multiply each term of 
the result by \ n . 


Ex. Expand (2x+3y) 6 
(2x+3y) 5 =(2:e) b (l+||)° 


X 



3| 5_4 
2x1 2 



,543 
+ 1 2 3 



5J_3_2 (3y\* (ZyV'X 
1.2 3.4 \2x/ + \W ) 
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1 »» 1 W'l 1 . 270./ 1 405i/« 243y r >) 

~ 3 ( l + 2x + + 8x* + 10V + 32s 6 j 

=32r’+ 2 iOf'v + 720/b/ 2 + lOSOA/ 3 + 810x1/' + 243j/' 


417 TJie expansion of (x-n)" will be precisely tlie same ns 
tint of (x+ff}', except tlint the sign of terms in which the odtl 
pew ers of a enter, that is the second, fourth, sixth, nnd other 
oien terms, will be ntgalne. 


Tims { < - a)* - mE~ 1 + n 5 r"“ 5 




for {x-a) H = jx+(-«)j" 

= rl + « ( - n) x"- 1 + — ^ ( — «) 2 x"~ 2 + &o. 


• Max**' 4 n 2 x"* s + &c 

X Ml 


Ex. Expand (« - c)"’ 

(« - c)’=o J - tin 'c 4 j— yiV — j— cf —y('(r ! + j— j— ^«c* - C 
— ft'* — 3ct*c 4- 10« 3 e 2 - lOriV 4- otic 1 - <r’ 


Examples.— cxlix. 

Expand the follow mg expressions 

1. (n-a-y. 2 {b-cf. 3 ( 2 x— 3 y)‘ 

4. (1 - 2x)'. 5. (1-x) 10 6. (« 3 -£'-) R 

418 A tunomial, n-> re + ft+e, maj be raised to any power 
by the Binomial Theorem, if we legaid In 0 terms as one, thus 

(« 4-1/4- c)" = (n + b) H 4 n . (a + &)"*' c 


+*- (a + by 1 c 2 + 
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Ex, Expand 1 (1 + ® + a; 5 ) 3 

(1 +ic + ® 2 ) 3 = (1 + ®) 3 + 3 (1 + a) 2 . a 2 + p-| (1+®) ar 1 + ®° 

= ( 1 + 3 ® + 3 ® 2 + a 3 ) + 3 (1 + 2 ® + ® 2 ) ® 2 

+ 3 ( 1 +®)®*+®° 

= 1 + 3 ®+ 3® 2 +_® 3 + 3 ® 2 + 6 k 3 + 3 ' C 1 + 3 ®* 

+3®°+®° 

=l+3x+6x 2 +7a?+6x i +3zP+a/ ! . 


EXAMPLES.— Cl. 

Expand the following expressions 
i. (a + 2b - cy. 2 (1 - 2® + 3'c 2 ) 3 3 (a 3 — ® 2 +®) 3 . 

4 (3 c J + 2®° + 1) 3 . 5 ^® + l-i^. 6 (a* + 1$ — c*) 3 . 

419 To jfoitZ the r" 1 0 / geneial tenn of the expansion of 

(®+a)“. 

We have to determine three things to enable us to write 
down the } tt term of the expansion ,ol (a+o)’ 1 . 

1 The index of ® in that term. 

2. The index of a in that term 

3 The coefficient of that term 

Now the index of ®, decreasing by 1 in each term, is 111 the 

term n—r+ 1 , and the index of a, increasing by 1 in each 
term, is in the r tt term r - 1 

For example, in the third term 

the index of ® is n - 3 4-1, that is, 11 - 2 ; 
the index of a is 3 - 1, that is, 2 

In assigning its proper coefficient to the r tt term we have to 
detennme'the last factoi m the denominatoi and also m the 
numerator of the traction 

».(»— 1) (n- 2) ( 11 - 3) 

1,2 3 4 
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Now tlic last factor of the denominator is less by 1 than the 
uuinbei of the term to which it belongs Thus m the S' 4 term 
the last factor of the denominator is 2, and m the r”* term the 
last factor of the denominator is 1 - 1 

The Iasi factor of the numerator is formed bj subtracting 
fiom n the number of the term to which it belongs and adding 
2 to the result 

Thus m the 3 rt term the last factor of the numerator is 

n -3 + 2 , that is n- 1 , 
111 the 4" 1 <1-4x2, that is n - 2 , 

and so mthci 01 «-r+2 

Observe also that the factois of the numerator decrease by 
unity, and the factors of the denominator increase by unity, so 
that the coetheient of the r ,h term is 

?i (11— 1) (n— 2) (»i-r+2) 

1.2 3 (r-1) 

Collecting our results, we wnte the »"■ term of the expansion 
of (25+fl)" thus 

n,(it-l).(n-2) (w-r+2) ftr _ t __ Hl 

1.2 3 (r- 1 ) 

Ohs The index of a is the same as the last factor in the 
denominator The sum of the indices,of a and x is n 

Examples.— cli. 

Find 

1 The 8 lb term of (1 +&) 11 

2 The S'* term of (a s - b-) vl . 

3 The 4 ,h term of (a - h) 100 

4 The 9 ,tl term of (2a& - cd) li . 

5 The middle term of (a - h) i0 . 

6 The middle term of (a“ + &“) 8 

7 The two middle teirns of (a- b) 10 

8 The two middle terms of (a+a) 13 
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g Show that the coefficient of the middle teim of 


(ti+a;) 4 " is 2 s " x — ^ ° 


(4n-l) 


1 2 3 . .2n ' 

Show that the coefficient of the middle term of 

(a + 'rY j| + 2 is 2" +1 x ^ J1 + ^ @ n +5 ) •• (~^ n ~ j) ( 4 » ± 2.) 

' ' 1 2 . .it 


io 


420 To show that the coefficient of the i u ‘ term from the 
beginning of the expansion of (x 4- a)" is identical with the coeffi- 
cient of the r tt term from the end 

Since the number of terms m the expansion is it+1, there 
are n + 1 — r terms before the r“* term from the end, and there- 
fore the i* h term from the end is the (it— r+2)” 1 term from the 
beginning 

Thus in the expansion of (u+a) 5 , that is, 

+ Sax* + lOa 2 ^ 3 + 10a 3 r 3 + 5 a 4 x + a B , 

the 3rd term from the end is the (5-3 + 2)"*, that is the 4 a term 
fiom the beginning. 


Now if ire denote the coefficient of the r" 1 term by 0„ 
and the coefficient of the («-r+ 2) tt term by O n r[5 
we have 


n (n - 1) . (it-r+2) 
1 2 (r— 1) * 


a _n ( n-1 ) 

°n-r+2 


1.2 


}it-(it-i +2) + 2| 
(it— r + 2 — 1} 


it (n-1) .. r 
1 2 (n— r+1) 


Hence 


O r _ ii (it-1) . (n-r h2) 12.. .(n-r+1) 

O n -r+l 12 (? — 1) It . (it — 1) . . T 

_ « («-l) .(it — r+2) (it-r+1) ..2 1 
i~"2 (r-l).r . (it — 1) it 

jit 

=y^==l, ■which proves the proposition 
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421 To find the greatest term in the expansion of (»+ a)", n 
hang a positnc integer. 

The r <!> term of the expansion (x + a)’ is 

n (n- 1) (n-r + 2) t 

1 2 (r — 1) ® ’* * 

The (r 4 - 1 )"“ term of the expansion («+«)" is 
«.(«-!) .(n-r + 2) («-r+l) 

T 2 (r — 1) r * * ’ 

Hence it follows that ne obtain the (r + l)* term by multi- 
pl\ mg the i”* term by 

n-r+1 a 
r % 

When this multiplier is first les3 than 1, the r a tenn is the 
greatest 111 the expansion 

Jfou 71 ~ T + 1 - is first less thnn 1 

1 x 

■when lift - ra + <1 is first less than r^, 

01 na + a first less than rx + ra, 

01 r (r + a) first greater than a (« + 1), 

01 r fust greater thnn a ^ n 

0 tc + a 

If r be (final to — — * — , then - r -~ - = 1, and the 
1 x + a r x 

(r+l)' h term is equal to the »“■, and eacli is greater than any 

other term 


Ex. Find the gientest tenn m the expansion of (4+a) 7 , 
3 


when a— 


2 


Here "<* +1) -- 


3 P + 1 )_18_24_, j 


K + « 


4 + 


'll 11 
2 


The first u hole number greater than 2^ is 3, therefore the 
greatest term of the expansion is the 3rd 

[BA] 77 
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422 To find thcsvm of all l he coefficients in the cvpanmr 

of (l+ / ®)“ 


Since (1 + '>)" - 1 + m + - ' c ~ + 


+ + n ■I-' 1 + H 1 


pulling ^=1, we get 

2 ., 1 + » + !L|lzl! + + !_fiLzJ>„,i, 


or. 


2"=the sum of all tlie coefficients 


423 To show that the sum, of the coefficients of the odd term 
in the expansion of (1 + x) n is equal to the sum of the coefficient, 
of the even terms 


Since 


putting x= - 1, we get 

„.{ 1+ !L^ + } 


or. 


} 


=sum of coefficients of odd terms - sum of CO' 
efficients of even teims, 


sum of coefficients of odd terras = sum of coefficients o 
even terms 


Hence, by the preceding Article, 


Q» 

sum of coefficients of odd terms = —=2" _1 ; 


/ 9 » 

-sum of coefficients of even terms = — = 2" -1 


r 


XXXVI. THE BINOMIAL THEOREM. 
FRACTIONAL AND NEGATIVE INDICES. 


i 


< 

i 


I 


t 



424 We hni e shown that w hen m is a positive mtegei, 

(1 + x) a - 1 + mx + VL^Lzl. 1 k 2 + 

We lmi e now to show that this equation holds good when 
3 

m is a positive fraction, as g, a negative integer, as -3, or a 

3 

negative fraction, as — - 
We shall give the proof devised hy Euler 


420 Tf m he a positive integer we know that 

„ , , , m.(m- 1) „m (m~l) (m-2) , 

(1 + j -)"=1 + 7 nK + — 2 -s 2 + — -~y £ g J 


Let ns agiee to represent a senes of the form 
1 + 1HK+ — g — -55-+ . 

by the bj mhol /(m), vjiatevcr the lalue of m may be 

Tlien we know that when m is a positive mtegei 
(1 +is)"=/(nt) , 

and we haie to show’ that, also, when m is fractional or 
negative 

( 1 +x)”=f(m) 

Since /(m) = l+mx+ m «?+ . , 




THE BINOMIAL THEOREM 


N 


308 


If we multiply together the two series, we shall obtain an 
expression of the form , 

1 -f av-rbx°+<J? + dx* + . . . 

that is, a series of ascending powers of x 111 uhich the coeffi- 
cients a, b, c .are formed by various combinations of 
in and n 

To determnie the mode in u hich a and b are formed, let us 
commence the multiplication of the tu 0 series and continue it 
as far as terms involving x-, thus 

f(m) = 1 + lax + x- + . 

/(«)=! +n'C + ~^ l ~^ r? + 


f{m) x/(i 0 = l-fnrc+ - 1 ? + 

t -nx-rmnx z -r . . . 


n (re-1) 
_____ 


\- + 


1 + (m +«) . x + 1 


- L mi, i x ) } , . 


Comparing this prodnct with the assumed expression 
1 +ax+h?+cA i +d'v i + . 
a=m+n } 


we see that 
and 


14 1.2 

m?-m+2mn+n”~ n 


X 


(m+fl) (m+re— 1) 
12 
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Similoily we could show by actual multiplication that 

(to+h) (to+h- 1) (m+n -2) 
rs= ___ , 

j (m+«).(m+«-l) (to + » — 2 ) . (to + n - 3) 

1 2 . 3.4 

Thus we nugbt determine the successive coefficients to any 
extent, but we may ascertain the law of their formation by the 
following considerations 

The forme of the coefficients, that is, the way in which in 
and u are urvohed m them, do not depend m any way on the 
milt's of to and n, but will be precisely the same whether m 
and n be positne integer.-, or any numbers whatsoever 

If then we can determine the law of their formation when 
to and n aie positive integers, we shall know' the law of their 
formation for all 1 alues of m and » 

Now when m and 11 are jidsilivc integers, 

/(»!)=( l+rf)", 

/(«)*“ (!+*)"» 

/ (ni) x f («) = (1 + k) b y (1 + £)" 

=(1 + s :)” ,+ " 

, l+(m+ , 0 « + (2±5Hi±i^V t 

~f(m+n). 


Hence we conclude that whatever be the values of to and n 
f(m ) x f(n) =/(to + »). 

Hence /(to+h+p)=/(to) /(n+p) 

=/ ( to ) /(») f^), 

and so generallj 

/(w-Hi+jH- )=/‘(to) /(») f{p) • 


3io 
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Now let m=n=p= . = r , h and h being positive integers, 

tv 

tlien 

.. to l terms) 

/ (r) 

/w-{/(i)K. 


or. 


or. 


(i+®y<= 


l4->) 


1 2 


-f 


which proves the theoiem for a positive fractional index 

Again, since /(in) /(n)=/(m+«) for all values of in and n 
let u= - in, then 

/ (m) ./( - m) =/(i» - in) 

=/(0) 

Now the senes l + mx+ - l ---6 s + 

i 

becomes 1 when m=0, that is, / (0)=1 , 

/(m) /(-m)=l j 

(l+*)-=/(_ TO ) 

=1 +(-m ) — a: !! + . . 

wluch proves the theoiem for a negatne index, integral e 
fractional. 


Oi wc ini^ht priced thu*, in i*? explained m Ait 416 

( 1X ‘j ,» + l 2 «- + 1.2 .1 a? ) 


c-a- 


i 


l 2 1 *«r liw i 


I 

-It* 1 


r- 


2't- bit- lCt- 


EXAMPLES.— Cln. 


lAjmntl tin. fnl lowing i>vpa=>-ioJis. 


I 

(X + r)- to five term- 

7- 

(1 to five terms 


H +>i)** to four turn- 

S 

(l -tt-y to four terms 

3 

er i j-y to fi\c teini* 

9 

(1 -3r)^ to font teinis 

4 

(1 to ti\u turn* 

10 

^x- - to four tenus 

3 

to four tel nr< 

1 1 

(l - r)S to four tenns 

r> 

i ii , 

{<t l -r*)- to four temw 

12 

(“•!!_ to tin ec tei nn 
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427 To expand ( 1+®)“°. 

(l+«)-”=sl + (-tt ).^ — ~ y Y — “ 

, -n.(-n-l). (-n-S) ^ ] _ 
1*2*3 

-l-nx+ ~Y72 * i7 2 ' 3 -^+ 

tlie terms being alternately positn e and negative 
Ex. Expand (1 +m) -3 to five terms 

(1+1C) -1 ^+ 1>2 » rrr3^T 2 Z i p 

=1— 3u+6k 2 — 10c 3j -15's 4 — . 

428 To expand 

(1 - k )-*=1 -(- 12 ) . x + — - ~ V $ 

~n(-n-l)(~n-2) i 

j — g~g ^ • 

the terms hemg all positive 
Ex. Expand (1 - x)~ 3 to five terms 

(W) ■ 1+to+ o^ + ixr-3^ + mT4^ + • • 

= 1 + 3z + Gk 2 + 10k 3 + 1 5k* + 


Examples.— elm. 

Expand 

(1 + a)~ 2 to fi\ e terms 4 (l-i) ' to five terms 
{1 - 3k ;- 1 to five terms 5 (a 2 -2k)"® to five terms 

( x -|) to four terns 6 (a* -£)-* to four terms 
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12*1. 2o expand (1 +2)"*.' 

(1 r-) 


1 2 .1 

)i 2«- Cm- 


y3 + 


EXAMPLES.— chv. 

U\JO!nl 

f (1 J- r"j“i lo five teim- 4 (1 +2/)~- to fi\c terms. 

2 (1 — -i-'/”* to fiu term- ; (<t s *f S' 2 ) - - to four terms 

3 ( i ' + to four tc nn- 6 («" - i* 3 ) - ^ to four tenn- 

) jo Oho nation* mi Ihttp ucrul o-pi\nmi for the term imohnnj 
" in (he r<p iii'ioit* (l + )" mill (1 -sj‘ 

'1 lie gem.nl cxpie— ion for the turn in\ol\mg x r , tlmt is. the 
(» - J /' tain, m the exjian-ion of (I +2)" w 

11 (n-l) (it — 1 -M) 

1 2 r 

1'iotii tin*) we must deduce the fonn m all ca-e« 

’1 Ini- tlic (rs ly'ttnn of the expansion of (1 - 2)" is found 
In changing x into ( — t), and thcrefou it is 

" (n-l) . (n-r+1) 

"12. r x J 

( n , H (h- 1) («-Jll), r 

'■ ’ 12 1 


">) 
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If n be negative anti = —m, the (r+ l) tt term of the expan- 
sion of (1 + %) n is 

/ 

.(-m-r-b 

19 * X j 

JL 0 A* t 0 0 0 00000 / 

, 

/ 

or, 

(-l) r \m (m+ 1 ) ... (m+r- l)j-c r 
12 .. r 


If 71 be negative and = -m, the (> +l) tt tenn of the expan- 
sion of (I + x) n is 


(-1 ) r Jw (m+ 1 ). («i+r-l)f 

1.2 r *'* 


or, 

771 (fll + 1 ) (’ 7 »+ 7 , -l) , 

12 .. r * 


- 

Examples.— civ. 


Find the i ” 1 terms of the following expansions 


. i (1+a,) 7 . 2. (1— a:) 12 3. (a - ^) 8 4 

5 ( 1 +®)- 2 6 (1 - 3 a:) -4 7 ( 1 -a,) - ^. 8 

(ox+2i if. 
1 

(«+&•)*'. 


9 (1 - 2x)~^ 10 (ft 2 -a; 2 ) 


11 

Find the (r+ 1)““ term of (1 — x J -5 . 


12 

Find the (r + 1) 111 term of (1 - 4 x)~ ' 


13 

Find the (? +l) a ‘ term of (1 -fa;) 2 ' 


14 Show* that the coefficient of cs'* 1 111 (1 + a;) n+1 
of the coefficients of x' and x’* 1 m (1 + a:)’ 1 

is the sum 

15. 

"What is the fourth term of f 

- 

16 

"What is the fifth term of (a 2 — l 2 )- ? 


17 

What is the ninth term of (a 2 + 2 k 2 )- 7 


18 

What is the tenth term of (a + h)~ m 1 


19 

’s 

What 13 the serenth term of (a - f i)" f 
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131. The loHouing me examples of the application of the 
llinniiual liicon .111 lo the approximation to roots of mimbeis 

(1) To approximate to the square root of 104 

^luj=r ^(lOO- 1 - l)=lo(l + 



— 10^1 + 2 -- 2 -s - - 1 - l 

(. 100 UHIOO 10(10000 j 

<.---10 lot'll Jtcarh 


(2i To approximate lo the fifth root of 2 
s'- "I 1 * ir 




1,12 .1 21 

r I ♦* — «t- ~ -j 

■j 25 250 2500 

- 1 - ’It* tltaih 
_•» 25(H) 

- 1 123G nearlx 


t !; To uppioxiiinte to the cube root of 25 
»'25= »/(27-2; = 3[l— 2 2 j’ 


Here we tahi tlic cube next uboic 25, so ns to make the 
com! term of the bmominl ns small ns possible, nml then 
proceed .is before. 


Examples.— clvi. 

Approximate lo the following roots 
1 ^/31. 2 ;/10S 3 4/2GO 


4 081. 
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432 The symbols employed in onr common system of 
Arithmetical Notation are the nine digits and zero. These 
digits when untten consecutively acquire local values from 
their positions with respect to the place ot units, the value of 
every digit increasing ten-fold as u e advance towards the left 
hand, and lienee the number ten is called the Radix of the 
Scale 

If we agiee to lepresent the number ten by the letter t, a 
number, expressed according to the conventions of Antlimetical 
Notation by 3245, would assume the form 

3P+2P+4l+o 

if expressed according to the conventions of Algebra 

433 Let us now suppose that some other number, as five, 
is the radix of a scale of notation, then a number expressed in 
this scale arithmetically by 2341 will, if fuc be represented by 
f, assume the form 

2/ 3 +3/- + 4/+ 1 
if expressed algebraically 

And, generally, if r be the radix of a scale of notation, a 
number expressed arithmetically in that scale by 0789 will, 
when expressed algebraically, since the value of each digit 
increases rfold as we advance towards the left hand, be repre- 
sented by 

GrS + T^+Sr+g 

434 The number which denotes the radix of any scale will 
be represented in that scale by 10 

Thus m the scale whose radix is five, the number five u ill 
be represented by 10 
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Ex. 1. Find the sum of 4325 and 5234 in the sennrj scale. 

4325 

5234 

the sum =14003 

■which is obtained by adding the numbers m icrtical lines, 
carrying 1 for every six contained in the seveial results, and 
setting down the excesses above it 
Thus 4 units and 5 units make nme units, that is, six units 
together with 3 units, so we set down 3 and carry 1 to the 
next column. 

Ex. 2. Find the difference between 62345 and 53466 in 
the septenary scale 

62345 

53466 

the difference = 5546 

which is obtained by the following process. We cannot take 
six units from hve units, we therefore add seven units to the 
five units, making 12 units, and take six units from twelve 
unite, and then we add 1 to the lower figiue m the second 
column, and so on. 

EX. 3. Multiply 2471 by 358 m the duodenary scale 
2 4 7 1 
358 

1 7088 
etc 5 
7 19 3 

833318 

Ex. 4. Divide 367286 by 8 in the nonary scale 
8 ; 367286 
~~ 42033 

The following is the process We ask how often 8 is contained 
in 36, which in the nonary scale represents thirty-time units , 
the answer is 4 and 1 over. We then ask how often 8 is con- 
tained in 17, which in the nonary scale lepresents sixteen units, 
v '' the answer is 2 and no remainder. And so for the other digits 


Ex. 5. 


Diu<ie ii8 ^2 3 zzr^, — - ,_ 3 

58 V 1184323 (^,83 ' e duodca ^ stale 

22*3 

ItrO 

3e32 

39(0 


Ex. 6. 

►cale 


152 3 
1523 


*<*"« tl, epfjnare 


root of 10534521 


1 0534521 ( 0345 


W the 


senary 



42121 
4212 1 


Exampi -es- 0 )v„. 
> 1 ^ 


2ffl 012 6 * " “ e ■Kwuj scale 

Blv,c, e 3756025 hv n * , scale 

' ra '‘ 11,0 " ,Mre ™* «f «wS“ 

e duodenaiy 
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— ^ i i j sg syfr 

439. To transform a given iptegrar number from meia&M 
another. ' - ^* r ,jirA&' 


*i- *5* Tf*'. 

Let N be the given integer expressed in tlie first scale? *?%■ 

n* fllA wwltv rtf iLn 1 V .4 . 


— — ^ ju lug iirsc scale, p 

r the radix of the new scale m which the number iAd? 
be expressed, Vj J;.'/ 

a, b, c . . to, p, j the digits, n + 1 m nuniber, expressin'M 

the numbei in the new scale ; 4 A 

so that the number m the new scale Mill be expressed thus -r -' 

fli-+ir-»+«- s+ +mr>+i>r+q. : f) 

We have now from the equation V*’ 

N=at* + br"- 1 + cr"* 2 + .. . . +mr 2 +p r +q , . \ yV 

to determine the values of a, 6, c p, q. . 

Divide JV by r, the remainder is ? . Let 4 be the quotient?- 
tlien * ,« f «* 

A = ar* -1 + dr* -2 4- er”- 3 + ... +mi .+p. '* £ 

Divide il by r, the remainder is p. Let JS be the quotient? 
then 1 , 

B=ar”- 2 +b*-3+cr*-*+ .. +m. . 


S 


Hence the ; 

first digit to the nght of the number expressed m the 

new scale is q, the first remainder; 
seconc . .. p, the second remainder;^ 

T, • ’ , * * • •»*, the third remainder: 

and thus all the digits may be determined. 

Ex. 1. Transform 235791 from the common scale to the 
scale whose radix is 6. 

6 i 235791 

6 ! 3929 8 remainder 3 

® 6549 remainder 4 • 

6 109 1 remainder 3 

6 181 remainder 5 


30 remainder 1 
5 remainder 0 
0 remainder 5 


The number required is therefore 5015343. 
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3 21 


The digitb 1)j w Inch a number can he expressed m a scale 
w hose radix is r will he 1, 2, 3 . r- 1 , because these, tv ith 0, 
are the only remainders which can arise from a division m 
which the divisor is r. 


Ex. 2. Express 3508 m the scale w’hose radii is 12 


12 

12 

12 

12 


3308 


209 remainder t 


24 remainder e 


2 remamdei 0 


0 remamder 2 
the number required is 20 el 


440 The method of transforming a given mtegei from one 
scale to another is of course applicable to cases m which both 
stales aic other than the common scale We must, however, 
be cartful to peifonn the operation of division m accordance 
with the principles explained m Art 438, Ex. 4 


Ex. Transform 142532 from the scale whose radix is G to 
the scale whose radix is 5 


5 

5 

3 

5 

5 

r > 


142332 

20330 remainder 2 
2303 remamdei 3 
300 remainder 3 
33 remamder 3 
4 remainder 1 
O lemamdei 4 


The required niunbei is therefore 413332 


EXAMPLES.— Clvili. 

Express 

t 1828 m the septenary scale 
s 1820 m the senary scale 
3 43751 m the duodenary scale. 

[s.a] 


x 
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4. 3700 m tiie quinary scale 

5. 7631 111 the binary scale 

6 215853 111 the duodenary scale. 

7. 790158 m the septenary scale. 

Transform 

8 34002 from the quinary to the quaternary scale. 

9. 8978 fiorn the undenary to the duodenaiy scale. 

10 3256 from the septenary to the duodenaiy scale. 

1 1. 37704 from the nonaiy to the octonaiy scale 

12. 5056 from the septenary to the quaternary scale 

13 654321 hom the duodenaiy to the septenary scale. 

14. 2304 from the quinaiy to the undenary scale 

441. In any scale the positne integral powers of the num- 
ber winch denotes the radix of the scale aie expressed by 
10 , 100 , 1000 .... 

Thus twentj-hve, which is the square of live, is expressed 111 
the scale whose radix is five by 100 one bundled and tuentj - 
five will be expressed by 1000, and so 011 

1 

Generally, the n tb power of the number denoting the radix 
111 any scale is expiessed by 1 followed by n cyphers. 

The highest number that can be expressed bj p digits m a 
«cale whose radix is 1 is expressed by 1'’- 1, 

Thus the highest number that can be expiessed by 4 digits 
m the scale whose radix is five is 

10« - 1, 01 10000 - 1, that is 4444 

The least number that can be expiessed bj digits 111 a 
scale whose radix is 1 is expiessed by v r ~ 1 . 

Thus the least number that can be expressed by 4 digits in 
the scale whose radix is five is 

10 1-1 or IQ 3 , that is 1000 
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442 I 11 a ‘■tale whose radix is 1 , tlie sum of the digits of 

an mtegci divided hy (r- 1) will leave the same lemainder as 
the integer leav es* w hen divided hy r - 1 

Let N he the number, and suppose 

JV=ar M + lir*- I + cr’*- 2 + +mi a +j)r+q 

Then 

N—u(r" - 1 ) + - 1) + c(r' ,_ - - 1) + + m (f - 1) +p(r - 1) 

+ \a + b + c + . +m+j) + q\ 

Now all the expressions r"-l, r* -1 — 1 i a -l, » — 1 aic 

divisible by r— 1 , 

m integer + ?+A+ e . + . n+p + 9 

vv Inch prov es the proposition, for since the quotients differ by 
an integer, then fractional parts must be the same, that is, the 
lcmainders after dn ision are the same 

Note F 10111 this proposition is derived the test of the 
accuracy of the lesult of Multiplication in Arithmetic by cast- 
mi; out the nines 

m 

For let A= c >m+a } 

and J]=9n + b , 

then A B = 9(0 nm + an + bm) + ab , 

that ib, Ali and ab when divided by 9 will leave the same 
icmamdei 


Radical Fi actions 

443 As the local value of each digit in a scale whose radix 
is r increases r-fold as w e advance from right to left, so does 
the local value of each decrease in the same proportion as we 
advance fiom left to right 

If then we .itlix a line ol digits to the light of the units’ 
place, each one of these having from its position a value 
one-r 11 part of the value it would have if it were one place 
further to the left, we shall have on the right hand of the 
unito’ place a senes of Fractions ol which the denominators 
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are successively r, r”, r 3 , , -while the numerators may be 

any numbers between r— 1 and zero. These arc called 
Radical Fractions 


In our common system of notation the word Radical is 
replaced by Decimal, because ten is the radix of the scale. 

Now adopting the ordinary system of notation, and marking 
the place of units by putting a dot • to the nght of it, we have 
the following results : 


In the denary scale 

246 4789 = 2x10 2 +4x10 + 6 + 1+ t ~ +1 |3 + A 

in the quinary scale 

324-4213»3xl0'+2><10 + 4 + i j+ A + _^ + ^ Ii 

remembering that m this scale 10 stands for five and not for ten 
(Art 434). 


444 To show that m any scale a radical fraction is a proper 
fraction. 

Suppose the fraction to contain n digits, a,b,c 

Then, smee r- 1 is the highest value that each of the digits 
can have, 

~+^3 + ... is not greater than (r- 1) (^+^+ . .ton tennsj 


not greater than (i - 1) 


i" — 1 ) 
f"(r— 1)/’ 

r” — 1 

not greater than — — - , 
not greater than 1 - JL 

r i 


not greater than (r - 1) | 
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Hence the guen fraction is less than 1, and is therefore a 
proper fraction. 


445 To transform a fraction expressed, tn a given scale into 
a radical fraction tn any other scale 


Let F be the given fraction expressed in the first scale, 


r the radix of the new scale in which the fraction is to 
be expressed, 

a, h, c the digits expressing the fraction in the new 
scale, so that 


r r 1 r 3 


from which equation the values of a, 6, c .. are to be deter- 
mined 


Multiplying both sides of the equation by r, 

_ be 
JV=«+-+p+ ... 

b c 

Now ~+p+ ••• 13 a proper fraction by Art 444 


Hence the integral part of Fr will —a, the first digit of the 
new fraction, and the fractional part of Fr will 


~7 + p + — 


Giving to tins fractional part of Fr the symbol F x we have 

_ he 
JP\= s — + “o+ » 

1 r r 2 


Multiplying both sides of the equation by r, 

.?>=&+-+ 

Hence the integral part of F x r=b, the second digit of the new 
fraction , and thus, by a similar process, all the digits of the 
new' fraction may be found 
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Ex. 1. 

scale . 


o * 

Exp ress as a radical fraction in the quinary 


3 r 13 n , 1 
7* 7 + 7’ 


pX0= ^ =0 + y, 

5 r 23 „ 4 
-x2 = _=3 + p 5 

4 r 20 o.C 

7* J ~ 7 — + 7 , 


2 . 10 .3 
7 X ^7 = l + 7 5 ' 

therefore fraction is 203241 lecturing. 

Ex. 2. Express 84375 in the octonary scale : 


84875 

8 

6 75000 
8 

6 00000 


The fraction required is 66. 

Ex. 3. Transform 42765 from the nonary to the senary 
scale. 

42765 

6 

2 78133 

b 

5 23820 
6 

1-55430 

' 6 

3 65800 


The fraction required is *2513 
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Ex. 4. Transform cl24 /273 from the duodenary to the 
quaternary scale , 


4 j 

e 124 

t275 

4 

2937 -remainder 0 

4 

■i 

83/ — leniamdei 3 

3 4*58 
4 

4 

20c -remainder 2 

1 

1 75/8 

4 

1 C2-iemaindei 3 

4 

4 

10-iemamdei 2 

2 5c68 

4 

| 4 - icmnindu 2 

4 

4 

, 1 - remainder 0 

1 

1 c/28 


j 0 - remainder 1 
Number requued is 10223230 3121 

Examples.— chx. 

23 

1 Express ~ in the senary scale 
3 

3 Express ,n ^ 1C se plcnary scale 

3 Express 23 125 111 the nonary scale 
4. Express 1820 3375 in the senaiy scale 

5 In u hat scale is 17480 untten 212542 ? 

6 In nhat scale is 511173 lvntten 174G305 1 

7. Show that a number m the Common scale is divisible , 
(1) l»y 3 if the sum of its digits is divisible by 3. 

(3) by 4 if the last t« 0 digits be divisible by 4 

( 3 ) by 8 if the Inst three digits be dn isiblc by 8 

(4) by 5 if the number ends w ith '> or 0 
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(5) by 11 if tlie difference between the sum of the digits 
m the odd places and the sum of those m the even 
places he divisible bj r 11 

8 If N be a number m the scale whose radix is r, and n 
be the number resulting n hen the digits of N aie reversed, 
show that N - n is divisible by 1 - 1 


V. XXXVIII. ON LOGARITHMS. 

/ ^ 

446. Dev The Logarithm of a number to a given base 
is the index of the pou er to which the base must be raised to 
give the number 

Thus if m= a 1 , x is called the logarithm of m to the ba«e a. 

For instance, if the base of a system of Logarithms be 2, 

3 is the logarithm of the numbei 8, 
because 8=2 3 * 
and if the base be 5, then 

3 is the logarithm of the number 123, 
because 125 = 5 3 . 

447 The logarithm of a number m to the base a is written 
thus, log„m, and so, if m~a r , 

a=log a m 

Hence it follows that m= 

448 Since l=a°, the logautlim of unit}’ to any ba s e is 

zero 

Since a = a 1 , the logarithm of the base of any system 
is unity 

449 TVe now proceed to descnbe that which is called the 
Common Sj stem of logarithms 

''' x \ The ba*se of the system is 10 " 
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By a system of logarithms to tlie base 10, ue mean a succes- 
sion of values of z winch, satisfy the equation 
971—10* 

for all positive i allies of m, integral or fractional 

Such a system is formed by the senes of logarithms of 
the natural numbers from 1 to 100000, which constitute the 
logarithms registered in oiu ordinary tables, and which are 
therefore called tabular logarithms 

430 Now 1 = 10°, 

10 = 10 l , 

100 = 10 2 , 

1000 = 10 ^, 

and so on. 

Hence the logantlim of 1 is 0, 
of 10 is 1, 
of 100 is 2, 
of 1000 is 3, 

and so on. 

Hence for all numbers betw een 1 and 10 the loganthm is a 
decimal less than 1, 

between 10 and 100 the loganthm is a decimal between 1 
and 2, 

between 100 and 1000 a decimal between 2 

and 3, and so 011 

451 The logantlims of the natural numbers from 1 to 12 
stand thus 111 the tables 


t 

1 No 

1 

Log 

No 

Log 

; 1 

0 0000000 

1 

7 

0 8450980 

2 

0-3010300 

8 

0 9030900 

3 

0 4771213 

9 

0 9542425 

1 4 

0 6020600 

, 10 

1 0000000 

5 

0 6989700 

i 11 

1 0413927 

1 G 

0 7781513 

I 12 

1 0791812 


The logantlims are calculated to seven places of decimals 
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452 Tiie integral parts of the logarithms of numbers 
higher than 10 are called the characteristics of those logarithm*, 
and the decimal parts of the logarithms are called the mantissa. 

Thus 1 is the characteristic, 

0791812 the mantissa, 
of the loganthiu of 12. 


453 The logarithms for 100 and the numbers that succeed 
it (and in some tables those that precede 100) have no charac- 
teristic prefixed, because it can be supplied by the leadei, being 
2 for all numbeis between 100 and 1000, 3 for all between 
1000 and 10000, and so on Thus in the Tables we shall 


2vo 

Log 

100 

0000000 

101 

0043214 

102 

0086002 

103 

0128372 

104 

0170333 

105 

0211893 


which we read thus 

the logarithm of 100 is 2, 

of 101 is 2 0043214. 

of 102 is 2 0080002; and so on. 

454. Logarithms are of great use in making arithmetical- 
computations more easy, for by means ol a Table of Logarithms 
the operation 

of Multiplication is changed into that of Addition, 
Division Subtraction, 

. Involution Multiplication, 

Evolution , Division, 

as we shall show m the next four Articles 


435 The loganthv. of a pioduct is equal to the sum of the 
logarithms of itsfactois 
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Let m=a% 

and n—W> 

Then mn=(i'+>, 

log.mn =z+y 

=log„i»+log,n 

Hence it follows that 

iDgjnnp = log.ni + log.n + log.p, 

aiul similarly it may he shown that the Theorem holds good 
for anj number of factor* 

Thus the operation of Multiplication is changed into that of 
Addition. 

Suppose, for instance, we u ant to find the product of 240 
and 357, u e add the logarithms of the factors, and the sum is 
the logaiithm of the product thus 

log 240=2 3909351 
log 357=2 5526682 
their sum =4 9436033 

xsliich is the logarithm of 87822, the product required 

Noth. We do not \mte log 10 24G, for so long as ue are 
treating of logarithms to the particular base 10, ne may omit 
the suffix 

4DC The loganthm of a quotient is equal to the logarithm of 
the dividend diminished by the loganthm of the divisor 

Let m=a t , 

and n—a* 

' Then - 

n 

, m 

= Iog a m-log.7i. 

Thus the operation of Di\ ision is changed into that of Sub- 
traction 
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If, for example, Me are required to divide 371 49 by 52 376, 
we proceed thus, 

log 371*49 = 2 5699471 
log 52376=1 7191323 

their difference = 8508148 

which is the logarithm of 7 092752, the quotient required. 

457 The logarithm of any potter of a number is equal to the 
product of the logarithm of the number and the index denoting the 
power. 

Let m=a* 

Then m r =a rr ; 

log > m , =ri; 

=r. log.ni. 

Thus the operation of Involution is changed into Multipli- 
cation 

Suppose, for instance, we have to find the fourth power of 
13, we may proceed thus, 

log 13 = 1 1139434 
4 

4 4557736 

uhichis the logarithm of 28561, the number required. 

458 The logarithm of any root of a number is equal to the 
quotient arising from the division of the logarithm of the number 
by the mvnibei denoting the root 

Let m=« r 

lx 

Then m r =a:, 

1 ~cr 

log a m'=- 

Thus the operation of Evolution is changed into Division 
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If, for example, we Imve to find the filth root of 16807, we 
proceed thus, 

5 j 4 2254902, the log of 16807 
•8450980 

which is the logarithm of 7, the root required. 

459 The common system of Logarithms has this advantage 
o% cr all others for numerical calculations, that its base is the 
same as the radix of the common scale of notation 

Hence it is that the same mantissa serves for all numbeis 
iv Inch have the same significant digits and differ only m the 
position of the place of units relatively to those digits 

For, since log 60 = log 10 + log 6 - 1 + log 6, 
log 600 = log 100 + log 6=2 + log 6, 
log 6000=log 1000 +log 6=3+ log 6, 

it is clear that if we know the logarithm of any number, as 6, 
we also know the logarithms of the numbers resulting from 
multiplying that number by the powers of 10 

So again, if wc know that 

log 1 7692 is -247783, 

we also know that 

log 17 692 is 1 247783, 
log 176 92 is 2 247783, 
log 1769 2 is 3 247783, 
log 17692 is 4 247783, 
log 176920 is 5 247783 

400 We must now treat of the logarithms ol numbers less 
than unity 


1 = 10 '>, 




Since 
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the logarithm of a iiumbei 

between 1 and *1 lies between 0 and - 1, 

* * 

between -land 01 . . -land -2, 

between 01 and *001 -2 and -3, 

and so on 

Hence the logarithms of all mnnhcis less than unity are 
negative. 

We do not lequne a separate table for these logarithms, for 
n e can deduce them fioni the logarithms of numbers greater 
than unity by the following process . 

log 6 —log ^ =»log 6 -log 10 —log 6-1, 

log 06 = log = log 6 -log 100 = log 6-2, 

log 006= log =log 6-rIog 1000= log 6-3 

, Now the logarithm of 6 is 7781513 
Hence 

log 6 = - 1 + 7781513, which is written 1 7781513, 

log 06 = - 2+ *7781513, which is written 2 7781513, 

log *006= -3 + *7781513, which is written 3 7781513,' 

the characteristics only being negative and the mantissa? 
positive 

461 Thus the same mantissa? serve for the logaiilhms of 
all numbers, whether greater or less than unity, winch have the 
same significant digits, and differ only in the position of the 
place of units lelatively to those digits 

It is best to legard the Table as a register of the logarith m s- 
of numbers which have one significant digit before the decimal 
point. 

\ 
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>o | Loj, 

For instance, when wc read m tlic tables 144 j 1583625, we 
interpret the entry thus 

log 1 44 is 1583625 

We then obtain the following rules foi the characteristic to 
be attached m each ca'-e 


I If the decimal point be shifted one, two, tlnee 
places to the right, prefix as a characteristic 1, 2, 3 n 

II If the decimal point be shifted one, two, three 
places to the left, prefix as a characteristic 1, 2, 3 n. 


Thus 


log 1 44 is 1583625, 
log 14 4 is 1 1583625, 
log 144 is 2 1583625, 
log 1440 is 3 1583625, 
log 144isll583625, 
log 0144 is 2 1583625, 
log 00144 16 3 1583625 


n 

n 


4C2 In calculations w ith negative chaiactenstics we follow 
the rules of algebra Thus, 

( 1 ) If w e has e to add the logarithms 3 64628 and 2 42367, 
u c tir-l add the mantisste, and the result is 1 06995, and then 
add tlic characteristics and tins result is T 

The final lesult is T + 1 06995, that is 06995 

(2) To subtract 0 6249372 from 3 2456973, we may anangc 
the numbers thus, 

-3 + 2456973 
-5+ 6249372 


1 + 6207601 

the 1 earned on from the last subtraction m the decimal places 
changing -5 into -4, and then -4 subtracted fiom -3 giving 
1 as a result 

Hence the resulting logarithm is 1 G207C01 
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(3) To multiply 3 7482569 by 5 

3 74825G9 
5 

, 12 7412845 

tlie 3 earned on from the last multiplication of the decimal 
places being added to — 15, and thus giving - 12 as a result. 

(4) To divide 14 2456736 by 4 

Increase the negative characteristic so that it may be exactly 
divisible by 4, making a pioper compensation, thus, 

14 2456736 = 16 + 2 2456736 


r 

Then 


14 2456736 16 + 2 2456736 - 
= 2 =4 + *5614184 , ( 


and so the result is 4 5614184 


Examples.— cix. 


X Add 3 1651553, 4 7505855, 6 6879746, 2 6150026. 

2 Add-4 6843785, 5 6650657, 3 8905196, 3 4675284. 

3 Add 2 5324716, 3 6650657, 5 8905196, *3156215. 

4 From 2 483269 take 3 742891. 

5 From 2 352678 take 5 428619. 

6 Fiom 5 349162 take 3 624329 

7 Multiply 2 4596721 by 3. 

8 Multiply 7 429683 by 6 

9 Multiply 9 2843617 by 7. 
xo Divide 6 3725409 by 3 

1 1 Divide 14 432962 by 6 

1 2 Divide 4 53627188 by 9 


463 We shall now explain how a system of logarithms 
calculated to a base a may be transformed into another svstem 
of which the base is b 
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Let m be a nuiuber of which the logarithm m the iirat 
sj«km is r and m the second y 

Then m=a% 

and 771=1’. 


Hence 


11= n% 

r 

b=a’ , 
|=1 


2/_ 

X 


lo%J) * 


V =K& X - 

Hence )f we multiplj the logantlim of any number in the 

Bjfitcm of which the base is a bj we shall obtain the 

logantlim of the same number in the sjstem of which the base 
is b. 


This constant multiplier — is called The Modulus of the 

n/slnn of which the base is b with reference to the system of 
which the base is a 


40 1' The common sj stein of logarithms is used in all 
nuinonc'il calculations, but there is another system, which we 
must notice, employed by the discoverer of logarithms, Napier, 
and huicc called The Natifman Si stem 


The base of this sjstem, denoted by the sjTnbol e, is the 
number which is the sum of the senes 


2 + I+_l_ + — * 

2 2 3 2 3 4 


ail »«/, 


of which sum the first eight digits aio 2 7182818 


405. Our common logarithms are formed from the Loga- 
rithms of the Nnpicnnn Sjstem by multipljung each of the 
[saJ v , 
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latter by a common multiplier called The Modulus of the 
Common System 


This modulus i*, in accoidance iuth the conclusion of 

Art 463. , — 

J log, 10 


That is, if l and N be the logarithms of the same number in 
the common and Napierian systems respectively, 

1 


1 = 


log, 10 


N. 


Now log, 10 is 2 30258509 ; 

log, 10 18 2 30258509 01 ‘ 43429448 > 
and so the modulus of the common sj 'tern is 43429448 


466 

To piove that log,i x log^n = 

Let 

v—logj) 

Then 

b—ci x , 


1 

l?~n ; 


<1|H 

II 

*— » 
o 

q? 

• 

Thus 

log a 6xlogi«=a:xi 

•V 


= 1 


467 The following are simple examples of the method of 
applying the principles explained in this Chapter. 


Ex. 1. Given log 2= 3010300, log 3= 4771213 and 
log 7 = 8450980, find log 42 

Since 42=2x3x7 

log 42=log 2 +log 3 + log 7 

= 3010300 + 4771213 + 8450980 
\ =16232493 
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Ex. 2. Gncii log 2= 3010100 and log 3= 4771213) find 
the logarithms of 04, 81 and 90 ! 

Iog04=log2'’=0log2 j 

log 2= 301O3O1 1 1 

0 

log 64 = 1 8001800 

log 81 =log 3* = 4 log 3 

log 3 = 4771213 
1 

i 

log 81 = 1-9034852 | 

log 9G = log (32 x 3) = log 32 + log 3, 
mid log 32 = log 2"’ = 5 log 2 , 

log 9G = j log 2 + log 3 = 1 5051500 + 4771213 = 1 9822713 1 

Ex. 3. Gi\ui log 5= G989700, lmd the logarithm of 
;\0 25) 

log (0 25; 1f = * log 0 25 = * log ^ = * (log 625- log 100) 

= *(lo g A>-2)=J(41og5-2) 

= * (2 7958800 — 2) = *1 1 36657 

EXAMPLES.— Clxi. 

1 Given log 2 =*3010300, find log 128, log 125 and 
log 2300 

2 Ui\en log 2 =*3010300 and log 7 = *8430980, imd the 
logarithms of 50, 005 and 190, 

3 Gi\cn log 2 = 3010300, and log 3= 4771213, imd the 
logarithms of G, 27, 54 and 570 

4 Gi\cnlog2 = 3010300, lo«3= 4771213, log7= 8450980, 
find log 00, log 03, log 1 05, and log *0000432 
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468 We have explained in AiU 458 — 461 the advantages 
of the Common Sjstem of Logarithms, winch may he stated m 
a more general form thus 

Let A be nnv sequence of figures (such as 2 35910), having 
one digit in the integral part 

Then nnj number X having the same sequence of figures 
(suth ns 235 91G or 00235910) is of the form A x 10", where n 
is an integer, positive or negative 

Therefore log w AT =log, 0 (A x 10*)=log I# A +« 

Now A lies between 10° and 10 1 , and therefore log A lies 
between 0 and 1, and is therefore a proper fraction 

But log w A r and log I0 1 differ only by the integer h , 
log, 0 /t is the fractional part of log, 0 iV 

/Juice the login dims of all numbers having THb baml 
81.QUENCE oi Flaunts hate the same mantissa. 

Therefore one regista sen cs for the mantissa of logarithms of all 
such numbers This renders the tables more comprehensive. 

Again, consuluing all numbers which have the same 
■'Cqucncc of figures, the munbu containing Ooo digits m the 
integral part = 10 A, and therefore the characteristic of its 
logarithm is 1 

Similarly the number containing m digits m the integral 
pnrt=10’\/l, and therefore the characteristic of its logarithm 
is m 

Also numbers wlneli have no digit m the integral part and 
one cypher aftei the decimal point are equal to A 10 _1 and 
A . 10 -5 respective!}, and therefore the characteristics of their 
logarithms are - 1 and - 2 respcctivcl} 

Similarly the liumbei having m cyphers following the decimal 
point = A . 

the characteristic of its logarithm is ~(m+ 1) 

Hence ice see that the characteristics of the logarithms of all 
numbers can be determined by inspection and therefore need not be 
registered This renders the tables less bulky 
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,469 The method of using Tables of Logarithms does 
not fall within the scope of this treatise, hut an account of 
it may be found in the Author’s woik on Elemental 
Trigonometry 

470 We pioceed to give a slioit explanation of the nay 
m which Logarithms are applied to the solution of questions 
relating to Compound Interest 

* 

471. Suppose r to represent the mteiest on £1 for a year, 
then the interest on P pounds for a year is lepresented by 
Pr, and the amount of P pounds for a year is lepresented 
by P+Pr 

472 To find the amount of a given mm for any time at 
compound vnterest. 

Let P be the original principal, 

r the interest on for a year, 
n the number of years. 

Then if P 1} P„, P s ... P„ be the amounts at the end of 
1, 2, 3 n years, 

P a =P +Pi=P (1+r), 

P s = 1\ + P 1 r=P 1 (1 + r) =P (1 + r)% 

P 3 = P„ + P 9 ? = P» (1 + r) = P ( 1 + r) 3 , 


P„=P(l+r)*. 

473 Now suppose P„, P and r to be given then by the aid 
of Logarithms we can find n, for 

log P*=log }P(l-fr)”} 

, =log P log (1 4-r) ; 
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174 If the interest be pa} able at intervals other than a 
ie.it, the formula P n =P( 1 +r)” is applicable to the solution of 
the question, it being obsened that r represents the interest 
on £1 for the period on iilticli the interest is calculated, half- 
}carl\, quarterly, or for any other penod, and n represents the 
number of such penods 


For example, to find the interest on P pounds for 4 yean 
at compound interest, reckoned quarterly, at 6 per cent per 
annum. 


Here 



5 1 25 

Ioo~ioo 


= 0125, 


n=4x 1=1G, 
J\=P( 1 +'0125) t0 


Examples.— clxu. 

X D.— The Logaiithms required may be fonnd from the 
extracts from the Tables given m pages 329, 330 

1 In how man} }eais mil a sum of monc} double itself 
at 1 per cuit. compound intercut ? 

2 In lion many } ears n ill a sum of money douSte itself 
at 3 per cent, compound interest ? 

3 In hou man} }ears mil a sum of money double itself 
at 10 pci cent compound interest ? 

4 In how many} ears mil a sum of money treble itself 
at 5 per cent compound interest ? 

5 If £P at compound interest, rate ) , double itself in n 
}ear«, and at rate 2r m m vears show that m n is grcatei 
than 1 . 2 . 

6 In how many }eais mil £1000 amount to .£1800 at 
5 pel cent compound interest ? 

7 In hou many } ears mil £P donblc itself at 6 per cent 
per aim. compound mteiest payable half-} early ? 


APPENDIX. 

475 The following is another method of proving the prin- 
cipal theorem in Permutations, to which reference is made in 
the note on page 289 

To prove that the number of permutations of n things taken r at 
atimeisn.(n-l) . .(n-r+1) 

Let there he n things a, 6, c, d 

If n things he taken 1 at a time, the number of permutations 
is of course n 

Now take any one of them, as a, then n-l are left, and 
any one of these may he put after a to' form, a permutation, 

2 at a time, in which a stands first : and hence since there are 
n things which mny begin and each of these n may have n-l 
put after it, there are altogether n (n - 1) permutations of n 
things taken 2 at a time. 

Take any one of these, as ab, then there are n - 2 left, and 
any one of these may he put after ab, to form a permutation, 

3 at a tame, m which «& stands first and hence since there 
are n (n - 1) things which may begin, and each of these n{n - 1) 
niay have n- 2 put after it, there are altogether n (n - 1) (it - 2} 
permutations of n things taken 3 at a time 

If we take any one of these as abc, there are n - 3 left, and 

so the number of permutations of n things taken 4 at a time is 

«.(«-l)(n-2)(»-3). 

■* 

So w e see that to find the number of permutations, taken 
r at a time, vp must multiply the number of permutations, 
taken r-1 at a time, by the number formed by subtracting 
r-1 from n, since this will be the number of endings any one 
of these permutations may have 

* Hence the number of permutations of n things taken 5 at a 
^ime is 

n(n- 1) (?i - 2) (n - 3) x (n - 4), or n (n - 1) (n - 2) (n - 3) (n - 4) ; 
and smee each time we multan$|jfty an additional factor the 
number ot factors is equal to the Ttumber of things taken at a 
time, it follows that themjjtfber of permutations of n things 
taken r at a time is tijp^oduct of the factors 

.. («— r + 1) 


4 8a +2b+2e 

7 I2b +Sc 

2 n + 3b+2 c 

; q. h 

5 I(i + 3b~2 

3 2« +2 j +2e , 
6 0 

i o n U ' ( Pa SeIO) 

2 Sa+flj- 


5 4*+L+2 c 6 

9 

3 3a~3 x 

2a 

7 4 

4- &c+5y 

8 iac-y-ej. 

in. 

: 2J 

(Page 10) 


2 *+% 



Qm 

6 2i + o c 

J a+5c+rf 

' n ~3b~ c 

4 %+a, 

5 %+« 

IV. 

(Pngo U) 


= 4i 


Ux +2 < . 

3 &+b~4c 

if (II 
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Subtraction 


I. 

2 a + 26 

0 

a-c. 

3 

2 a- 

•26+ 2c. 

4* 

8z-17i/ — 5 

5- 

7a -166+ 20c. 

6 

5a- 

<g 

1 

rO 

CO 

1 

7 

- 3a +36 -4c. 

8 

26+2c-15 

9 

11 a 

1 

+ 

p 

10 . 

6 a — 6 + 5c 

11 

12jJ-9g+2r. 






VI. 

(Page 20.) 




1 

3xy. 2 

I2xy 

3 12 xV. 


4* 

Za-bc- 

5- 

a 7 . 6 

a 8 

7 12 a B 6 3 . 


8 

35a®6c 4 

9 

!S0a 4 frV. 10 28a 7 6c 10 11 . 3a 11 


12 

20 a 4 6 3 zy. 

13 

76x i y i z 3 . 

14 . 

51a6 4 c 2 !/r 


15- 

4&X?y l W. 

16 

12 a-bcxy 

17 

8 a 4 W. 


18 . 

9m 5 n 3 2p. 

19 . 

ab&y-T* 

20 

33a M 6 1 B m 2 x 





vu. (Page 22 ) 

I a 2 +«b-«c 2 2a 2 +6a6-8ac 3 a 4 + 3 a 3 + 4a 2 . 

4. 9a 5 — 15a 4 -18a 3 + 21a 2 5 a 3 6— 2a 2 6 2 +a6 3 . 

6 2a 5 b — 9a i V 3 +2a-bK 7. 8m?n+9m-n-+10mn 3 

8. 18a c 6 + 8a 5 6 2 - Ga^b 3 + 8<z 3 6 4 9 rfrf - a?y z -f z-y 3 — 7 xy 

10. 7 n?n — 3m-n t +Zmn 3 —n i 11 144a®6 4 — 72a 4 6® + 60a 3 6®. 

12 104sc 4 y-136x 3 i/ 2 +40:c 2 !/ 3 — 8 x 1 /. _ 




Viii. 

(Page 27 ) 


I. 

a?+12z+27. 

2 

z 2 +8z- 105. 

3 a 2 — 2 z— 120 . 

4- 

« 2 -15z+56 

5 

a 2 — 8a+15 

6 - y~+7y-78. 

7- 

a^+z 2 — 20 

8 

ar 4 — 12z 3 +50x 2 - 

■Six +45. 

9 

s^-Sla^. 

10 . 

a® - 3a® - 3a 4 + 13a 3 - 6 a 2 - 6 a + 4. 

11 

o 4 -a 2 + 2 z-l. 

12 

rf+x 1 y-+y i . 

13 . a?— 1 / 3 . 

1 + 

a°-oP 

IS 

a^-5x?+5x”-l. 


16 

a 4 - 81y?. 

17 . 

a 4 — 166 4 . 

18 . 16a 4 — b 4 . 


JjVSJV£.RS 
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19 « s — 4(1*1+ 4a?b-+4a‘ti l - 17rt&'— 12 V’ 

20. a 15 + Ga*6 + n 3 6 5 - 10a=& 3 + ISai 1 - W> 

SI. a*+4aV+lCz‘ 22 8la*+9a 2 x 2 +stt 

23 a£+4a 2 5e , + IGa*. 24 a 3 +b 3 +c?-2abe 

25 x 5 +z , y—9x ! y 2 ~20x ! i/ 3 +2xy i +15y s 

26 aW+cW-a-c-lrdr. 27 a^-a* 

2S «&r+acjc-6ca;+fl5c 

29 I-jk 8 . 30 xP—y°. 31 a I8 -z ,s 32 -47. 

33 2 34,-H 35, ab+ac + bc 36 -CO 

37 2 38 m 2 

IX. (Pnge 28 ) 

I ~a"b. 2 -a' 3 - aPb 3 4 l2a?lP 

5 - 30a 4 )/ 3 6 -n 3 +a‘o-al- 7. - G't" - 8a 4 + 10a' 

8 a* + 2a 5 +2a 2 +« 9 -Gr , y+x 2 y 2 +7ry 3 -12y i 

10 flm 1 + m s n - 1 3mn 2 + 7n 3 11 -13r , -22r 2 + 9Gr+135 

12 — 7a 4 + aA + 8aA 2 + Ojt 2 + O' 3 

13 * °+x s y 3 14 a: 1 + 2r 3 i/ + 2x-y" + 2xy 3 ~r 1/ 4 


x. (Pago 32 ) 

I x- + 2nx + a 2 2. z 2 - 2ax + a? 3 z 2 +4x+4. 

4. » ! -Cx +0 5 or* + 2v 2 y ! + if* 6 x*-2 c 2 y 2 +y* 

7 a Q +2a 2 P+ b n 8 « 8 -2a 3 6 3 + & 8 

9 a 5 2 +i/ 2 +c 2 + 2 ai/+ 2 asi + 2 jp 

10. a: 2 +i/ 2 +8 2 — 2ry + 2rz-2yz 

1 1 m = + Jt 3 +t > 2 + r 2 + 2ron - 2mjj -2mr- 2np - 2nr + 2]>r 

12 a^+ 41? -2a 2 - 1235 + 9 13 ar 1 - 1 2a 3 + 50a 2 — 84a; +49 

14 4ar* — 28a 3 + 85a 2 — 12Ga, +81 

15 K 1 + 2/ 1 + r 1 + 2 a 2 )/- - 2 aA 2 - 21/A 2 . 
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16 a 8 — 8xPy 2 +18n?-y l -8x 2 y e +'ij i . 

17. a 6 4-6°4-c°4-2a 3 6 3 4-2a 3 c 3 4-26V. 1 

18, x°+y a +ifi— 2s 3 !/ 3 — 2a% 3 4-2t/ 3 z 3 . 

19 a 2 4- 4?/ 2 4- 9z 2 4- 4s!/ - 62a —12 yz 

20 a 4 4-4j/ 4 4-25z 4 -4a 2 !/ 2 4-10a?z 2 — 20i/ 2 .z 2 . 

21. aP+Satft+SaPx+a 5 . 22 . a 3 - 3aa 2 4- Za?x — a 3 . 

23 a 3 4- 3a 2 4- 3a 4- 1. 24. a 3 — 3a 2 4-3a-l 

25. ' a? + 6a 2 + 12a: +8. 26' a°— 3a 4 6 2 4-3a 2 6 4 - 6 6 

27. a 3 + 3a®6 + 3a6 2 4- 6 s 4- e 3 4- 3a 2 c 4- 6a5c 4- 3 6 2 c + 3ac 2 4- 36c 2 

28. a 3 — 3a 2 6 4- 3a6 2 - 6 3 - c 3 - 3a 2 c 4- 6a6c - 36 2 c 4- 3a<? — 36c 2 

29. m 4 -2m 2 n 2 4 -n 4 30. m 4 4- 2m% - 2mn 3 - n\ 


xi. (Page 34 ) 

1 a 3 . 2 a 8 . 3 a?y 4. afyz 5 . 5 66c. 6 8c 2 . 

7 16a 2 6 6 o® 8 121m 8 » a p 2 . 9 12 a?mf. 10. 8a 4 6c 2 


xii. (Page 35 ) 

2 y3-y2 + y — l 3 or + 2«6 4- Zb 1 . 

5. 4ay- 7s-*-a 2 '6 8z?y s -4x 2 y 2 -2y 

8. 3x 2 y 2 ~2xy 3 —y i 
io. 196 3 e 2 4- 126 2 c 3 - 76c 4 . 


I. a 2 4-2a'4-l. 

4. x l +mpx 2 +m 2 p 2 . 

7' 27m c n 5 -18m 3 n 4 4-9mp 
9 13a 2 6 — 9a6 2 4-76 

Xill. 

l. —8. «. 15a 5 

4. - 6m 2 ii 5 16a 3 6 

7 -2a 2 4-3a-a 2 . 

9 — 12a 2 4- 9xy - 8?/ 2 . 


(Page 36 ) 

3 -21a 3 ;/ 6 . 

6 ah? 4-aa4-l. 
8 24-6a 2 6— 8a 4 6® 

10 -a?+i 3 x' r z 2 +by i . 


xiv. (Page 38 ) 

I. a 4-5 2 a -10. 3 a4-4 4. a4-12 

5 a 2 4-7a4-12 6 a 2 -l 7 a 2 4-a+l 
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S x 3 — 3x 2 +3x + l 9 x 2 -2x— 1 io a 3 -2.e+l 

II a?-x + l. 12 a?-2x‘+8 13, a?+3y 3 

14 a 3 +Za t b+2ab 3 +P 15 a 4 - 4a 3 5 + QaW.- 4aP + 6 4 

16 x 2 -Gx+5, 17 a 3 — 2a-b + 3«ir + 4b 3 

18 2az s -3a-x+a 3 . jg x i ~x+l. 20 x 2 — a 2 

21 x+2y. 22 x t -a?y+3? i y 3 -xy 3 +y i 

23 , c s +x t i/-i-^y 3 +x 3 y 3 +xy i +y !i 24. a+b-c 

25 — 1 1- 2Z» 2 — Zr*. ' 26 a-b + c—d 

27. x-~xy-xz+y-—ys+£-. 28 ,x n -x 3 y i +id , y i ~apy ,s +y 3 . 

29 p+2q-r 30 a i —a 3 b + a ? h-—aP+P 

31 1 c'+xfy-ix-tf+rtf+y* 32 2** - 3x 2 + 2* 

33 « 4 +3a 3 +9a 3 +27a + 81 34., lJ+lfi+1. 

35 x 2 — 9x- 10. 36 24*-’- 2aK — 35a 2 

37 Gx 3 -7x+8. 38 8* 3 +12ax 2 -18a 2 *-27a 3 . 

39 27x 3 -3Gax 3 +48a J x-G4« 3 40 2a+3& 

41 r+S/i 42 a 2 -4& 3 43 x 3 ~Zx-y 

44. x-~3xy-2y\ 43 x s +3x 3 y+0xy 3 +27y 3 

46 a 3 + 2a 3 6+4ot?+8P 47 27fi 3 -18tr!> + 12ab 2 -8b 3 

48 Sr 3 - 12 x 2 i/ + 18xi/-’-27i/ 3 49 3a+26+c 

50 a 3 -2a* + 4x 3 . 51. sr+xy+y 3 52 16* 3 -4x^+2i 4 

53 x-+nj~y- 54. ax 3 +4a 1 x-*-2a 3 55 a-x 

5G z-y-s 57, 3x 3 -a + 2 58 4-GX+8X--10* 3 . 

, 59 x+y. 60 ax+by-ab-xy 61 bx+ay 

62 4f--«*+li 3 . 

XV. (Page 40 ) 

1 a-- l-ax+b 2. y 3 -(l+m)y+lm. 3 x 3 +c*+d 

4. x 3 +ax—b 5 * 3 -(&+(Z)!B+&$. 

xvi. (Page 42 ) 

1 m — n, ws 3 — mn + n 2 , m 4 - mhi + m-n 3 - mn 3 + «*, 

m 6 - m 4 n + &c , vi* - m hi + &c. 
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43.) 


<.' f^'-v _ '"'• ffl* 

5 3 *(Cg 2 

f + %?. f +fe '^ , 

"Hv^'! +S n 1 *&J 

7 2 fc 


*+<fr £ 

+<&c *, w ^<6b 


+*c. 


2 e 




4 - & 


% 

**«fc 


a ^cX 3) 

+ 4 « 3 6 K<‘ 


"*>">'•*1 fet «& 


<"%e ^ , 
f *■><«**;. 


•>• t+i!, <t+e> - 3 7' ^ <; 


•TO 


•« ' « ^'*> 0 +*) 

8 










S Z a %+i« J fa+Ji>V 


*<■ <£JT ,; * 


« 5 PJL 
^ 3 ). 


** ^r^fay 


fa + 2 , 


%fa+ 


* t;^4 
7 


+ 4 ). 

% 




**+*) 9 f+Vtott 
"• <*» +s , * s ^ 6 r+i 

13 <%4 , V3j 

" C«**»f** , <9 


■l 6 n). 


(*k 




f^:;~ -3;. 
9 fay 


6 ) 


«» 4 ft; 

6 

8 

■ *»-& 



4 (*+*>>(«- 7) f 5f +ls K*-3) , , 

9 8 fe+i^-m 30 ’' 5 ' 6 ’ 

' <*'»)(««, *7 fP “ S8 «^ 

4 - ( n ~ia)(n+ 4 ) ~ (x -°)(z+2) 

“ ^’-^frV+T) 


3 

5 ^+10)^. 
7 :5 C > - :r +3ata r ^. 4a sj 

9 W-W-V 

1 ( x+ a)(x~l l) 

1 <«*-*) (b-c) 


xxih. 


(x+o)t aociv ’' ( pQ se4s; 

£ +20 w 6 3 (x+17 r- 

(+ls>! » 


(Page 47; 

2 ^fr-s; 

6 l*-+io )(x ^ n 

8 ( * + ”0(x +n) 

IO ^J~~ab) (x~ c \ 

13 f-tt'+D 

14 4 <*~h) (x-30 


4- (y+i;* 
s 0»"+8»*;* 


•-4)2 

-la;® 


X3 cv. 
2 ( a ~l4)- 

6 &-ny m 


( p ago 48 ; 

3 (v-l8)s 
7 ‘ 


4* (y- 20 )\ 

8 (^-lbn^a 
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xxvi. (Page 50 ) 

i. (x+y)(x-y) -2 (k+ 3) (z-3) 3 ' (2a: +5) (2 k -5] 

4 (a?+x 2 ) (aP—x 2 ) 5 (k+1)(z-1). 6 (a^ + l)(K 3 -l] 

7. (K 4 +l)(a^-l) 8 (m 2 + 4 )(m 2 - 4 ) 

g (6y+7z) (6y— 7z) to. (9xy+llab) (Qxy—llab)^ 

11. (a— 6 + c) (a-b— c). 12 (x+m-n) (x-m+ri) 

13 . (a+6+c+d) (a+6— c-d) 14 . 2kx2i/ 

15 (x-y+z) (x-y-z) 

16 (a— 6+m+«) (a-b—m-ri) 

17. (a— c+b+d) (a-c-b-d) 18. (a+6-c) (a-6+c) 

19 (x+y+z) (x+y-z). 20 (a-b+m-n) (a-b-m+n). 

21 (ax+by+1) (ax+by-1) 22 . 2axx2by 

23 (l+a-6) (l-a+6). 24. ( 1 +K-y) ( 1 -K+y) 

25 (x+y+z) (x-y-z). 26 (o+ 26 - 3 c) (a- 26 + 3 c) 

27. (o 2 + 46 ) (a 2 — 46 ). 28 (1 + 7 c) (1 - 7 c). 

29 (a-b + c + d)(a-b-c-d) 30 (a+b—c—d) (a-b—c + d) 

31 3az(az+3)~(az-3), 32 : (a?b 3 +c l ) (aW-c*). 

33 . 12 (x— l)(2x+l). 34 . (9x+7y) (5x+y) 

35. 1000 x 506 . 


xxvii, (Page 51 ) 


1 . (o+ 6 ) (o 2 -a 6 + 6 2 ). 2 . (a-b) (a 2 +ab+b~). 

3 (o-2) (o 2 +^o+4) 

4 . (x+7) (x 2 -7x+ 49). 

5 ( 6 — 5) (6 2 +55+25) 6 . (x+4y) (ap-4xy+16y 2 ) 

7 (o- 6) (a 2 + 6o + 36) 8. (2z+3y) (teP-Gmj+dy 2 ). 

9 (4a-106) (16a 2 +40a6 + 1006 s ) 

10 (9z + 81/) (81 k 2 - 72kj/ + 64a/ 2 ) 

IX (k+i/) (x"--xy+y°-) (x-y) (a?-+~zy+y-). 
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12 

(*+ 1) (x 

°--x + l)(x-l)(??+z+l) 


13 

(«+2 )(« 

2 - 2a + 4) (n - 2) (« 2 + 2a + 4). 


14* 

( 3 +y) (o 

-•39+9=) (3-9) (9 + 31/ -M/). 




xxvm. (Pago 51.) 


r. 

a+b. 

s Take b from a and add c to the result 

a 

Zx 4 

a-5. s *+L 6. a- 2, x-\,x, 

3'+l, x +2 

7* 

0 s 

0 9. da 10 c 11. x-y. 

12 x-y 

13 

3C3 — Qj 

14 55-10 

15 55 + 5a 

16 

A has x+ 5 shillings, B lias i/-5 shillings 


»7* 

55-8 

18 xy. 19 12-2-9 20 jjj 

21 25-8 

22 

9-25. 

23 25G»i‘ i . 24. 46 25 35 — 5, 

26 9+7 

27- 

3 ?-y- 

28 (x + ij)(x-y) 29 2. 

30 2 

Si* 

2S 

32 7. 33 23 34. 5 

35 10 


XXIX. (Page 53 ) 

I. To « add b. 

2 From the square of a take the square of b 

3 To four tunes the square of a add the cube of b 

4 Take four times the sum of the squares of a and b 

5 rroin the squaie of a take twice b, and add to the result 

three tunes r 

6 To « add the product of m and l, and take c from the 

ICiUlt. 

7 To a add m. From b lake c Multiply the results 

togcthei 

8 Take the square root of the cube of v 

9 Take the square root of the sum of the squares of x and y. 
to Add to a t\\ ice the excess of 3 abo\ e c 

1 1 Multiply the sum of a and 2 b. the excess of 3 above c 
fh a 1 z 
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12. Divide the Bum of the squares of a and 6 by four tunes 

the product of a and 5 

13. From the square of x subtract the square of y, and take 

the square root of the result. Then divide this result 
by the excess of x above y 

14. To the square of x add the square of y, and take the 

-square root of 'the result Then divide this result by 
the square root of the sum of <5 and y 






XXX. 

(Page 53.) 




I. 

2. 

2. 

0 . 

3 

17. 

4 - 

31. 

5 - 

20 6 

33 

7. 

105. 

8. 

27. 

9 

14. 

10 

120. 

11. 

210 12 

1458. 

13 

30. 

14 

5. 

15 

3 

16 

4. 

17 

49. 18. 

10. 

19 

12 

20 4 

21 

43. 

22 

20. 

23 29. 

24. 41536. 25. 52 


xxxi. (Page 54 ) 

1 0. 2 0 3 2ac 4. 2xy 5 a 2 +6 2 

6. 4.t* + (6m-6n)a£-(4m 2 +9mn+4n 2 )'c 2 

+ (Gm 2 n — 6mn 2 ) x + 4m 2 ?i 2 . 
7 o 2 + dr+c 8. —a t -¥—c i + 2a-h- + 2a 2 c 2 + 26 2 c 2 . 

■When c=0, this becomes - a 4 -¥+ 2arb 2 "When 
6+c=a, the product becomes 0. When a=b—c, it 
becomes 3« 4 9 0 10. 34. 

12 (a) (a +b)x 2 +(c+d)x. (p) (a-b)x?~ (e+d- 2)x\ 

( 7 ) (4 - «) x 3 -(S + 1) a , 2 - (5 + c) % ( 8 ) a 2 -b-+(2a+2b)x 

(e) (m 2 - 11 -) X 1 + (2mq - 2nq) r c? + {2m - 2n) ^ 5 

13 '^-(a + h + c) X' + (ab+ac+bc)x~alc 
14. r c s +(a+b+c)x 2 +(ab + ac+bc)x+abc 

15 (a+6+e) 3 =a 3 + 3a 2 6 + 3a6 2 + 6 3 -tc 3 +3a-c 

+ 6 abc + 36-’c + Sac 2 36c 2 
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2 

a:=9 

3 *6=8 


y~3 


2/= 7 

y=s 

4 

a,=G 

5 

'«=19 

6 a,=5 


y= 8 


y= 2 

2/=3 

7 

a =10 

8 

55=2 

9 35=4 


22=33 


y=i 

y—3 


% 

lxxi. 

(Page '145,) 


1 

x=12 

2 k=9 

3 55 = 49 

4 *=13 


i/=4 

22=2 

y= 47 

!/=3 

5 

a-=40 

6 55 = 7 

7 ic=5 

8 x=6 


tf-3 

»“« 

22= 1 

22=4 

9 

a.=7 





2/ =17 

lxxu. 

(Page 146 ) 


1 

a,=23 

2 x=8 

3 k=3 

4 x=5 


ff =10 

22=4 

22=2 

22= 9 

5* 

sc =2 

6 k=7 

7 «=12 

8 x=2 


y=2 y=$ 

x=3 
y = 20 
[sa] 


4 x=5 
y = 9 

8 x=2 


I 56 = 

y= 


7 

-2 


5 

y= 

9 

y- 


-5 

14. 

= —2 

= 1 . 


i 'e= 
»■ 

5 *' 
y- 

9 ' 

1 / 

t 

13 * 
y 


■ 6 
=12 

=9 

= 140 

= 12 
= 6 

= 6 
=5 


ANSWERS 

lXXUi. (Page 117 ) 
■ 3 * 5=12 


2 £ 5=9 

y = " 3 
6 '»= ~3 
1 /= " 2 


lxxrv. 

2 '15=20 
1/ =30 
6 ^=4 
y = 9 

IO 55 = 19 
ij=3 


!/= r 3 
7 k=7 
y =' 5 


(Page US ) 

3 56=42 

y=3o 

7 55=3 

y = 2 

'C=b 

y=i 2 


ii 


14 


r--»- 


1 

IS *®4 
1 

y =5 


‘ lxxv. (Page 119) 


4 - 56 =-- 

ij=19 
' 1 

8 . #=2 
!/=~ 


4 *= W 4 
y =3 

s 55=40 

y=60 

3201 

12 »-= 708 

278 

59 


i '<-= 

y= 

4 55 = 

T- 

7 56 

y 


cq -nf 
mq-np 
mf— ep 
'v iq-np 

de 

~c + d 

__ CC 

~c+d 

c(/-tc) 

af—bd 

c( gc-cQ 

” af—bd 


2 55 = 


ce+bf 


z bd+ae 

_cd_-"f 

y^ld+ae 

_ m.V+w' 

5 x ~mn'+rfn 

mr'-m'r 
y ~~ inn ' + into 

8 

1 

y-7d 


3 *- 


y= 


c m+bn 
ae+bc 
an— cm 


6 55 = 


y=- 


9 ^ 


ae + bc 

a+b 

2 

a — b 

2 

2 ^ 2 _ 6 ct 2 + c? 
; 3a 
3 a 2 — ?> 2 


y = 3 T 


N? ' 


ANSiy£JiS 


a 



a? 

b»i 

x ~Tc 

II X = 

b+e 1_ x 6 — m 

a + 2b 


2 /= 

V--c- 

bm 

c 


a 

*“«+* 


Ixxvi. 

(Page 151 ) 


1 

' 


1 

b i -a i 

X ~-2 

2 

i5— 6 

- 2a 3 

£ ~ bd-ac 

1 



2 

,_ 6 2 -«2 

®-5 


J 3a - b 

y be— ad 




61 

6 i*— ^ 

m+n 


5 

“ 92 

5 a-= ti 

26 



61 

1 

1 / = 

J TO -11 



V 103 

*-6 

1 

X—~ 


8 

1 

J. 

K=s- 


a 


71 


1 

- 


l 


y ~'b 



y *=- 

TO 



Ixxvn. 

(Page 153 ) 


'<-=1 

2 « 

=2 

3 a=4 

4 fc=5 

y =2 

y 

= 2 

V= 5 

i /=6 

0=3 

0 

=2 

0=8 

s =8 

K =1 

6 tc 

= 1 

2 

8 ss=5 

«=2 

V 

=4 

7 *~ 8 

y~b 

b=3 


= 6 

*— 7 

0=7. 

«=2 

io a, 

=20 

. s=36j- 


y=9 

tr 

= 10 

O 


0=10 

“ 

=5 




lxxvm 

. (Page 155 ) 


1G, 12 

2 

133, 

123‘ 3 

7 25, 6 25 

31,23 

5 

35, ' 

14 6 

30, 40, '50 







ANSWERS- 


i' 2 ' "TT q £200, £300, £260 \ 

7 £60, £140, £200 8 ** . ^ ^ £ 90) £60 

l'o 41,7 » I2 i6 3 4 ’ 0 , 10 ' .7 6 03, 1 072 

H 60,36 l56; ‘ ls8 d 20 £20, £10 

i8l0*«* 19 „ 2 ’ 4 ' s 6 d , 3s 23 35.6o 

’-- iw ’ i2!6a -- ** : ;; 

3, 36 3= 12 33 


24 26 

29 84 
34. 584 


28 


30 7o 
35. 759 


36 


37 15 


38 1 


33 
4* 4V 


19 
42 46 


39 1 40 ^ * 45 £4000,5percen 

43 £1000 44-* g g miles an hour 

i 3 47 20,10 

46 ; 0 ,00 5- 450 '® 

*n^8>mte»nl><nn ,50,,58,U8 

53 72,60 ^sW*.® 4 ’ 18 S8 “°’ 

55 is ani 2 6 4 m ,les an how **P Khl 

59 60 ® 

6l 142857 

iXXiX. (Page 164) 

6 l3a 8 b 4 eP 


1 2xy 3 
5 2Q'la-b:c t 


3® 
7; 4b 


4 8a 2 lA 
1 


8 


2ac 2 


5a-b 3 

9 llK*l/ 


10 


16s? 


11 


171/ 


25® 

18b 


! 2® + 3b 
3 3abc-l7 


w* ^ 0S6lW) ' ,-l 

o« 3 ab+81 4 T 

2 4fc>-3P- ^3 jfcs+ss+l 

6 a 2_3x+o ' 


AA'StV£ffS 


373 


8 

2r 2 -3r + l 9 

2 h 3 +ti -2 

10 1-3/t2 £ 2 

ii 

a 3 — 2b 2 + 3;b 12 

2 j / 2 - 3t/.J + 4/, 2 

13 a + 26+3c 

14. 

a 3 + a-b + ah 2 + V 2 . 

15 

k 3 -2 j 3 5 — 2:c— 1 

16 

2x 2 + 2ax + 4b- 

17 

3-4js + 7.c 2 — 10<- 3 . 

18 

4a 2 —Qa,b+8bx 

. *9 

3rt 2 - 4«j) 3 - 5? 

20 

2i/ 2 .c - 3i/x 2 + 2a 3 

21 

5z-y — Zzy- + 2i/ 3 

22 

4x 2 — 3xi; + 2 1/ 2 

23 3a-2& + 4c 

24 !5 2 — 3w + 5 

25 

5;s-2!/ + 37 

26 2x*-ij+y 2 



lXXXi. (Page 168 ) 


I 

2 a 3 ~f 

4 

2 

3 a 
a 3 

3 a 2 — ^7 
J a 2 


4 

a. !) 
h a 

5 


6 x 2 +a- 

1 

2 

7 

l 2 

2ti-36+— 

8 

*?+4+~ 

K“ 

9 |a , .c + 2 a 2 -~ 

3 4 

10. 

l_fl 3 
x y u 


II 

Gm--+^ 

» 5 


12 

a&-3«i+-y 


13 

2 x 3y c. 

8 8 T '« 


14 

2m ^ 3n, 


15 

a 5 c (Z 
3~4 + 5 2 


16 

7 k 2 - 2k - 1 


17 

3x 2 -y + te 


18. 

3x 2 -|-3 


' 





lxxxn. (Page 170) 


1 

2 a 2 

3x 2 j / 2 

3 - 5m?i 4* 

— Qa 2 b 


5 W‘rf 6 - lOalV 7 - 12m T n e S lla 5 6« 


374 


ANSWERS 


lxxxui. (Page 172 ) 


I 

a-b 

2 2a. + 1 3 

a + 8& 

5 

x-y+z 

6. 3£ 2 -2a;+l 

7 

8 

x-y+2z 

9 a- — 4a + 2 

IO 

n 

'c + 2y—z 

12 2m— 3)1-7 

*3 


lxxxiv. (Page 173) 


i 

2a -3a, 

2 

l-2a 

4- 

a-b 

s 

87+1. 



lxxxv. 

(Page 17-5 ) 

i 

±8 

2 ±ab 

3 ±100 

5 

± V(H) 

6 ±8« 2 c 3 

7- ±6 

y 

9 

±52 

io ±4 

11 ± V( 

12 


f) 13 ±V6 

14 - ±2^/2 



lxxxvi. 

(Page 179 ) 

I 

fa, -12 

2 4, -16. 

3 1, -15 

5 

3, -131 

6 5, -13 

7 9, -27. 



lxxxvii. 

(Page 180 ) 

i 

7, -1 

2 5,-1 

3 31, -1 

5 

8,4 

6 9, 5 

7 118, 116 

9 

12, 10 

io 14, 2 




lXXXVUl. 

(Page 181 ) 

i 

3, -10 

1 5 

2 12,-1 

7 25 

3 2’ ~ 2 

5 

4’ 4 

6 9, 

, -s 

S 

8, -7 

9 4. 

,15 


4 a+6+c 
l-a+a 2 
2m 2 — 3m +1 
m+1 . 


3 5+4.e 
6 m-2 

4 ±7 
8. ±129 

-n\ 
m ) 


4 2, -48 
8 14, -30 

4 9, -7 
8. 10 ±2 a/34. 

4. 20, -7 
7. 45, -82 
io 290, 1 


ANSWERS 
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lxxxix. (Page 182 ) 


2 ~7i, ~z 


3 3,5 


M 

4 


7 8 , | 


5 - -- 
5 5’ 7 

8 7,-f 


6 4, 


t *? 8 

I *5, o 


. X iJ 

4* 8, -y 
7 8, -y 


XC, (Page 182 ) 
ia 49 

2 10, --jr 


5 6.-5 
O 7 3 

8< S’ li 


3 6, -- 

, , 3 
6 4 . 5 


I - «± a/2 « 


xci. (Page 184.) 

2 2a± a /11 . a. 


4 8n ( -2 5 1. "« 6 6 .-« 


to _7ro 
3 2 ’ 2 

a 2 + «5 a 2 — aft 
a-&’ a+i 


8 ^ 
c a 


IO ac’ ac 


c+ */(c 2 + 4ac) c- ./ (c 2 +4ac) 
9 2(a + 6) ’ 2(a+6) ' 

2a -& 3a+26 


ac 1 + W 2 ac 2 + ld? 

12 "2a+3dVc* — 2 a — 3cJa/o 


xcn. (Page 185 ) 


i 8, -1 


2 G, -1 


3 12,-1. 


4 W,-l 


s 2, - 9 6 G , 2 7 6,4 8 4, - 1 9 8, - 2. 



376 

ANSWERS 


10 3, -| 

11 4 

12 12,-1. 

13 14,-1. 

3 5 

I4 * 2’ 6 

IS 13, 

16 5,4 

J7 36,12 

18 6,2 

25 5 

19 18’ 3* 

- 10 

20 7, - y. 

JO 

21 b y 

22. 7,-5 

2 3 3 >-| 

1 2 

24 2’ 3* 

- 2- 1 
2 3 . 3, -g. 

26 15,-14 

27 

28 3, “~r. V 
’ 4 

=9 2, i 

0 23 

30 2, 

31 3,-“ 

. l) 

32 4, 

21 

33 3, n 

34. 14,-10 

33 2,55 36 

5,2 37 -a, — & 

38. -a, 6. 

39 a-*-b,a~b 

40 a 1 2 , -a 3 . 

a 2a 

41 5’~T 

a b 

42 r , 
o’ a 


xciii. (Page 187.) 


i. »=30 or 10 
y=10 or 30 

4 ic=22 or -3 
il - 3 or -22. 


2 a;=9or4 
y=4 or 9. 

5. , o=50 or -5 
y—o or -50 


3 '0=25 or 4 
y—4 or 25. 

6 , o=100 or -1 
y— 1 or —100 


xciv. (Page 187) 


1 «=6 or -2 

y=2 or -6 

4. a;=4 
i/=4 


2 oo= 13 or -3 
2/=3 or — 13 

5 ''•=10 or 2 
y — 2 or 10 


3 'c=20 or —6 
y=G ox -20. 

6 r=40 or 9 
?/=9 or 40 


x 't=4 or 3 
'y — 3 or 4 

4. o=4 or -2 
y=2 or -4 


xcv. (Page 188 ) 


2 K=oorC 
2/=G ox 3 
5 »-=5 oi-3 
y = 3 or - 5 


3 'o=10 or 2 
y=2 or 10 

6 'c= 7 or —4 
x/=4 or -7 


> - 


ANSWERS 
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xcvi. (Page 189 ) 


i. x=5 or 4 

2 T;=4or2 


1 1 

3 *- 5 org 

y—4 or 5 

i/=2 or 4 


1 1 
V=2 0r 3 

4 . x—3 

s b =!' . 


, 1 

6 5S=- 
0 

II 

CM 

II 


1 

^2 

- 

xcvn. (Pago 

191) 


i x=4 or -3 

2 X— ±6 

3 

a =±10 

y~3 cr-4 

y=±z 


*I =±11 

4 sc= ±8 

5 55=5 or 3 

6 

_ 95 

a=5 or — gg 

n 33 

y =2 or -y 

y=±2 

i/=3 or 5 


7 <«— ±2 

8 e=G 

9 

«— ±2 

y=±5 

y=5. 


2 /= ±1 

+1 

II 

B 

O 

H4 

ix k=±7 

12 

t= 3 or 

y— ±3 

y =±2 


6 

2/ =2 or — 

v> 

13 z =10 or 12 
i /=12 or 10 

14 . k= 4 or y 

?/=9 or-g- 

15 

«= ±9 01 ±12 
y=±12 or ±9 


xcvm. (Page 193 ) 


I 

72 

2 224 3 18 

4 50. 

,15 

S 

85,76 

6 

29, 13 

7 30 8 107 

9 

75 

10 

20,6 

11 

18, 1 

12 17,15 13 12,4. 

H 

1296 15 

M i 

16 

2001 

17 6 , 4 18 12, 5 

19 

12,7 

20 

1,2,3 

21 

7,8 

22 15, 16. 23 10, 11. 

,12 

24 

12 

25 16 

26 

£2, 5s 

27 12 28 6 29 

75 

30 

5 and 7 

Iiorns 

31 

101 yds and 100 j ds 32 C 

<3 

33 

03 ft, 

45 ft 

34 

16 yds 

, 2 yds 35 37 

36 

100 

37 

1975. 
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ANSWERS 


xcix. (Page 199.) 

i. *=3 2 *=5 3 *=90, 71, 52 .down to 14 

y—2. y—S i/=0, 13, 26. . up to 52 

4 *=7,2 5. *=3,8,13 6 *=91,76,61 dountol 

y=l, 4 j/=7, 21,35 t/= 2,13,24. .. up to 68 

7. *=0,7,14,21,28 8 *=20,39 9 *=40,49 

i/=44,33, 22, 11,0 ?/=3,7 . 2/=13,33 

10 *=4,11. up to 123 11 *=2 12 *=92,83.. 2 

i/=53,50.. do\\nto2. i/=0. y=l, 8. 71 

4 3 s 2 

13 ^andg 14. ^-and— 15. 3 ways, viz. 12, 7, 2 , 2, 6, 1 0 

16. 7 17. 12, 57, 102 . 18. 3. 19 2 

21 19 o\en, 1 sheep and 80 hens. There is hut one other 

solution, that is, m the case where he bought no oxen, 
and no hens, and 100 sheep 

22 A gives B 11 sixpences, and B gives A 2 fourpenny pieces 

23 2, 106, 27 24. 3 

25 A gives 6 sovereigns and receives 28 dollars 

26 22,3,16,9,10,15,4,21. 27 5 28.56,44 

29 82,18, 47,53, 12, 88 30 301 


c. (Page 205 ) 


5. S Z . 

(1) I * J +* J + K-. 2. *% + * 2 #" +*%"*. 

A J> 5. ZSJLSJUB 

3 a 3 +ti 3 +a a . 4 x*y a - + a s y^z+a & ys li . 

(2) 1 . * - 1 +aar- s + 5 s *~ s + Zv~* 2 . xhj~- + Zxy~" 4 - 4y~*. 

x?r ^~ 2 5 *y-v a , , 

3 - 4 — + — ^ — +*sr~ 

4* -V- + — - - +ar-jr^ 

o O 

^ 1 a + + P* -3 + 3*~‘ 2 ‘ ®^p 2+ J*jF 5+ 5jr 5 


A £ s. 
3 a 3 +a 3 +a a . 



ANSWERS 


3 70 


, 4,31 

a w-c 2 x 2 y 

4 l + L_ + _J_ 

4 3 v*fi. <rvb r ** 0 

(4) r 2 Z/x 2j -3 # (pa/ 1 ) + ~ 

X1J- 

. 4 ¥,W. s/y 

3 s 2 


2 

Z!x + 

a 1 i y , tt> 

4 ' ^ 2 / #5 ^ 2 ‘ 


Cl, (Page 206 ) 0 

I » , '’+ar'y>+y 4 '’ 2 a 4 “-81^", 

3 a M +4«V‘ l + 16a« 4. n 5 6 ”* + 2 crc ~lr" + tr' 

5 2a ! ” + 2crt" - 4a"c' - «“& - 6"+' + 2ic' + arc 3 + !/"c 2 - 2c r+= 

6 a’”’ 1 + af" 1- " y nn ~" — a"y" — 7 x*' + x^if* + i/ 41 

8 + ci t, '~ p c p + b'~ f " -1/+ l'~ ,? c p + af+Pc'-r 
— b’~c l ~ F + c 

9 K 4j *+2ar ,, -f3ar J, +2a; 1 N-l jo - 2a v + Ssr'’ - 2s’’ + 1 

cn. (Page 207 ) 

1 »"** + ar'"!/’" + + y' n 

2 a?“—!C ,, y n +a?"ijj*-x’ , if"+y <n 

3 a?'+*'if +x' r tf r +9r , ij'+x r i/'+y i: ' 

5 x w + 3r‘‘ + 9;r , + 27!tf'-‘-8] 

6 a^-Sa’VH^' 1 7 2-K’’+3ar'’ 

8 4b n c m —5¥" 

.9 a s " + 3a ! “+3a m + l 10 a’ , + l/’ , +c T 


ANSWERS. 


SSo 


ciil. (Page 208 ) 

2*1 „ 

I ®-3a: iS + 3a: J — 1. 2 y— 1. 3 o“-a, 2 . 

4. a + 6 + c - 3a^c 3 . 5. lOz— lla:^/^ + 5'st?^— 21y 

6. «t-«. 7. m^+ 4 <&n? + 16 d. 

8. 16a +-8a 7 $ + 10a 7 fr? + 18a 7 Z» T - 24a^6^ - 12a* 6 7 — loa” 7 
-27b 

1 11 2 

g £•*-}- 2(r i a: 3 +a' i . 

4 2 a 4 

xi ®° + 2 x % y 3 + y a . 

13. x - 4'c% + 10i^ - \2$ + 9. 

4 *1 n 1 

14. 4a; 7 + 12X 7 + 25:c? + 24x‘ + 16 

o XJ j x o 11 c> 

15. ss® — 2 x j 2/°,+ 2 a> J s J 4 - if *— 2 y * z * +? A . 

x6 x - + 4 a$ifi - 2a^ + 4 rfe - + s- 


2. j 1 2 

xo x 6 - 2a J x 7 + a 3 . 
12. a - 4- 2 a& 4 + 


'S’ 


2. 2 11 4 
5 x s - tt % i s + x ‘ , ys ~ x i y 5 + y 5 . 

Si. 11 4-4 4 


civ, (Page 209 ) 

1. a- + ^. 2 ; 

2112 4 5 j. 

4. a 3 — a J 6 8 + b A . 5 k 3 — r 3 ™ 3 

6. m ff +m' j ?i^4-TO J n 3 +m^n^+TO^a*'+«^. 
7 £C^ + 3 x-y^ + 9.c^i/ J + 2/7/^ 

5. 27 a* + 18a-J^ + 12a^ + 86^ . 

13 2 1 

10. m , + 3m 5 - r 9m 5 + 27m s +81 

11 a- + 10 


n J X 2 . 
K^ + £C d J / 3 +y* 


& \ 

9. a 2 — K“. 


i 

12 w 8 +4 


13 -& + 2& 3 -Z$. 


2 XX XX 2 & X J 

14. 9! 4 — T 3 !/ 3 — K^Z 3 + 1/ 3 + S 3 — yJfi 


13 K^- 9 a:^-10 
12 

17 jB^- 2 j 3 l + l 


16 m-+i#7i 5 + ji- 


18. x $- y %-£ 


1 1 

19 SC 3 +1/ 3 


ANSWERS 


3Si 


I 

4 

7 

9 

10 

1 

4 

6 

8 

10 


cv. (Pag© 210 ) 

a~- - b~- 2 ar 0 -*! -4 3 s^-ar 4 

a^ + l+ar 4 5 a -4 ~b~* 6 a -2 + 2cr 1 c- 1 - b~- + H 

1 + (filr 2 + aM" 4 . 8 (fib - * - a-*b* - 4«- 2 t 2 - 4 

4ar J - ar 4 + 3a: -3 2ar 2 + ar 1 + 1 


_ . 7 jt 3 
5ar4+ -2-- 


107-e- 2 , 
12 + 


fig " 1 7 
6 + 6 


cvi. (Page 211 ) 

ai-ar 1 2 a+Zr 1 . 3 m s — miH+ir 2 

c 4 + c 3 <Z~ 1 + c 2 cZ" 2 + e{Z~ 3 +^ -4 . 5 xtj-'+x-iy 

(H + fl-'H + H. 7 'Jy- 2 -2 + x~ 2 if- 

~ar 3 - 5a: -2 + ^ar 1 + 9 9 afib^-l+arW 

a~ 2 - ft- 1 *!- 1 - a-V 1 + 6- 2 - Her 1 4 H 
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. ANSWERS 


19 

20 + 2a’" +n-3 . bey? — a® 411-2 Irx- — a™ 4 ” -4 c 2 ^ 

21 'c r( 1 ~ li ~yl tCr ~ 1> . 22 a" -1 . 23 x 1 '-y lp . 

24. 5, ~ -25. 'c™-rt'if , - 1 )n -af m - 1 )n y n +y nn . 


24. 5, -25. X™ -af a - lu ij n +y nn . 

X » 

26 a: +3*^ -2a 7-^+2^. 

cviii, (Page 215.) 

1 4's 3 , 4/1, 2 2 >4/(1024), 4/8 

3 4/(5832), 4/(2500). 4. ’^2". 5 ”£/a", 

6 4/(a 2 +2a&+6 2 ), 4/(a 3 -3a 2 6+3a6 2 -& 3 ) 


I 2 a/6 


cix. (Page 217 ) 

2 5 n /2 3 2 a N /« 


5 4z \/(2y^) 

S 42 j/(lla). 

II (a+fls) a/«- 
14 (3c 2 — y) . J( 7 y) 
16 2 x 7 / 4/(20 xy) 
18 4/(46) 


/2 3 2 a N /« 4 . oa-d*J(pd) 

6 10 N /(10a) 7 12c a /5 

_ lov „ la 

9 6 ^ t 10 a-^ 

12 ( x - y) s fx 13 o(«-6).a/2 

15 3a 2 4/(26 2 ) 

17 3m 3 re 3 4/(4«) 

19 (k + t/) 4 te 20 («- 6 ) \/ ff 


1 \/(4S) 

5 

J - Vt 

9 Ji 2 ). 


cx. (Page 217 ) 

2 \/(03) 3 4/(1123) 4. 4/(96) 

6 a/( 9«). 7 A,/(48a 2 a:) 8 N /(3rra) 


/a + 6\£ 

„ A_*_V 

\a-6/ 

\x + y) 


* 1 
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CXI. '(Page 21S ) 

The numbers are liere ananged in order, the highest on the 
left hand 

I zv/3, 4/4 2 V10, 4/13. 3 3</2,2 N /3 

4 ^(H)’ a/I 5 

6 2^87,3^/33 7 3^7, 4 ,/2, 25/22 

8 5^18,3^19,3^/82 9 5^2,2^14,3^3 

i° g «/2, gV3, ^ »/4 

cxn. (Page 219 ) 

I 29 n /3 2 30^10+164^2 3 (a 2 + 6 2 + c 2 ) N /x 

4. 13^/2 5 33 4/2 6 ,/G 7 5 N ?5 

8 48^/2 9 44(2 10 0 11 4*/3 

12 2V(70) 13 100 14 3«6 15 2a6 4/(12?.) 

■6 2 .7 | 18 .9 f'l 

30 

CXHi. (Page 220 ) 

1- */(•£>?) 2 «/(? y - y t ) 3 v+’J 4 JW - y 1 ) 

5 18k 6. 56 (cc + 1) 7 90 //(k 2 -x) 8 2x N /3 

9 -a: 10 1 -k 11 ~12js 12 Go 

13 - s l ( e ?- 1 x ) 14. G,/(s 2 +7x) 15 8(« 2 -l) 

16 -6a 2 +12ft— 18 

cxiv. (Page 221 ) 

1 x+9,/c + 14 2 x-2,/r-15 3 a 

4. ft -53 S 3 k + 5a/!C-28 6 6k-54 7. 6 

8 j/(9k 2 + 3x) + V(0x 2 - 3k) - </(6 x 2 - x - 1 ) - 2x+ 1 
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9 */(a >,} + *J(ax -x 2 )- ^(ci 2 - av) - a + a 


10 34-*c4- /J(3z+a?) 

12 2.c+2*/(az) 

14. 2^+11 +2 V(* 2 +H«+24). 
16. 2aj-6 + 2 Ak /(!5 2 — 6e) 

18 2r,~2s/(z--if) 

20 k 2 + 1 + 2 ^/(a 3 — %) 


II a-?/+s+2V»; 

13. 4324-42^-9)+^. 
15 2c -4 +2 — 4»). 

17. 4a;-r 9— 12 \Ac. 

19 :c 2 4-2a,-l-2V(® 3 -®). 


cxv. (Page 222 ) 

1. ( v /ct *Jd)(Jc- */&) 2 (c+ K fcl)(c- s/d) 

3 (a/c+<Z)U/c-<Z) 4 (1+ -sty) 

5 (1+ ^3 x)(l- V3 s) 6 (^/o 
7 } 2fi ■T *J$x ) } j 2a — V(3'c)}. 8 }3+2*/(2n)}{3-2V(2»){ 
9 {</(ll) n+4j{ N /(U) n-4| 10 (p+2,y/r)(p-2*/j). 

11 U'2>+ V» 9 )(v 5 p- V 3 3) 13 |a” + 6^{a«-67{. 


a + 

13 a*-b 
16 2 -f* j^/2. 


14. 


a 4- N /(ai) 
a—b 


17. 34-2 */3. 


19 


21. 


q+a:+ 2 */(««:) 
a-» 

a4- mJ(pt— a 2 ) 
ss 


23 2ci 2 — l4-2a N /(a 2 -l). 


15. 244-17 ^2 

18. 3-2^2 

l+z+2/Jx 
*l-« * 

22 m 2 ~ V(w 4 -1) 

2ft s -ic 2 4-2ffV(g 3 - ft, 2 ) 


20 


24. 


iC 2 


cxvi. (Page 224 ) 

l 19. 3 11 3 8-26V(-l) . 4 54-4^3. 

3 2b+2j(ab)-l2a 6 ar+a 7. 

8 a 2 4 -)P. 9 c 2 10 er' v( - I) -e- 8 ' ,v 't-« 
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6 

9 

11 

14 

16 

18 

21 


CXV 11 . (Page 224 ) 


*+» , 

3V(^) 3 

x+y 

2 V(« 2 /) 

5 k 2 - n / 2 ci .+« 2 

m 2 + */ 2 .mn+m 2 

7 2x, v/r 

0 2 « s /6 - % Ja 

S a-b • 

+ 

1 

8 > 

n 

10 

aW-2+J-, 

aV- 

2 s : 2 

•—S’ 12 

a“ 

V(!-4 

1 

13 

I-VGH 

iS 

£ 

! 

> 

ca 

1 

CN 

a^c 17 - 

1 + 5a 2 (2 - ft 2 ) + a(10a 2 «<- 5) ,/(-!) 

8 + 74/3 

19 4 N /(3ca:) 

20 K ^(SP 2 ) 


22 (9» - 10) ,, 

,/7 23 0 


cxvui. (Page 228.) 

1 aJ7 + 2 */H+ \/5> 3 >J7 — n/2 4 7 — 3*/5 

5 n /10-V3 6 2V5-3V2 7 2^3- ^2 8 3^11-2 
9 3V7-2V3 10 3*/7 — 2 v/C u g(VlO-2) 12 3 J0-SJ3 


CX 1 X. (Page 229 ) 


I 

49 

2 

SI 

3 25 

4 

8 5 

27 

6 25G 

7 

27 

8 

56 

9 79 

10 

153 11 

6 

12 30 

13 

12 


14 . 

(«-i ) 2 

c- 


15 5 


16 6 

17 

3 


18 

10 . 

19 

b—a 2 

3a 


n-m 2 
"° 13m 


[s a ] ' 2 u 


t» — car-t — r-T'V T 
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cxx. (Page 231 ) 


I. 9 2 

25. 3 49 

4. 121 '5 l|. 

6. 8,0. 

7. 0, -8 

• C-r 1 ] 

v 2 " /m+4\ 2 

) * 9 (~ ) 

TO. 5 


cxxi. 

(Page 231 .) 

, 36. 

5- 5 - 

r. 25 

2 25. 

39 4. 64. 

, 12a 

6 - T . 

7. a. 8 

^ or 0 9. 64 

IO. 100 


cxxii. (Page 232 .) 

I 16,1 2.81,25 3 3, 2| 4 10,-13 

5 5,|. 6 -4,-32 7. 9, -3|. 8 28. 

y o 5zy 

9 49 10 729. n. 4, -21, 12. 1 or^. 13. ±24. 

14o 25 

15. 5orygY. 16 5or0. 17 ^g. 18 25. 

20 ± ^65 or ± „/5 21 2a 

1.1 1 1 

23 2or-4g. 24. 5 25-12 

v 

27. ^ 28. ±5 or ±3^2. 29 .±14 

5 9 a 

31- 1 32 4 33 2 or 0 34. Oorjg 

cxxm. (Page 235 ) 

2 3, -7 3 -9, -2 4. 5a, 6 b 

, 227 83 4m llu 

19 ’ " 14 7 5 ’ 6 ’ 


14 5 or 221 

19 ±9V2. 

22 -2a. 
1276 


26. 


81 


c 10 

30 6 or - g- 


1 2,5 

5 -- 5 

5 2’ 3 


■ss** 
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8 -2a, -3a and 3«, 4 a 9 ±2, a 10 0,5 

2 a-h b — 3ti d e 

«c ’be c’ c 

exxv. (Page 239 ) 

1 x 2 -llx+30=0 2 x 2 +x-20=0 3 a^+Ox+MssO 

4. 6x 2 -7x + 2=0 s 9x 2 -58x-35=0 6 z 2 -3=0 

7 z 2 - 2 mx+m?~n 2 =0 8 x i -^ f ^x+^ r ,=0 

aft aft 

9 a?+^^x-l=0 

7 aft 

CXXV1. (Page 240) 

1 (x-2)(x-3)(x~6) 2 (x— l)(x— 2)(x-4) 

3 (x — 10) (x + 1) (x + 4) 4 4(x + l)(x+i^)(x + l±^®j 

5 (x+2) (x+l)(6x— 7) 

6 (x+y+z)(x i +y-+z 2 —zy—xz-yz) 

7 (a-6— c) (a 2 + & 2 + c 2 +a6 + ac-&c) 

8 (x - 1) (x + 3) (3x - 7) 9 (x - 1) (x - 4) (2x+5) 

10 (x+1) (3x+7) (5x-3) 

CXXVii. (Page 242 ) 

1 VlSor^-l 2 ^-2or#-12 3 ^-lor4/-2l 

6 25 or ~ 

4 

1 01 1 ±2 a/16 


4 lor;/ -4 


■ 9± a/97' 


„ 5 " /5 *■/ 5 

5 'V2 0r/ V 6 

* GM-D' . 


_ 1 5± a/1329 

10 3 or - § or — » . 
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ii a+2, or - 


a + 6 a±2 s /(a 2 -3a) 


or 


12. 0, or a, or 


a± J(a 2 ~l6a+16) 


cxxvili. (Page 245.) 

i 6 7, 7 9, 2 . 3 2. The second is the greater. 

3 The second is the greater. 
ad -be 


c-d 


5 10 • 9 or 9 . 10. 


cxxix. (Page 246 ) 

i 2 3 2 b a 3 b+d a-c 4 ± N /6-l 1. 

5 13 1, or, — 1 1 6 ± A /(m 2 +47i 2 )~m 2 7 6, 8. 

8 12,14. 9 35,65 10 13,11 11 4-1 12 1 5 


1 A 

' 15* 


8 

2 — 
9 


exxx. (Page 247 ) 


5 


mr-mn+n 2 
mr+mn+ri- 


-c+y 

6 ( T+2 )y 

(V-4)*- 


a — b+c 
a—b—c 


cxxxii. ' (Page 255 ) 

6 ®=4or0. 8 440 yds and 352 yds. per mmute. 


11 . css=30, y=20 
16 50, 75 and 80 yards 
19. li miles per hour. 
21 160 quarters, £2 


6 s 


9 


13 1 13 41 

17 120, 160, 200 yards 

20 . 1 7 


22 £ 80 


23 £60 




24. £20 25 90 79 26 45 miles and 30 miles. 


/ 
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CXXXU1. 

(Page 262 ) 


4- 

16 S 

5 5 6 

12 2 8 n 


9 

iloeC® 

10 5 11 12 


13- 

it* 

II 

T» 

14. 435 3 =27i/ 2 

18 y=3 + 2x + x ? 19 18ft 



CXXX1V. 

(Page 266 ) 


1 

50 

2 200 

3 10| 

4 -32| 

5 


6 40 

7 117 

8 0 

9 

x 2 + y "-' 

2 ( n - 2)xy 

3 an - 

IO 

2bn - 2a+b 

a+b 



cxxxv. 

(Page 268 ) 


1 

5050 

2 2550 

3 820 

4 30 

5 

24 

- 31 s 

« (n + 1) 

7 2 ’ 

„ 3ji 2 - n 

8 2 

9 

7» 2 -5» 

2 

n - 
10 -5 

1 




CXXXVI. 

(Page 269 ) 


1 

-6 

X 

n — 

25 

1 

3 8 

7 

4 - 8 

5 

-2 

6 -I 3 



- 


cxxxvu. 

(Page 269 ) 


1 

(1) -46 

(2) 36- 

•2 (3) | 

(4) 44 

2 

155 

3 112 

4 888 

5 100 


wvi T^#AIV\JiL-7 
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6 6433| 

8 (i) 355, 7175 

(3) 161 + 81®, 3321 + 1681® 

(5) 4 174 i 

g (i) 126, 63252 

(3) 45,-1570 5® 

(5) 71, 4899 (1 -m). 

cxxxvm. 

I 6, 9, 12, 15 

0 5 ,5 1 

3 Z J1» 3-6* *4 


7 ' ^135. 4s 

(2) -156a 2 , -3116a 2 
(4) 119~, 2357J 

(2) 25, 2250. 

(4) 99, — 1163J 
(6) 65, 65®+ 8190 

(Page 271 ) 

.1 2 2 1 

2 A 3’ 3’ * 3’ 

7 13 2 11 

^ 15’ 30’ 5’ 30 


CXXX1X. (Page 272 ) 

3m+n m+n m+3« 
x * ~T” ’ 2 ’ 4 

5m+3 5m + l 5m— 1 5 m— 3 

2 __ , -y- , 5 . 

5n 2 + l 5n 2 + 2 5n 2 + 3 5» 2 +4 

3 5 ’ 5 ’ 5 ’ 5 * 

, 2® 2 +j/ 2 2® 2 -i/ 2 

4- —2 > K > 2 

cxl. (Page 275 ) 

1. 64 2 78732 3 327680. 4. JL 

5. 13122 6. 16384 7 -i. 
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1 . C6534, 

a^-l) 
4< a?(x- 1 ) 

7. 7 (2”-l). 


cxli. (Pago 27C ) 

2 304 3 

(tf-g)jl-(ct+a) 7 j 

5 (a +x) i (1-a-w) 

43 

8 -425 g -gj. 


K'-i 
6 3*— 1. 


cxlii. (Pago 278.) 


1. 2 2 

4 

3 

27 , 4 

*8 4 3 

5 »} 

6. *3. 7- 

8 n 8 - 

si 9 *4 

IG3 5 

IO Bcc' + l 

« 2 

11 a— 5‘ 

,2. i 

'J? 

13 X+1J 

80 

14 99 

49 

5 5- 90 

16 

40 

55 



cxlui. 

(Pago 279 ) 


I 9, 27, 81. 

2 

4, 10, 04, 250 

3 2,4,8. 

3 9 27 
4 4’ 8’ 16 

81 

32 




CXllV. 

, (Pago 279) 


I. (1) 558. 

(2) 800 (3) - Q - 

, v 18 

(4) 9 

(5) — If* 

133 
(6) 480‘ 

. , 1189 

(7) 

(8) 13^ 

(9) 1 

(10) -84 

(n) - 

9999 a/3 

(a /10 + 1) Jb 

. , 3157 

(12) --go-. 



8 « + T" 

4 n 

5 42 

6 ao= h-. 

7 ±1 
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9 

4. 


10. 10. 


IJ 

16 

49, 1 


- 1 7- 

4 6 - 

4 

a 

19 

4 3 

2 

1 n 1 

2 

3 

5’ 5’ 

5’ 

5’ °> _ 5’ 

5’ 

5’ 

22. 

3, 7, 

11, 

15, 19 


23 - 

25 

139. 




26 


4 14. 642 

iS 60. , 

4 

5 

5; 15, 45, 135, 405 
10 per cent. 


1. 8, 12. 


1 1 


cxlv. (Page 285 ) 

15 30 5 30 


13 4 

i * r 


^ 6’ 9’ 12’ 15 - 

. 3 3 3 3 

6 4’ 2’ “» 2 f 4‘ 


2’ 


g 6a; y( w +l) 6ri/(u-r 1) 

3ny + 2x ’ 3ny+4o.—3>f 


5 * -2, 00, 2, 1, g 

® § JL § ® 3 

« 7 5* 4’ IP 7 J 17’ 10* 

6zy («,+ !) 

’ 2nx+3y ' 


1 1 111,55515 5 

9 4’ 2’ 2’ 4’ 6’ OT 31’ 24’ 17' 2’ 3’ 4 

10 104, 234. 13 2, 3, 6 


CXlvi. (Page 290 ) 

x. 132 2 3360 3 116280 4. 6720 

5 IM 6 40320. 7. 3628800 8 125 9 2520. 

O 

xo 6. 11 4 12 120. 13 1260 

14. 2520, 6720, 5040, 1663200, 34650. 


CXlvn. (Page 295 ) 

I 3921225 26 3 126 4. 116280 

5- 12 6 12 7 816000. 8 3353011200 

9 7 10. 63 11. 52. 12 123200 13 376992 , 52360' 
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cxlvni. (Page 300 ) 

1 a* + 4a s x + 6a 2 x s + 4a.c 3 + a; 4 

2 W + &H + 15b A c- + 20& 3 c 3 + 155V + bbc* -r c° 

3 aJ + 7 «°& + 21a s 6 2 + 35a 4 &3 + 35a 3 ^ + 21a 2 fr> + 7a&° + 

4 s? + 8.c 7 y + 28afy 2 +56t 5 i/ 3 + 70^y 1 + 5 Ssfy 5 + 28zY 

+ 8 ri/M 5 s 

5 625 + 2000a + 2400a 2 + 1280a 3 4- 256a 4 

6 a 10 + 5 aPbc + 10 aPtfc 1 + 10a 4 6 3 c 3 + 5a 2 i>V + fr’c 5 

cxlix. (Page 301 ) 

I a 0 — 6 aPx + 13a 4 x 2 — 20a 3 so 3 + 15a%r* — 6aa ? + xP 
2. V- Wc +2 1 to 2 ~ 35i V> + 35l 3 e 4 - 21 iV + 7ie° - c‘ 

3 32c 5 - 240zty + 720*Y - 1080«y + 810ii/‘ - 243i/ ; 

4. 1 — 10c+40z 2 -80c 3 + 80x?— 32a? 

5 1 - ]0a:+45re 5! - 120^+210a^ - 252a? +210^ - 120a:? 

+45 c 3 — 10a? + it 10 

6 a 2 *- 8a 21 & 2 + 28a le l l - 56a 15 &° + 70a 12 &* - 6Ga 9 i’° 

+ 28a°& 12 — 8a 3 & 14 + 6 1G 


cl. (Page 302 ) 

r a? + 6a c i - 3a 2 c f- 12al-~ 12abc + 3ac 2 +81P- 12i 2 c + Gic- — c? 

2 1 — 6x+ 21x 2 — 44s 3 + 63s 4 - 54 a? h 27s? 

3 s 9 -3s 8 + 6s 7 -7s? + 6s 5 — 3ar*+a? 

4 27s+54c^ + 63s^+44s^ + 21s^+6s^+l 

5 ^+3a?-5+|-I 

cfi + 1$ - J + 3a-Z$ + 3«^ - 3a-c 4 - SZ^c 4 + 3a^ 

+3& 4 c--G« 4 Mc 4 . 


6 - 
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cli, (Page 303.) 

i 330a; 7 . 2 495 a 1G i 8 3. -- lSlTOOa 97 #’ 

4. 192192a°6W. 5 12870a s & 9 

6 70a^. 7. - 92378a 10 6° and 92378a°6 10 . 

8 l7l6a 7 a; B and I716a 6 a; 7 


clii. (Page 311 ) 

,1 1,1- 5 . 

l ’ 1+ 2® 8*^ 16 ar 128* 

,2 a a ? 4a 3 
2. l + ___ + _ 


4 x 
a 3 


H — , 


*?_ 5a, 3 10a: 4 


3a 3 9ci^ 81a J 243a 531 


4. l + a;-|a: 2 -i-|ar 5 -|c 4 


■? -4- 1 - r 5 J> 

a?+a *x--a i a; 2 +^:a. * a 3 . 


- 14-112 -- i 4 -H 3 

6 a ’ + g a a 10 ^+i25* a 


7 1 


x 3 xP -5° 5a£ 


2 8 16 128' 


N 


8 l-l«2 + ±Za 4 

9 


14 , 14 


3 * 9 w 81“ 
9a; 27a: 2 135 


« w»u «in/ j-uv n 

i- T 32 “128 ^ 


, ip y 3 

10 


i—l 1 53 
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u i 

i2 ©^-(D^-KD^v. 


elm. (Page 312 ) 


I 1 -2a + 3a 2 -4a 3 +5a 4 
5 5 

3. l+S+gS+^S 3 


2 1 + 3*+ 9a- + 273^+81^ 

. 3s 2 sc 3 6x* 

4 i+^+x+r'To* 


5 «r 10 + 10 a~ K x + eOor 1 *® 2 + 280a-“x 3 + 1 120a" 1 V 

1 6® 3 21®“ 66s 

a2 a> a 3 “ 


CliV. (Page 313 ) 

^ 3^_6s° 35a 3 
1 2 + 8 ~ 16 + 128 

, 3s 2 15r 4 35s® 315a ? 

2 1 + T + T + T« + Tffl 


3 ar—gOrV+ggar^-j 

, 3s 2 6s 3 , 35 a 4 

4 1 _ x+ ___ + __ 

a 3 2z° 14s° 

" 3a 4 + 9a 7 _ 81a 1# 


1 r" 3s 4 Sz® 

3 ' a 2a 3 8a° 16a 7 


Civ. (Page 314 ) 


7_G_(9-r) , , ,w 12 1 1 (14 -r) 

1 2 (r- 1) ^ ' j 2 (/-l)' 

•5 iy-i 8 7 (10 -») , 

3 1 12 (r-1) a * 


396 


ANSWERS. 


4- 5- 

« 7. 


( n . \-— 1 1 

- 3a) ““ 


12 5. (3r-7) 
1 2 3.. (r-1) 


Q 7 9 11 .(2r+3) t 
9 1.2.3 .(r-1) 


xo 


a “2 3.7 11 . (4r— 5) /s’ 


4 r_1 * 1 2 3 .(r-1) \a 

(r + 1 ) (r— 2 ) 

2 ,ar 

13 5 (2r— 1) 


tfr-» 


J, 1 3 . 5 . . (2? - 1 ) . _ y 

1.2.3...r ’ ’ 


1 2.3.. r 


!.( 2 *)' 


IS- 


5 1 

16 ‘aV 


16 lia ^ 


429 s“ 
17 ~ 128 ‘ a 15 


l8 ^.(m-^1) ■ . (m-f S) (n+e) 6 , 
1.2 . 9 a ,0 ' 


19 


(1 - 0772) (1 - 4m) . (1— m) 1 


1 2.. .. 6m° 


.ar 


clvi. (Page 315.) 

i. 3 14137.. . 2 1 95204 .. 

3 3 04084. . 4 . 198734 . 


i 1045032. 
4 . 31134 


civil, (Page 319 ) 

2 10070344 

5 51117344 


3 80451 

6 >14332216 


7 31450 axul remainder 2 8 522256 and remainder 1 
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clvm. (Page 321 ) 


I 

5221 2 

12232 3 2139c 

4 . 104300 

5 

1110111001111 

6 titee 

7 6500445 

8 

211021 9 

6tl2 io. 814 

11 61415 

12 

123130 

13 16430335 

14 . 27< 



clix. (Page 327 ) 


I. 

41 

2 162353043 

3 25 1 

'4 

1223220052 

5 Senary 

6 Octonarj 



clx. (Page 336 ) 


i 

1 2187180 

2 7-7074922 

3 2 4036784 

4 

4740378 

5 2 924039 

6 3 724833. 

7. 

5 3790163 

8 40 578098 

9 62 9905319. 

IO 

2 1241803 

11 3 738827 

12 161514132 



Clxi. (Page 339 ) 



I 2 1072100 , 

, 2 0969100 , 3 3979400 



2 1 6989700, 

3 6989700 , 2 2922560. 



3 -7781513, 

14313639, 17323939, 

2 7601220 


4 . 17781313, 

2 4771213 , 0211893, 

5 6354839. 


5 48750613, 

14983106 



6 3010300 , 

2 8061800 , 2916000 



7 . 6989700; 

1 0969100 j 3-3910733 



8 - 2 , 0 , 2 

9 (0 3 

1 , 0 , -1 

( 2 ) 2 

9 a 

10 
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ii. (a) 3010300, 1 3979400 , 1-9201233; 1-9979588. (6)103 
1 3 (a) 6989700 , '6020600 1 7118072 ; 1 9880618. 

( 6 ) 8 


1 3 3 8821260 ; 1*4093694 ; 3 7455326 


14- (i)®=5 


(2) *5=2 


. , log c 

(4; * — m i 0 g + 2 log 6' 


( 6 )*- 


*2 log c+log 6-3 log a 

logo ^ 

log a+m log 6+3 log c* 


(3)® 


_ log m 
~ log ft + log b 


Clxil. (Page 343.) 

1 17 6 . years. 2 23 4 . . years 

3. 7 2725 years neaily. 4. 22 5 years nearly. 

6. 12 years nearly. 7. 11 724 . . . years. 
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